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THE a-INVARIANT AND GORENSTEINNESS
OF GRADED RINGS ASSOCIATED TO FILTRATIONS
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SHIRO GOTO, FUTOSHI HAYASAKA, AND SHIN-ICHIRO IAI

(Communicated by Wolmer V. Vasconcelos)

Abstract. Let A be a regular local ring and let F = {Fn}n∈Z be a filtration of
ideals in A such that R(F) =

⊕
n≥0 Fn is a Noetherian ring with dimR(F) =

dimA+ 1. Let G(F) =
⊕
n≥0 Fn/Fn+1 and let a(G(F)) be the a-invariant of

G(F). Then the theorem says that F1 is a principal ideal and Fn = Fn1 for
all n ∈ Z if and only if G(F) is a Gorenstein ring and a(G(F)) = −1. Hence
a(G(F)) ≤ −2, if G(F) is a Gorenstein ring, but the ideal F1 is not principal.

1. Introduction

Let A be a Noetherian local ring with the maximal ideal m and d = dimA. Let
F = {Fn}n∈Z be a family of ideals in A. Then we say that F is a filtration of ideals
in A, if it satisfies the following conditions:

(1) Fn ⊇ Fn+1 for all n ∈ Z,
(2) F0 = A ) F1, and
(3) FmFn ⊆ Fm+n for all m,n ∈ Z.

For each filtration F of ideals in A we define
R(F) =

∑
n≥0 Fnt

n ⊆ A[t],
R′(F) =

∑
n∈Z Fnt

n ⊆ A[t, t−1], and
G(F) = R′(F)/t−1R′(F)

(here t denotes an indeterminate over A), which we call the Rees algebra, the
extended Rees algebra, and the associated graded ring of F . We say that F is a
good filtration if R(F) is a Noetherian ring and dimR(F) = dimA+1. If R(F) is a
Noetherian ring, the latter condition is equivalent to saying that F1 6⊆

⋂
p∈AsshA p,

where AsshA = {p ∈ SpecA | dimA/p = dimA} ([GNi, Part II, Lemma (2.2)]).
When the filtration F is ideal-adic, that is, Fn = In for all n ∈ Z for some ideal I
in A, we denote R(F), R′(F), and G(F) by R(I), R′(I), and G(I), respectively.

Let F be a good filtration of ideals in A. Let M = mG(F) + [G(F)]+ and let
Hd

M(G(F)) denote the dth local cohomology module of G(F) with respect to the
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graded maximal ideal M in G(F). We put

a(G(F)) = max {n ∈ Z | [Hd
M(G(F))]n 6= (0)}

([GW, Definition (3.1.4)]) and call it the a-invariant of G(F). Let KR(F) and
KR′(F) denote the canonical modules of R(F) and R′(F) respectively (cf. [HK],
[GNi], [HIO]). With this notation the main result of this paper is stated as follows.

Theorem (1.1). Let A be a Gorenstein local ring and let F = {Fn}n∈Z be a good
filtration of ideals in A. Then the following three conditions are equivalent:

(1) R′(F) is a Gorenstein ring and KR′(F)
∼= R′(F) as graded R′(F)-modules.

(2) R(F) is a Cohen-Macaulay ring and KR(F)
∼= [R(F)]+ as graded R(F)-

modules.
(3) G(F) is a Gorenstein ring and a(G(F)) = −1.

If A is furthermore a regular local ring, one may add the following:
(4) R(F) is a regular ring.
(5) R(F) is the polynomial ring in one variable over A.
(6) F1 is a principal ideal and Fn = Fn1 for all n ∈ Z.

The equivalence of conditions (1), (2), and (3) in Theorem (1.1) is partially
reported by [GIW, Theorem (6.1)] and [GK, Proposition (4.1)].

Since a(G(F)) < 0 ([L]), as a consequence of Theorem (1.1) we have the following.

Corollary (1.2). Let A be a regular local ring and let F = {Fn}n∈Z be a good
filtration of ideals in A. Then a(G(F)) ≤ −2, if G(F) is a Gorenstein ring and F1

is not a principal ideal.

Unless A is regular, the inequality a(G(F)) ≤ −2 in Corollary (1.2) is no longer
true, even though A is a rational singularity (Remark (3.1)). We consult [GIW,
Section 8] about the examples of m-primary ideals I in the formal power series
ring A = k[[X,Y, Z]] in three variables over a field k for which the rings G(I) are
Gorenstein and a(G(I)) = −2. See [GNS1], [GNS2] for the examples of filtrations
F of ideals in a 3-dimensional regular local ring A such that the rings G(F) are
Gorenstein and a(G(F)) = −2, where the symbolic Rees algebras Rs(p) of certain
height 2 prime ideals p in A = k[[X,Y, Z]] are explored.

The a-invariant a(G(F)) has played a specific role in the analysis of the
Cohen-Macaulayness and Gorensteinness of R(F). For instance, R(F) is a
Cohen-Macaulay (resp. Gorenstein) ring if and only if G(F) is a Cohen-Macaulay
ring with a(G(F)) < 0 (resp. G(F) is a Gorenstein ring with a(G(F)) = −2), pro-
vided that A is a Cohen-Macaulay local ring (resp. A is a Gorenstein local ring and
htAF1 ≥ 2) ([GNi, Part II]). This gives a generalization of the classical results due
to [GS], [I], and [TI]. However, one of the most striking achievements has been done
by J. Lipman [L], who proved that if A is a pseudo-rational local ring, one always
has a(G(F)) < 0 once G(F) is Cohen-Macaulay. Consequently, when A is a regular
local ring, R(F) is a Cohen-Macaulay ring if and only if G(F) is Cohen-Macaulay.
Although Lipman [L] dealt with the ideal-adic case only, his proof still works for
general good filtrations.

The present research originated with the question of what happens to the a-
invariant a(G(F)) in the case where A is a regular local ring and G(F) is a Goren-
stein ring. There is already given by Herrmann, Huneke, and Ribbe [HHR, Theo-
rem 2.5] a strong piece of evidence to guess that a(G(F)) ≤ −2 whenever G(F) is a
Gorenstein ring and F1 is not principal. They explored the case where Fn = In for
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all n ∈ Z for some m-primary ideal I in a regular local ringA with the infinite residue
class field, and gave the inequality rq(I) = min {0 ≤ n ∈ Z | In+1 = qIn} ≤ d − 2
for every minimal reduction q of I, in the case where d = dimA ≥ 2 and G(I)
is a Gorenstein ring. Hence −d ≤ a(G(I)) ≤ −2, because a(G(I)) = rq(I) − d.
Now, let I be an arbitrary ideal of htAI = s ≥ 2 in a regular local ring A, and
assume that G(I) is a Gorenstein ring. Then, letting p ∈ V(I) of htAp = s, we get
a(G(I)) = a (Ap ⊗A G(I)) = a(G(IAp)), since G(I) is a Gorenstein ring. Thus the
bounds −s ≤ a(G(I)) ≤ −2 of a(G(I)) follow from [HHR, Theorem 2.5], because
s = dimAp ≥ 2 and IAp is pAp-primary. The assertion of the m-primary case
is, therefore, sufficiently general as for the bounds of the a-invariants of Goren-
stein graded rings associated to ideals. However, this argument does not work for
the graded rings G(F) associated to general filtrations F of ideals, in order to see
whether a(G(F)) ≤ −2 if G(F) is a Gorenstein ring and the ideal F1 is not princi-
pal. Added to it, our proof of Theorem (1.1) is fairly simple and entirely different
from that of [HHR]. For this reason Theorem (1.1) and Corollary (1.2) might have
some significance in the analysis of a-invariants.

Before entering the details, let us briefly explain how this paper is organized.
The proof of Theorem (1.1) will be given in Section 3. Our proof is based on
the analysis of prime ideals associated to integrally closed ideals of finite injective
dimension (Theorem (2.1)). This enables us to show that any Cohen-Macaulay
local ring B must be regular if B contains a canonical ideal I for which the local
ring B/I is regular. We will apply this observation to the specific Cohen-Macaulay
local ring B = R(F)M with M = mR(F) + [R(F)]+. Thereafter, our Theorem
(1.1) will fairly directly follow from [GI, Proposition 2.5], which explicitly describes
the canonical module KR(F) of R(F) in terms of the canonical F -filtration ω of A.
In Section 4 we shall explore the Gorensteinness of G(I) for the ideals I of small
height in regular local rings A. We will confirm that R(I) is a Gorenstein ring if
and only if G(I) is Gorenstein. Examples shall be given in order to show that every
regular local ring A of dimA ≥ 3 contains numerous non-Cohen-Macaulay ideals I
of htAI = 2 for which the rings R(I) and G(I) are Gorenstein.

2. Finite injective dimension and primes associated

to integrally closed ideals

The goal of this section is Corollary (2.4) below, which states that any Cohen-
Macaulay local ring A must be regular if A contains a certain special canonical
ideal I.

Let us begin with the following.

Theorem (2.1). Let A be a Noetherian ring and let I be an integrally closed ideal
in A. Then the local ring Ap is regular for all p ∈ AssAA/I if idAI <∞.

Here idAI denotes the injective dimension of I.

Proof. Passing to the local ring Ap, we may assume that the ring (A,m) is local
and m ∈ AssAA/I. We have to show that A is a regular local ring. To do this, let
B = A[X ]mA[X] (X an indeterminate over A) and ϕ : A→ B be the canonical flat
local homomorphism. Then, since all the fibers of ϕ are regular, by [FT, Corollary 1]
we have the equality idBIB = idAI. Therefore, because our target is the regularity
of A, passing to the local ring B we may assume without loss of generality that
the residue class field A/m of A is infinite. Hence I =

√
(0) or I is m-full, that
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is, mI : x = I for some x ∈ m (cf. [G, Theorem (2.4)]). Let I =
√

(0). Then
dimA = 0 and I = m, since m ∈ AssAA/I. Consequently, thanks to the classical
result of Bass [B], the A-module m is injective, so that we have m = (0), as it is
a direct summand of A. Let I 6=

√
(0). Then I 6= (0) since I is integrally closed,

whence idAI = depthA. Therefore depthA > 0 (recall that (0) 6= I ( A), so that
by the proof of [G, Theorem (2.4)] we may choose the element x ∈ m satisfying
the equality mI : x = I to be a non-zerodivisor in A. Then, since A/m is a direct
summand of I/xI ([GH, Corollary (2.3)]) and since idAI/xI <∞, we finally have
that idAA/m <∞, and so A is a regular local ring.

Remark (2.2). The above proof shows that every Noetherian local ring A with the
maximal ideal m must be regular if A contains an m-full ideal I such that m ∈
AssAA/I and idAI <∞.

The next result is a direct consequence of Theorem (2.1).

Corollary (2.3). Let A be a Noetherian local ring with the maximal ideal m. Then
A is a regular local ring if A contains an integrally closed m-primary ideal possessing
finite injective dimension. In particular A is a regular local ring if and only if
idAm <∞.

We now prove the following. It was inspired by a discussion with K. Yoshida of
Nagoya University.

Corollary (2.4). Let A be a Cohen-Macaulay local ring possessing the canonical
module KA. Assume that A contains an ideal I (6= A) such that I ∼= KA. Then A
is a regular local ring if A/I is regular.

Proof. Let d = dimA. Then d > 0 and dimA/I = d − 1 ([HK, Korollar 6.13]).
Therefore, if d = 1, then I = m, so that by Corollary (2.3) A must be a DVR (recall
that idAI = idAKA < ∞). Suppose that d > 1 and our assertion holds true for
d− 1. We choose an element f ∈ m \ (m2 + I) so that f /∈

⋃
p∈AssA p. Then, since

f is regular both on A and A/I, we get the isomorphisms

KA/fA
∼= KA/fKA and I/fI ∼= (I + fA)/fA

(see [HK, Korollar 6.3] for the first isomorphism). Thus the hypothesis on d guar-
antees the local ring A/fA is regular, so that A is a regular local ring.

3. Proof of Theorem (1.1) and some consequences

Let A be a regular local ring with the maximal ideal m and d = dimA. Let
F = {Fn}n∈Z be a good filtration of ideals in A. We put R = R(F), R′ = R′(F),
and G = G(F). Let M = mR+R+ denote the graded maximal ideal in R.

Proof of Theorem (1.1). (1) ⇔ (3) This follows from the fact that G = R′/t−1R′
and the isomorphism KG ∼=

[
KR′/t−1KR′

]
(−1) (cf. [GW, Remark (3.1.6)]; recall

that t−1 is a non-zerodivisor of R′).
(1)⇒ (2) The ring R is Cohen-Macaulay ([GNi, Part II, Corollary (1.2)]), while

R′ is a Gorenstein ring with KR′ ∼= R′ as graded R′-modules. Hence the canonical
F -filtration ω of A in the sense of [GI] coincides with F itself, so that we have
KR ∼= R+ as graded R-modules (cf. [GI, Proposition 2.5]).
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(2) ⇒ (3) Since KR = R+, identifying R+(1) = t−1R′ ∩ R we get the exact
sequence

0→ [KR](1)→R→ G → 0(∗)

of graded R-modules. Hence G is a Gorenstein ring by [HK, Korollar 6.13]. By
sequence (∗) we also have the embedding

0→ Hd
M(G)→ Hd+1

M
(KR)(1)

of local cohomology modules. Hence the socle [(0) :Hd
M

(G) M] of Hd
M(G) is con-

centrated in degree −1, because Hd+1
M

(KR) = ER(R/M) (the injective envelope of
R/M) and the socle of ER(R/M) is concentrated in degree 0. Hence a(G) = −1.

We now assume that A is a regular local ring.
(2) ⇒ (4) The local ring RM must be regular by Corollary (2.4), since A =

R/R+ = R/KR is a regular local ring. Hence the ring R is regular.
(4) ⇒ (6) We have `A((mR + M2)/M2) = d since M2 ∩ A = m2 (here `A(∗)

stands for the length). Therefore, since `A(M/M2) = dimRM = d + 1 and F1t *
mR+R2

+ = mR+ M2, we may choose an element x ∈ F1 so that M = mR+ xt·R.
Let n > 0 be an integer. Then, since Fntn ⊆ M = mR + xt·R, we have Fn =
mFn + xFn−1; hence Fn = xFn−1 by Nakayama’s lemma. Consequently Fn = (xn)
for all n > 0.

(6)⇒ (5) and (3) Let F1 = (x) with 0 6= x ∈ F1 and put T = xt. Then R = A[T ]
is the polynomial ring. Therefore G = R/xR is also the polynomial ring in one
variable over A/(x), so that G is a Gorenstein ring with a(G) = −1 ([GW, Remark
(3.1.6)]).

(5)⇒ (4) This implication is clear.

Remark (3.1). Unless A is regular, the implication (3) ⇒ (6) in Theorem (1.1) is
no longer true, even though A is a rational singularity. The simplest example is
as follows. Let R = k[[X,Y, Z]] be the formal power series ring in three variables
over a field k. We put A = R/(Z2−XY ) and take I = m, the maximal ideal in A.
Then A is a 2-dimensional rational singularity and G(m) = k[X,Y, Z]/(Z2 −XY ),
where k[X,Y, Z] denotes the polynomial ring over k. Hence G(m) is a Gorenstein
ring but a(G(m)) = −1. See [GIW, Section 7] for further examples.

Remark (3.2). Even though the ideal F1 is principal and the ring G(F) is Goren-
stein, the filtration F is not necessarily ideal-adic, so that the inequality a(G(F)) ≤
−2 may hold true. For instance, let A be a regular local ring of dimA ≥ 1 and
choose π ∈ m\m2. Let ` ≥ 1 be an integer. For each 0 < n ∈ Z we put Fn = πq+1A,
where q = max {q ∈ Z | q < n

` }. Then, letting Fn = A for n ≤ 0, the family
F = {Fn}n∈Z forms a filtration of ideals in A. We have R(F) = A[{πtn}1≤n≤`]
andR′(F) = A[πt`, t−1]. Therefore G(F) = B[T ] is the polynomial ring in one vari-
able T (= πt` mod t−1R′(F)) of degree ` over the regular local ring B = A/πA;
hence a(G(F)) = −`. If ` ≥ 2, we have F2 6= F 2

1 since F1 = F2 = πA. The ring
R(F) is not regular but Gorenstein.

4. Ideals of small height

In this section let us gather some consequences of Theorem (1.1) in the case where
Fn = In (n ∈ Z) for some ideal I of small height. We first note the following.
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Corollary (4.1). Let A be a regular local ring and let I be an ideal in A of htAI =
1. Then G(I) is a Gorenstein ring if and only if I is a principal ideal.

Proof. It suffices to check the only if part. Choose p ∈ V(I) so that htAp = 1.
Then a(G(I)) = a(Ap⊗AG(I)) = a(G(IAp)), since G(I) is a Gorenstein ring. Hence
a(G(I)) = −1, because IAp is principal. Thus I must be principal by Theorem
(1.1).

Corollary (4.2) ([HHR, Theorem 2.5]). Let A be a regular local ring and let I be
an ideal in A of htAI = s ≥ 2. Assume that I contains a reduction q generated by
s elements. Then Is−1 = qIs−2 if G(I) is a Gorenstein ring. Hence I = q if G(I)
is Gorenstein and s = 2.

Proof. Let rq(I) = min {0 ≤ n ∈ Z | In+1 = qIn}. Then since G(I) is Cohen-
Macaulay and I is equi-multiple, we have a(G(I)) = rq(I)− s (cf., e.g., [GI, Preface
of Section 5]). Hence rq(I) ≤ s− 2, because a(G(I)) ≤ −2 by Corollary (1.2).

Corollary (4.3). Let A be a 2-dimensional regular local ring. Let I be an ideal in
A and assume that G(I) is a Gorenstein ring. Then I is a complete intersection.

Proof. The assertion directly follows from Corollaries (4.1) and (4.2) (enlarge the
residue class field of A if necessary).

We now focus our attention on the ideals I of htAI = 2.

Corollary (4.4). Let I be an ideal of htAI = 2 in a regular local ring A. Then
the following two conditions are equivalent:

(1) R(I) is a Gorenstein ring.
(2) G(I) is a Gorenstein ring.

When this is the case, I is generically a complete intersection and a(G(I)) = −2.

Proof. (1)⇒ (2) See [I, Theorem (3.1)].
(2) ⇒ (1) Choose p ∈ V(I) with htAp = 2. Then by Corollary (4.3) IAp is

generated by an Ap-regular sequence of length 2, since G(IAp) is a Gorenstein ring.
Thus a(G(I)) = a(G(IAp)) = −2, so that by [I, Theorem (3.1)]R(I) is a Gorenstein
ring.

Let λ(I) = dimA/m⊗A R(I) denote the analytic spread of I.

Corollary (4.5). Let A be a regular local ring with the infinite residue class field.
Let I be an ideal in A with htAI = 2 and λ(I) = 3. Let

U =
⋂

p∈V(I) such that htAp=2

(IAp ∩A)

be the unmixed component and J a minimal reduction of I. Then the following
three conditions are equivalent:

(1) R(I) is a Gorenstein ring.
(2) G(I) is a Gorenstein ring.
(3) I is generically a complete intersection such that depthA/I ≥ d−3, I2 = JI,

and (JU : I) ∩ U = I.
When this is the case, one has the equality a(G(I)) = −2.

Proof. See Corollary (4.4) and [GI, Theorem 6.4].
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It might be interesting to classify the ideals I of htAI = 2 in a regular local
ring A for which G(I) are Gorenstein rings and a(G(I)) = −2. The 2-dimensional
case is done with Corollary (4.3). The situation is more complicated in the case
where dimA = 3. By Corollary (4.4) our ideal I has to be generically a complete
intersection with λ(I) ≤ dimA = 3. Therefore, if A/I is Cohen-Macaulay, I is
either a complete intersection or almost a complete intersection generated by a d-
sequence of length 3 ([GNa, Theorem (1.3)]). We precisely have µA(I) = `A((I :
m)/I) + 3 ([GNa, Theorem (3.8)]) if I is not a complete intersection, where µA(I)
denotes the number of generators of I. However, every regular local ring A of
dimA = 3 contains numerous non-Cohen-Macaulay ideals I of htAI = 2 such that
the rings G(I) are Gorenstein, and except for Corollary (4.5) the authors do not
know how to manage them. Concluding this paper, we note Example (4.6) for such
ideals.

Let A be a regular local ring of d = dimA ≥ 3. Let X,Y, Z be a subsystem of
parameters in A and choose integers α, β so that 2α ≥ β > α > 0. We put I =
(X2, Y α) ∩ (X,Y β , Z) (= (X2, Y β , XY α, Y αZ)). Then htAI = 2 and µA(I) = 4.
We furthermore have the following.

Example (4.6). The following assertions hold true:
(1) dimA/I = d− 2, depthA/I = d− 3, and λ(I) = 3.
(2) G(I) is a Gorenstein ring and a(G(I)) = −2.

Proof. Enlarging the residue class field of A, we may assume that the field A/m is
infinite. Let U = (X2, Y α) and J = (X2, Y β , XY α + Y αZ). Then, considering the
exact sequence

0→ A/I → A/U ⊕A/(X,Y β , Z)→ A/(X,Y α, Z)→ 0

of A-modules, we get that depthA/I ≥ d − 3 (use the depth lemma). Since
dimA/I = d − 2 and the ideal I is mixed, the local ring A/I cannot be Cohen-
Macaulay, whence depthA/I = d−3. We have J ⊆ I and I2 = JI. Hence λ(I) ≤ 3.
Because A/I is not a Cohen-Macaulay ring but the ideal I is generically a complete
intersection, we see λ(I) > 2, so that λ(I) = 3 whence J is a minimal reduction of
I. It is routine and standard to check that (JU : I) ∩ U = I. Thus assertion (2)
directly follows from Corollary (4.5), because U is the unmixed component of the
ideal I.

A similar argument also works to show that G(I) is a Gorenstein ring for the
non-Cohen-Macaulay ideal I = (X2, Y Z)∩ (X,Y 2, Zα) (= (X2, XY Z, Y 2Z, Y Zα))
(α ≥ 2) in A.
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