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MODULI OF TWISTED SPIN CURVES

DAN ABRAMOVICH AND TYLER J. JARVIS

(Communicated by Michael Stillman)

Abstract. In this note we give a new, natural construction of a compactifi-
cation of the stack of smooth r-spin curves, which we call the stack of stable
twisted r-spin curves. This stack is identified with a special case of a stack
of twisted stable maps of Abramovich and Vistoli. Realizations in terms of
admissible Gm-spaces and Q-line bundles are given as well. The infinitesi-
mal structure of this stack is described in a relatively straightforward manner,
similar to that of usual stable curves.

We construct representable morphisms from the stacks of stable twisted
r-spin curves to the stacks of stable r-spin curves and show that they are
isomorphisms. Many delicate features of r-spin curves, including torsion free
sheaves with power maps, arise as simple by-products of twisted spin curves.
Various constructions, such as the ∂̄-operator of Seeley and Singer and Witten’s
cohomology class go through without complications in the setting of twisted
spin curves.

The moduli space of smooth r-spin curves was compactified by the second author,
using torsion free sheaves and coherent nets of torsion free sheaves in [4] and [5]. In
order to construct a satisfactory compactification it was necessary in those papers
to study in detail the behavior of torsion free sheaves with an r-power map. The
infinitesimal properties of those compactifications are quite subtle.

The purpose of this note is to give a new, natural construction of a compactifica-
tion of the stack of smooth r-spin curves, which we call the stack of stable twisted
r-spin curves, and to describe its properties and relations to other compactifications.

In the first section we define the stack of smooth r-spin curves and give an
alternate construction in terms of certain principal Gm-bundles. To generalize
these to stable curves we then recall the twisted curves of [1] and give a natural
definition of twisted stable r-spin curves, very much analogous to the situation of
[2]. We show that over smooth curves all of these constructions are equivalent to
each other. Moreover, we identify the stack of twisted stable r-spin curves with a
special case of a stack of twisted stable maps of [1].

In the second section we describe the infinitesimal structure of this stack, again
in analogy to the treatment of [2]. This is relatively straightforward and is similar
to the infinitesimal structure of usual stable curves.
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686 D. ABRAMOVICH AND T. JARVIS

In the third and fourth sections we discuss more details of the various character-
izations in the non-smooth case. In the third section we describe certain admissible
Gm-spaces that correspond to twisted stable spin curves. In the fourth section we
describe the compactifications of [4] and [5] of the stack of stable r-spin curves, us-
ing coherent nets of rank-one torsion free sheaves, and we construct representable
morphisms from the stack of stable twisted r-spin curves to those compactifications,
which enables us to compare them. It turns out that our stack of twisted spin curves
is isomorphic to that of coherent nets of roots introduced in [5]. Many of the deli-
cate features of coherent nets of torsion free sheaves arise as simple by-products of
twisted spin curves.

In the fifth section we discuss the appropriate generalization of Witten’s coho-
mology class [11] to the setting of twisted spin curves. A key element of Witten’s
construction is the ∂̄-operator of Seeley and Singer [10], and we discuss how the
∂̄-operator may be generalized to the case of twisted spin curves.

1. Spin curves and twisted spin curves

We fix an integer r > 0, and throughout this paper we will consider only schemes
over SpecZ[1/r].

1.1. Moduli of smooth r-spin curves. Let g and n be integers such that 2g−2+
n > 0. Let m = (m1, . . . ,mn) be an n-tuple of integers. A non-singular n-pointed
r-spin curve of genus g and type m− 1 over a scheme S, denoted (C → S, si,L, c),
is the data of

(1) a smooth, n-pointed curve (C → S, si : S → C) of genus g,
(2) an invertible sheaf L on C, and
(3) an isomorphism c : L⊗r ∼−→ ωC/S(

∑n
i=1(1−mi)Si) where Si is the image of

si.
In simple terms, a non-singular r-spin curve of type m−1 is a pointed curve with

the choice of an rth root of the sheaf of logarithmic 1-forms which vanish to order
mi along the ith section. We should point out that, while the definition given here
in terms of logarithmic differentials vanishing to order m is the most convenient to
work with when studying twisted spin curves (due to invariance of the generators
dz/z), the equivalent definition in terms of regular differentials vanishing to order
m− 1 is more common (compare, for example, [5, 11]).

A morphism from one r-spin curve (C′ → S′, s′i,L′, c′) to another (C → S, si,L, c)
consists of a fiber diagram (φ, α), i.e., an S-morphism φ : C′ → C, inducing an iso-
morphism C′ → C ×S S′,

C′
φ−→ C

↓ � ↓
S′ −→ S

along with an isomorphism α : L′ → φ∗L, such that φ∗c ◦ α⊗r = c′.
The categoryM1/r,m−1

g,n of non-singular, n-pointed r-spin curves of genus g and
type m − 1, with morphisms given by fiber diagrams, is a Deligne-Mumford stack
with quasi-projective coarse moduli space M1/r,m−1

g,n . See [5] for a detailed proof.
When k is congruent to k′ mod r, the two stacksM1/r,k

g,n andM1/r,k′

g,n are canonically
isomorphic. We denote by M1/r

g,n the disjoint union
∐
−1≤ki<r−1M

1/r,k
g,n .
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Note that if (C → S, si,L, c) is a non-singular, n-pointed r-spin curve of genus
g and type m− 1, and S is the prime spectrum of a field, then

degL = (2g − 2 + n−
∑

mi)/r,

therefore χ(C,L) = 1− g+ (2g− 2 +n−
∑
mi)/r. We denote this integer by χr,m.

1.2. Principal Gm-bundles and r-spin curves. We now introduce another cat-
egory which is equivalent to M1/r,k

g,n when all ki are −1.
First consider BGm, the classifying stack of Gm. This is an Artin algebraic

stack whose objects over a scheme S are principal Gm-bundles P → S and whose
morphisms are fiber diagrams. Recall that such a bundle is always affine. Indeed
we have

P = SpecOS

(⊕
i∈Z
Li
)
,

where L is an invertible sheaf on S. The total space of L is SpecOS(
⊕

i≥0 Li).
Thus, as usual, the data of P → S and L are interchangeable.

The rth power map Gm → Gm induces a 1-morphism κr : BGm → BGm which
sends P → S to P/µr → S, or equivalently L to Lr. Here

P/µr = SpecOS
( ⊕
i ∈ rZ

Li
)
.

Let

(C → S, si : S → C,L, c : Lr → ωC/S(
∑
Si))

be an object of the open moduli stack M1/r,k
g,n with all ki = −1. Then we have a

1-commutative diagram

BGm

L ↗ ↘ κr

C
ωC/S(

∑
Si)−→ BGm,

where the isomorphism κr ◦L → ωC/S(
∑
Si) is given by c. Indeed, such a diagram

is equivalent to the data of an object ofM1/r,k
g,n with all ki = −1. Thus the category

M1/r,k
g,n with all ki = −1 can be defined as a category whose objects are diagrams

as above, with morphism given by fiber diagrams.

1.3. Twisted curves. To generalize the observation above for general m, and over
nodal curves, we use the notion of twisted curves of [1]. Recall that a twisted, n-
pointed, nodal curve (C → S,SCi ) is a Deligne-Mumford stack C, flat of relative
dimension 1 over S, and n closed substacks SCi ⊂ C, such that C is nodal, SCi → S
are étale gerbes, the coarse moduli space (C, Si) forms a proper, n-pointed, nodal
curve over S, and π : C → C is an isomorphism away from the nodes and the
markings Si.

Twisted curves over a strictly Henselian local ring R have the following local
structure: let p be a geometric point of C. Denote by Csh the strict Henselization
of C at p.
• If p does not lie over a node or a marking, then C is isomorphic to C around
p, and therefore Csh ' SpecR[x]sh.
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• If p lies over a marking Si, then there is an integer l and an isomorphism
Csh ' [U/µl], where U = SpecR[z]sh and µl acts on z via the standard
representation z 7→ ζlz. We also have Csh ' SpecR[x]sh, where x = zl.

At such a point, the dualizing sheaf corresponds to the µl-equivariant sheaf
ωU , with generator dz, on which µl acts via the standard character. It follows
that dz/z = l−1(dx/x) is an invariant generator of ωC(Si).

• If p lies over a node, there is again an integer l and an isomorphism Csh '
[U/µl], where U = Spec(R[z, w]/(zw − t))sh for some t ∈ R and µl acts on
(z, w) via (z, w) 7→ (ζlz, ζal w) for some a ∈ (Z/lZ)×. We also have Csh '
Spec(R[x, y]/(xy − tl))sh, where x = zl and y = wl.

At such a point, the dualizing sheaf corresponds to the µl-equivariant sheaf
ωU , with invariant generator νU∗ (dz/z− dw/w) = l−1νC∗ (dx/x− dy/y), where
ν stands for normalization. The sheaf of Kähler differentials corresponds to
the µl-equivariant sheaf Ω1

U , with generators dz, dw (with µl-action as above)
and relation wdz + zdw = 0.

This analysis implies that ωC/S(
∑
SCi ) is isomorphic to the pullback of ωC/S(

∑
Si).

For simplicity we denote ωlog = ωClog = ωC/S(
∑
SCi ).

The twisted stable curve is balanced if the action of the stabilizer Gp ' µl at a
nodal geometric point p of C on the tangent spaces of the two branches of C at p
has complementary eigenvalues, i.e., a = l − 1.

1.4. Twisted r-spin curves. A twisted r-spin curve is a 1-commutative diagram

BGm

L ↗ ↘ κr

C
ωC/S(

∑
Si)−→ BGm,

where
(1) (C,SCi ) is a balanced twisted nodal curve,
(2) (C, Si) is a stable pointed curve, and
(3) the morphism (or line bundle) L : C → BGm is representable; in other words,

the action of the local automorphism groups of C on the fibers of the line
bundle L are faithful.

Morphisms of twisted r-spin curves are given by 1-commutative fiber diagrams,
up to 2-isomorphisms, as in [1, Proposition 4.2.2]. We denote this category by
Bg,n(Gm, ω

1/r
log ).

1.5. Twisted r-spin curves and twisted stable maps. We now identify
Bg,n(Gm, ω

1/r
log ) with a certain stack of twisted stable maps. Let Cg,n → Mg,n

be the universal curve. Consider the stack

Cg,n(ω1/r
log ) = Cg,n ×

BGm

BGm

where the fibered product is taken with respect to the morphism

C
ωlog−→ BGm

on the left and with respect to κr : BGm → BGm on the right.
The stack Cg,n(ω1/r

log ) is the stack of rth roots of ωCg,n/Mg,n
(
∑
Si) over Cg,n,

which is an étale gerbe over Cg,n banded by µr. In particular it is a Deligne-
Mumford stack.
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A twisted r-spin curve gives rise to a representable map C → Cg,n(ω1/r
log ), which

is a balanced twisted stable map. The homology class of the image of the coarse
curve C is the class F of a fiber of the universal curve Cg,n → Mg,n: the family
of coarse curves C → S gives rise to a moduli morphism S → Mg,n and we have
an isomorphism C ' S ×Mg,n

Cg,n. We thus have a base-preserving functor from

Bg,n(Gm, ω
1/r
log ) to the stack Kbalg,n(Cg,n(ω1/r

log )/Mg,n, F ), the stack of balanced, n-

pointed twisted stable maps of genus g and class F into Cg,n(ω1/r
log ) relative to the

base stack Mg,n (see [1], esp. Section 8.3). The image lies in the closed substack
where the markings of C line up over the markings of Cg,n (i.e. the inverse image of∏n
i=1 S

Cg,n
i under the evaluation map to Cng,n). It is easy to see that the resulting

functor is an equivalence. We thus have:

Theorem 1.5.1. The category Bg,n(Gm, ω
1/r
log ) is equivalent to the closed substack

of Kbalg,n(Cg,n(ω1/r
log )/Mg,n, F ), where the inverse image of SCg,ni is SCi . In particu-

lar, it is a Deligne-Mumford stack admitting a projective coarse moduli space.

2. Infinitesimal structure of the stack of twisted spin curves

2.1. Obstructions.

Proposition 2.1.1. The stack Bg,n(Gm, ω
1/r
log ) is smooth.

Proof. The relative cotangent complex Lκr of κr : BGm → BGm is trivial, therefore
deformations and obstructions of a twisted spin curve are identical to those of the
underlying pointed twisted curves.

As in [1, Lemma 5.3.3], obstructions of a pointed twisted curve (C → S,SCi ) are
the same as obstructions of C → S, given by Ext2(Ω1

C ,OC). As in [3], in degree 2 the
local-to-global spectral sequence for Ext involves the terms H2(C,Hom(Ω1

C ,OC)),
H1(C, Ext1(Ω1

C ,OC)), and H0(C, Ext2(Ω1
C ,OC)). The first vanishes because of di-

mension reasons. Similarly, Ext1(Ω1
C ,OC) is supported in dimension 0; hence the

second term vanishes. Thus only the third term remains. We claim that the sheaf
Ext2(Ω1

C ,OC) vanishes. This follows since locally Ω1
C has a 2-term locally free res-

olution. For instance, at a node where C ' [U/µl] with U = Spec(k[z, w]/(zw))sh,
we have a µl-equivariant exact sequence on U :

0→ OU
(z,w)−→ OU ⊕OU

(dw+dz)−→ Ω1
U → 0,

with appropriate µl-weights, giving a locally free resolution of Ω1
C . Thus twisted

curves are unobstructed.

2.2. Deformations. To determine the dimension of the stack of twisted spin
curves, it suffices to identify the deformation space of a twisted pointed curve.

Proposition 2.2.1. The tangent space of the stack of twisted curves at a point
(C,SCi ), such that the coarse pointed curve is stable, has dimension 3g− 3 + n− u,
where u is the number of nodes in C which are not balanced.

Proof. As in [1, Lemma 5.3.2], we have an exact sequence

Hom(Ω1
C ,OC)→ H0(C,⊕NSCi )→ Def → Ext1(Ω1

C ,OC)→ 0,
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where Def is the tangent space of the stack. The kernel of the map on the left is
the space of infinitesimal automorphisms of (C,SCi ), which is trivial by the stability
assumption.

At points where Si is untwisted, we have that H0(C,NSCi ) has dimension 1. But
at twisted markings the normal space NSCi has no non-trivial local sections: locally
we have an isomorphism [U/µl] → Csh, where U = Spec(k[z])sh with the standard
action of µl; therefore, µl acts on a generator ∂/∂z of NSCi via the non-trivial
character ζl 7→ ζ−1

l .
The group Exti(Ω1

C ,OC) is dual to H1−i(C,Ω1
C ⊗ ωC). By [1, Lemma 2.3.4], this

is the same as H1−i(C, π∗(Ω1
C ⊗ ωC)), where π : C → C is the natural map. Let us

compare π∗(Ω1
C ⊗ ωC) with Ω1

C ⊗ ωC . These are clearly isomorphic away from the
twisted markings and the twisted nodes.

First consider a twisted marking Si where we have an isomorphism [U/µl]→ Csh

with U as above. The action of µl on dz is via the standard character, therefore
the invariant quadratic differentials are generated by zl(dz/z)2 = l−2x(dx/x)2 =
l−2(dx)2/x, where x is a parameter on C. That is, locally near such a marking we
have π∗(Ω1

C ⊗ ωC) = Ω1
C ⊗ ωC(Si).

Now consider a node on C with an isomorphism [U/µl] → Csh with U =
Spec(k[z, w]/(zw))sh, and the action can be described via (z, w) 7→ (ζlz, ζal w) for
some a ∈ (Z/lZ)×. The sheaf ωC has an invariant generator ν∗(dz/z − dw/w),
where ν is the normalization. The sheaf Ω1

C has sections f(z)dz + g(w)dw+ αzdw.
Invariant elements of the form f(z)dz + g(w)dw are exactly Ω1

C/torsion, whereas
zdw is invariant if and only if a = −1, i.e., the node is balanced!

All in all we have π∗(Ω1
C ⊗ ωC) = Ω1

C ⊗ ωC(
∑
Sj)/T , where the sum

∑
Sj is

taken over the twisted markings, and the sheaf T is the torsion subsheaf supported
at unbalanced nodes. The Euler characteristic agrees with that of (C, Si) with
the exception of the torsion sections at these unbalanced nodes. The proposition
follows.

Corollary 2.2.2. The morphism Bg,n(Gm, ω
1/r
log )→Mg,n is flat, proper and quasi-

finite.

3. Twisted spin curves and admissible Gm-bundles

Let (C → S,SCi ,L, c) be a twisted stable r-spin curve. We have a corresponding
principal Gm-bundle PL

p→ C. Recall that the universal principal bundle PGm →
BGm is representable—in fact, PGm is the base scheme S. Since L is representable,
we have that PL is representable by an algebraic space. We denote by p̄ : PL → C
the composition π ◦ p, where again π : C → C is the natural map from C to its
coarse moduli C.

As indicated before, the map p : PL → C is affine. Since the functor π∗ :
ModOC → ModOC is exact, we have that p̄∗ is exact on quasi-coherent sheaves,
which means, by Serre’s criterion, that p̄ : PL → C is affine. Explicitly, we have
PL = SpecOC(

⊕
i∈Z Li), and denoting Ei = π∗Li, we have

PL = SpecOC

(⊕
i∈Z
Ei

)
.
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The Z-grading reflects the fact that we still have a Gm-action, making PL a ho-
mogeneous Gm-fibration. Of course PL → C is not necessarily a principal bundle
unless π is an isomorphism. Let us make the structure of PL more explicit.

Recall that Lr ' ωlog. This means that [PL/µr] = Pωlog is the principal
bundle associated to ωlog. On the other hand, the schematic quotient PL/µr =
SpecOC (

⊕
i∈rZ Ei). But Erk = π∗Lrk = (π∗ωClog)k = (ωClog)k. Thus PL/µr ' PωClog

→
C is the principal bundle associated to ωClog.

We can describe PL over twisted markings and nodes as follows: if Csh ' [U/µl],
then the pullback of PL to U is isomorphic to U × Gm where µl acts on Gm via
some non-trivial character. It follows that PL|Csh ' U × Gm/µl. At a twisted
marking this implies that PL is non-singular, with fiber of multiplicity l. Over
a node, PL is a normal crossings surface whose double curve is the reduction of
the fiber. Moreover, the fact that C is balanced implies that PL|Csh has the form
SpecR[z, w, ξ, ξ−1]/(zw−t)sh / µl where the action of µl on z and w has characters
inverse to each other. We call such P balanced.

We can now reverse this process: define a category Pg,n(ω1/r
log ) whose objects are

(P → C → S, Si, c), where
(1) (C → S, Si) is a stable n-pointed curve of genus g,
(2) P → S is a flat family of normal crossing surfaces,
(3) P → C is a balanced, homogeneous Gm-fibration, which is principal on the

complement of the nodes and markings, and
(4) c : P/µr → PωClog

an isomorphism, which is Gm-equivariant when the action
of Gm on PωClog

is defined via the rth-power map Gm → Gm.

Morphisms are defined using fiber diagrams as usual.
We have:

Proposition 3.0.1. The stacks Pg,n(ω1/r
log ) and Bg,n(Gm, ω

1/r
log ) are isomorphic.

Proof. The argument above gives a functor Bg,n(Gm, ω
1/r
log ) → Pg,n(ω1/r

log ). In the
reverse direction, given (P → C → S, Si, c), consider the stack C = [P/Gm]. By
condition (4), P has finite stabilizers inside the reduced group scheme µr, therefore
C is a Deligne-Mumford stack. Clearly P → C is a principal bundle. Also the
associated morphism C → BGm is representable since P is. The local structure of
P implies that C is nodal and balanced.

It is easy to see that the two compositions of these functors are equivalent to the
identity.

Let us study the algebra
⊕

i∈Z Ei and its constituents locally in more detail. On
the open set where π is an isomorphism, we have Ei = Li, which is invertible, and
E1 = L is an rth root of ωlog.

Consider an étale neighborhood of a geometric point over a twisted marking
SCi , where Csh ' [U/µl] and U = Spec(R[z])sh. The sheaf L corresponds to an
equivariant invertible sheaf on U , also denoted L, such that Lr ' ωlog is invariant.
Choose a semi-invariant generator s of L such that sr = dz/z. The group µl acts
on s via a character ρb given by ζl 7→ ζbl . This implies in particular that si is
a generator of Li with character ρib. The representability assumption means that
b ∈ (Z/lZ)×.

A monomial section zas of L is invariant if and only if a+b ≡ 0 mod l, therefore
an invariant section has the form f(zl)zas = f(x)zas, where a = l−b. In particular,
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π∗L is an invertible sheaf on U/µl generated by zas. And (π∗L)r is generated by
(zas)r = xar/l(dz/z) = l−1xar/l(dx/x). If we let k = ar/l, then we have that π∗L
is an rth root of ωlog(−kS) on U/µl.

A similar analysis holds for Ei. A section zasi is invariant if a+ ib ≡ 0 mod l.
Denote by ki the least non-negative integer such that ki ≡ −ib(r/l) mod r. Then
Ei is an rth root of ωilog(−kiS) on U/µl.

Consider now an étale neighborhood of a geometric point over a twisted node.
Here Csh ' [U/µl] and U = Spec(R[z, w]/(zw− t))sh. Recall that, according to our
notation, µl acts on z via the standard character ρ1 and on w via its inverse ρl−1.
Again we choose a semi-invariant generator s of L, with character ρb, such that
sr = ν∗(dz/z − dw/w), where ν denotes normalization. Again the representability
assumption implies that b ∈ Z/lZ×. A monomial section zis is invariant if i+ b ≡ 0
mod l, and a monomial section wjs is invariant if −j + b ≡ 0 mod l. Thus if a =
l−b, the sheaf E1 is the torsion free sheaf generated by u = zas and v = wbs, where
yu = tav and xv = tbu. Moreover, ur = l−1xar/l(dx/x) and vr = l−1ybr/l(dy/y).
In the notation of Section 4.2, below, (or of [5]) the sheaf E1 is locally isomorphic
to Ea,b.

Again, a similar analysis holds for Ei.

4. Comparison of twisted spin curves and quasi-spin curves

We recall some definitions from [4] and [5]

4.1. Moduli of stable r-quasi-spin curves. In [4], a natural compactification of
M1/r,k

g,n using torsion free sheaves is proposed. The crucial point is that as a smooth
r-spin curve degenerates to a nodal curve C0, the sheaf L must often degenerate to
a torsion free sheaf at the nodes of C0. But, as shown in [4], only special types of
degeneration occur.

An n-pointed stable r-quasi-spin curve of genus g and type m−1 over a scheme
S is the data of

(1) a stable n-pointed curve (C → S, si : S → C) of genus g,
(2) a torsion free sheaf F on C with χ(C,F) = χr,m, and
(3) a morphism F⊗r → ωC/S(

∑n
i=1(1−mi)Si), which restricts to an isomorphism

on the open set where F is locally free, and such that the length of the cokernel
at each node where F is not locally free is precisely r − 1.

The last condition on the cokernel of c is comparable to the fact for twisted spin
curves that the local index near each node divides r.

Morphisms of stable r-quasi-spin curves of genus g and type m − 1 are defined
using fiber diagrams as above. The categoryQ1/r,m−1

g,n of n-pointed, stable, r-quasi-
spin curve of genus g and type m− 1 with morphisms given by fiber diagrams is a
proper Deligne-Mumford stack with projective coarse moduli space Q

1/r,m−1

g,n . For
proofs see [4].

4.2. Moduli of stable r-spin curves. The stack Q1/r,k

g,n → SpecZ[1/r] is not
smooth. To correct this, a refined structure on nodal curves is introduced in [5].
This structure involves restrictions on the way the spin structures may vary in
families and it involves additional data in the form of intermediate roots of ωlog.

As mentioned in Section 1.1, the usual definition [5] of an r-spin curve of type m
is given in terms of roots of ω instead of ωlog. The shift from ω to ωlog adjusts the
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type from m to m− 1, but even accounting for this difference, the two definitions
are not exactly the same. Still, as explained in [5, Note 2.1], although these two
definitions are not identical, there is a canonical isomorphism between the stacks.
Thus we will use the notationM1/r,m−1

g,n to denote what we are calling r-spin curves
of type m − 1, despite the slight difference between this definition and that given
in [5].

An n-pointed stable r-spin curve of genus g and type m− 1 over a scheme S is
the data of

(1) a stable n-pointed curve (C → S, si : S → C) of genus g,
(2) a torsion free sheaf Fd on C for each d|r,
(3) an isomorphism F1

∼−→ ωC/S(
∑n
i=1 Si), and

(4) for each pair (d, e) of positive integers with d|e|r, a morphism ce,d : F⊗e/de →
Fd which restricts to an isomorphism away from the nodes and marked points
of C,

such that the following hold:
(1) For each d|r let md

i be the unique non-negative integer less than d such that
md
i ≡ mi mod d. Write md = (md

1, . . . ,m
d
n). Then cd,1 : F⊗dd → F1 factors

through F1(−
∑
md
i Si) ' ωC/S(

∑
(1−md

i )Si), making (C, si,Fd, cd,1) into a
d-quasi spin curve of type md − 1.

(2) For each d|r the morphism cd,d is the identity.
(3) For each d|d′|d′′|r, we have cd′,d ◦ c⊗d

′/d
d′′,d′ = cd′′,d.

(4) For each d|e|r the length of the cokernel of ce,d at each point where Fe is not
locally free is precisely (e/d)− 1.

Finally, we place three conditions on the local structure of these sheaves and
homomorphisms at nodes where the sheaf Fr is not locally free:

(1) First, when Fr is not locally free at a node p in a fiber Cs of C/S over a geo-
metric point s ∈ S, there must be an isomorphism of the strict Henselization
Osh
C,p of the local ring of C at p to the ring A := (R[x, y]/xy − tl)sh, where l

is some integer dividing r, the ring R = Osh
S,s is the strict Henselization of the

base at s, and the element t is in R.
(2) Second, for each pair of positive integers i and j, such that i + j = l we

define the A-module Ei,j := 〈ξ1, ξ2|tjξ1 = xξ2, t
iξ2 = yξ1〉, and for notational

convenience when i = j = 0 we define E0,0 to be the free A-module with the
unusual presentation E0,0 := 〈ξ1, ξ2|ξ1 = ξ2〉, even if t = 0. As explained in
Sections 3 and 1.3, if Osh

C,p
∼= Spec(R[z, w]/(zw− t))sh, then Ea,b corresponds

to the pushforward π∗L of the free Osh
C,p-module L = 〈s〉, where µl acts on

s via the representation ρb. Given a choice of isomorphism Osh
C,p

∼→ A, we
require that for each d dividing r, the strict Henselization F sh

d at p of each
sheaf in the spin structure must be isomorphic to Eid,jd , where id and jd are
the least non-negative integers congruent to ird and jrdmodulo l, respectively,
and either ir + jr = l or ir = jr = 0.

Note that while the choice of ir and jr uniquely determines id and jd, it
does not uniquely determine the isomorphism F sh

d
∼→ Eid,jd , since each Ei,j

has a non-trivial automorphism group.
(3) Finally, the homomorphisms cd,e : F⊗d/ed → Fe must form a compatible

system of power maps [5, def. 2.3.1]. Essentially, this means that if Fr
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is the pushforward π∗L for some line bundle L on C, then Fd is just the
pushforward π∗Lr/d of the r/dth power of L, and ce,d corresponds to the map(
π∗Lr/e

)⊗e/d → π∗(Lr/d) induced by adjointness.
More specifically, this means that given Osh

C,p
∼→ A we require that for each

d dividing r there is a choice of isomorphism F sh
d
∼→ Eid,jd , such that, in

terms of the presentations F sh
d
∼= Eid,jd = 〈ξ1, ξ2|tjdξ1 = xξ2, yξ1 = tidξ2〉,

and F sh
e
∼= Eie,je = 〈ζ1, ζ2|tjeζ1 = xζ2, yζ1 = tieζ2〉, the induced map cd,e :

Symd/e(Eid,jd)→ Eie,je can be written in terms of the generators ξ(d/e)−k
1 ξk2

of Symd/e(Eid,jd) as

ξ
(d/e)−k
1 ξk2 7→

{
xu−ktkjdζ1 if 0 ≤ k ≤ u,
yv−d/e+kt(d−k)idζ2 if u < k ≤ d.

(∗)

Here we define u := ((d/e)id − ie)/l and v := ((d/e)jd − je)/l.
In [5] it is shown that the property of being a compatible system of power maps is

independent of the choice of t ∈ R and of isomorphism Osh
C,p

∼→ (R[x, y]/xy − tl)sh.
Moreover, the integers id and jd are well defined. Of course, changing one of
the isomorphisms F sh

d
∼= Eid,jd will generally make the induced maps fail to be

power maps; and indeed, given that these maps must be power maps, the choice of
isomorphism F sh

r
∼= Eir ,jr uniquely determines all of the remaining isomorphisms

for d dividing r.
The category M1/r,m−1

g,n of n-pointed, stable r-spin curves of genus g and type
m−1, with morphisms given by fiber diagrams, is a proper Deligne-Mumford stack
with projective coarse moduli space M

1/r,m−1

g,n . It is shown in [5] that this stack
is smooth over SpecZ[1/r], for arbitrary r. The proof is quite subtle, as can be
expected from the complexity of the definition.

There is a natural morphism M1/r,k

g,n → Q1/r,k

g,n obtained by forgetting Fd for
d 6= 1, r. Since Fd is torsion free, any automorphism of this sheaf is determined
by its value over the generic points of C, and therefore the morphism above is
representable.

4.3. The functor Bg,n(Gm, ω
1/r
log ) → M1/r

g,n . Given a twisted stable r-spin curve
(C → S,Si,L, c), for each positive integer d dividing r, we have torsion free sheaves
Fr/d = π∗Ld on C, and the canonical isomorphisms (Ld)e/d → Le induce maps ce,d :

F⊗e/de → Fd. Consider the functor from Bg,n(Gm, ω
1/r
log ) toM1/r,k

g,n which associates
to a twisted stable r-spin curve (C → S,Si,L, c) the data (C → S, Si, {Fd}, {ce,d}).
Based on the local analysis given in Section 3, it is easy to see that this functor
lands in M1/r,k

g,n for some k determined by the local indices of the twisted spin
curve. The general functor lands in the disjoint union

M1/r

g,n :=
∐

−1≤ki≤r−2

M1/r,k

g,n .

By composing with the functor M1/r

g,n → Q1/r

g,n above, we also get a functor

Bg,n(Gm, ω
1/r
log )→ Q1/r

g,n .
Note that given a balanced Gm-fibration P → C, an automorphism a ∈

AutC(P → C) is determined by its action on the generic fibers of P → C over
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generic points of components of C. The action is thus determined by the induced
action on the sheaf E1, or Fr. It follows that both functors above are representable
as well. Since they are quasi-finite and proper (these stacks being quasi-finite and
proper overMg,n) they are in fact finite. They are also birational, being compact-
ifications ofM1/r,m

g,n .
Recall that M1/r,m

g,n is smooth, in particular, normal. It follows that

Proposition 4.3.1. Bg,n(Gm, ω
1/r
log )→M1/r

g,n is an isomorphism.

4.4. Explicit realization of the inverse functor. We may see the inverse func-
tor M1/r

g,n → Pg,n(ω1/r
log ) directly, as follows. Given a stable r-spin curve (C →

S, Si, {Fd}, {cd,d′}), we must define a Z-graded OC -algebra G. To do this we first
define a product on rank-one, torsion free sheaves that is compatible with the tensor
product and the spin structure.

Near a geometric node p of C over s in S, the strict Henselization Osh
C,p is

isomorphic to A = (R[x, y]/xy − tl)sh where R is the strict Henselization of the
base R = Osh

S,s. The sheaf Fr corresponds to an A-module Eu,v := 〈ξ1, ξ2|tvξ1 =
xξ2, t

uξ2 = yξ1〉, where u+ v = l.
For any integers i, j, i′, j′ such that i+ j = i′ + j′ = l, we will define a product

Ei,j ⊗ Ei′,j′ → Ei+i′,j+j′ .

Here, for any integer a, we denote by a the smallest non-negative integer congruent
to a (mod l). Intuitively, one may think of these modules as pushforwards π∗L =
〈zis, wjs〉 and π∗L′ = 〈zi′s′, wj′s′〉 of invertible sheaves L and L′ on C, and the
product as the map π∗L ⊗ π∗L′ → π∗(L ⊗ L′) induced by adjointness.

More precisely, we define the product as follows. First, if i+i′ > l, then j+j′ < l,
i > j′, and i′ > j. Furthermore,

i+ i′ = i+ i′ − l = i− j′ = i′ − j

and

j + j′ = j + j′.

In this case, if Ei,j = 〈ζ1, ζ2|τ jζ1 = xζ2, τ
iζ2 = yζ1〉, Ei′j′ = 〈ξ1, ξ2|τ j

′
ξ1 =

xξ2, τ
i′ξ2 = yξ2〉, and Ei+i′,j+j′ = 〈ν1, ν2|τ j+jν1 = xν2, τ

i+i′ν2 = yν1〉, then the
product Ei,j ⊗ Ei′,j′ → Ei+i′,j+j′ is defined on these generators as

ζ1 ⊗ ξ1 7→ xν1, ζ1 ⊗ ξ2 7→ τ j
′
ν1, ζ2 ⊗ ξ1 7→ τ jν1, and ζ2 ⊗ ξ2 7→ ν2.

Similarly, if i+ i′ < l, then j + j′ > l and j − i′ = j′ − i = j + j′, and we define
the product by

ζ1 ⊗ ξ1 7→ ν1, ζ1 ⊗ ξ2 7→ τ i
′
ν2, ζ2 ⊗ ξ1 7→ τ iν2, and ζ2 ⊗ ξ2 7→ yν2.

Finally if i + i′ = j + j′ = l, then i+ i′ = j + j′ = 0, i = j = i′ = j′ = l/2,
E0,0 = 〈σ〉 is free, and the product is

ζ1 ⊗ ξ1 7→ xσ, ζ1 ⊗ ξ2 7→ τ iσ, ζ2 ⊗ ξ1 7→ τ iσ, ζ2 ⊗ ξ2 7→ yσ.

Note that if d is relatively prime to l, then for any non-free Ei,j with i + j = l,
the dth power Edi,dj is also not free, i.e., di and dj are non-zero.
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It is easy to see that these product maps are commutative and associative and
induce the power maps of [4] in the case of (Ei,j)⊗d. They also agree with the
standard tensor product on the locus where Ei,j and Ei′,j′ are free. By this we
mean the following: When x is invertible, we have Ei,j = 〈ζ1〉 with ζ2 = τ iζ1/x,
and Ei′,j′ = 〈ξ1〉 with ξ2 = τ i

′
ξ1/x. Letting ν1 = ζ1 ⊗ ξ1, we have an isomorphism

Ei,j ⊗ Ei′,j′ → Ei+i′,j+j′ . It is easy to check that this “standard tensor product”
isomorphism is identical to the isomorphism induced by our product maps. When
y is invertible, a similar calculation shows the power maps again agree with the
standard tensor product, and, of course, these are all compatible when x and y are
both invertible.

This local product map allows us to define our OC-algebra G from an r-spin
structure ({Fr}, {cd,d′}) on C as follows. Let G0 := OC , and for each positive
divisor d of r let Gd := Fr/d, and Gd+nr := (ωClog)

⊗n ⊗ Fr/d. For all remaining
indices d, if e = gcd(d, r) and e 6= d, then on the open locus where Ge is locally free,
let Gd = G⊗d/ee . At each node p where Ge is not locally free, the local structure is
Csh ∼= Spec(R[x, y]/xy − tl)sh, with l a divisor of r, and we have an isomorphism
α : Gsh

1
∼→ Ei,j , where i = ir, j = jr, and i + j = l. Further, α induces an

isomorphism Gsh
e
∼= Eei,ej . We let Gsh

d := Edi,dj and use the gluing induced by the
power maps (E⊗di,j ) → (Eei,ej)

⊗d/e → Edi,dj and by the tensor product G1|⊗dC−p
∼=

Ge|⊗d/eC−p
∼= Gd|C−p. These are compatible, as discussed above. This gives us Ge for

every e ≥ 0.
The dual (Ei,j)∨ is canonically isomorphic to Ej,i and thus we also may define

G−d = G∨d and extend the OC -algebra structure to

G :=
⊕
d∈Z
Gd.

There is, however, a potential ambiguity in the gluing in the construction of the
Ge, arising from the choice of isomorphism α : Gsh

1
∼→ Ei,j . The following lemma

shows that this is not a problem.

Lemma 4.4.1. Given any two isomorphisms α : Gsh
1
∼→ Ei,j and β : Gsh

1
∼→ Ei,j ,

the two sheaves of algebras, as constructed above, are isomorphic.

Proof. Let Gαd and Gβd be the two sheaves induced from the two choices of isomor-
phism. First, if the automorphism α−1β is given by multiplication by an element
of A×, then Gαd and Gβd are clearly isomorphic (the difference in gluing data is a
Čech coboundary). Consequently, we may assume that for each e dividing r and
such that Ge is locally free at p, i.e., ei and ej are congruent to 0 (mod l), an iso-
morphism Ge ∼→ E0,0

∼= A has been fixed, and the automorphism βα−1 preserves
the homomorphisms

γe : Ei,j → Eei,ej = E0,0

induced from cr,r/e : G⊗e1 = E⊗er → Er/e = Ge.
It is straightforward to see [5, Prop. 4.2.12] that the automorphisms of Ei,j that

preserve γe are elements of µe × µe, acting on Ei,j = 〈ξ1, ξ2|xξ2 = tiξ1, yξ1 = tiξ2〉
in the obvious way. Moreover, if either ti or tj is not zero, or if ti and tj are zero,
but the normalization of C at p is connected, then automorphisms of Ei,j preserving



TWISTED SPIN CURVES 697

γe must, in fact, lie in the image of the diagonal µe ↪→ µe × µe. Thus they are all
induced by multiplication by elements of A×, and consequently induce isomorphic
sheaves: Gαd

∼→ Gβd .
Therefore, the only potential ambiguity arises when ti = tj = 0, the normal-

ization of C at p is disconnected, and βα−1 corresponds to an element (η, σ) of
µr × µr. In this case, we have tl = ti+j = 0, and A = (R[x, y]/xy)sh, and thus
Ei,j = 〈ξ1, ξ2|xξ2 = yξ1 = 0〉. Likewise, since di and dj are non-zero, we have
Edi,dj = 〈ζ1, ζ2|xζ2 = yζ1 = 0〉. But now the automorphisms ηd and σd applied to
Gd|C−p on the two connected components of C−p, respectively, give an isomorphism
Gαd

∼→ Gβd , as desired.

Since the sheaves Ei in the r-spin structure are (flat) rank-one, torsion free
sheaves with E1 = Gr = ωlog, the scheme

PG := SpecOC (G)

is an object of Pg,n(ω1/r
log ), and it is straightforward to see that this functor

M1/r

g,n → Pg,n(ω1/r
log )

is the inverse of the composite

Pg,n(ω1/r
log )→ Bg,n(Gm, ω

1/r
log )→M1/r

g,n .

5. A few remarks on analytic twisted r-spin curves,

Witten’s class, and the ∂̄-operator

The stack of r-spin curves is interesting primarily because of the role it plays in
the generalized Witten conjecture [11], relating intersection theory onM1/r

g,n to the
Gelfand-Dikii (KdVr) hierarchy. This conjecture depends on the construction of a
virtual Euler class c(V) for the pushforward of the universal r-spin bundle. That
is, if q : D →M1/r

g,n is the universal curve overM1/r

g,n , and if Fr is the universal rth
root bundle (from the universal coherent net) on D, then c(V) is a virtual Euler
class for V := Rq∗Fr.

In particular, when R0q∗Fr = 0, then c(V) is just the Euler class of −R1q∗Fr,
but in general c(V) is not the Euler class of the index bundle Rq∗Fr, even when
such a class is well defined.

We now describe how to extend Witten’s construction to twisted r-spin curves.

5.1. The ∂̄-operator. Witten’s construction of c(V) depends on extending the
operator ∂̄ : Ω0,0(Fr) → Ω0,1(Fr) to nodal curves; that is, to the boundary of
M1/r

g,n . This is done by Seeley and Singer in [10] for r = 2, and the construction
for general r is similar. Details of the general construction are given in [8]. This
construction applies as well in the case of twisted r-spin curves.

Theorem 5.1.1. For a family of twisted curves (C/S,Sei ) and for any line bundle
L on C, there is a continuous family of Fredholm operators ∂̄ : Ω0,0(L) → Ω0,1(L)
from L-valued (0, 0)-forms to L-valued (0, 1)-forms. Moreover, if π : C → C is the
coarse moduli space of C, then ∂̄ induces the ∂̄ operator of Seeley and Singer on the
pushforward to C:

∂̄ : Ω0,0(π∗L)→ Ω0,1(π∗L).
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Proof. Near a point p ∈ C we have Csh = [U/µl]. Seeley and Singer’s local descrip-
tion of ∂̄ clearly applies to any line bundle on U . Moreover ∂̄ is µl-equivariant,
and thus passes to C, as well as inducing the usual ∂̄ operator on the coarse moduli
C.

5.2. Witten’s class. Witten’s construction of the virtual class c(V) on M1/r

g,n

works almost verbatim for Bg,n(Gm, ω
1/r
log ), where his sheaf T (our Fr) on the uni-

versal curve over M1/r

g,n is replaced by the universal rth-root line bundle L on the

universal curve over Bg,n(Gm, ω
1/r
log ).

The only other difference is the fact that π∗L is an rth root of ωlog(−
∑
mipi),

rather than an rth root of ω(−
∑
mipi).

In terms of our construction, that means that each mi, or rather the local index
of the twisted curve C near each canonical section Si, must be at least 1 to make
the Witten construction work. In the case that the local index near any Si is zero,
we define the class c(V) to be 0. This is compatible with the axioms of [7] (and the
axiom of descent [6]), provided those axioms hold for the Witten class when the
local index at each Si is greater than 0.

An algebraic construction of Witten’s class has recently been given by Polishchuk
and Vaintrob in [9]. Their construction should also work for twisted spin curves,
since the sheaves involved in that construction are all pushforwards (to the base of
the family) of sheaves induced on the coarse moduli C by pushing forward tauto-
logical sheaves from the twisted curve C to C.
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