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LOCAL COHOMOLOGY OVER HOMOGENEOUS RINGS
WITH ONE-DIMENSIONAL LOCAL BASE RING

M. BRODMANN, S. FUMASOLI, AND R. TAJAROD

(Communicated by Bernd Ulrich)

Abstract. Let R =
⊕
n≥0 Rn be a homogeneous Noetherian ring with local

base ring (R0,m0) and let M be a finitely generated graded R-module. Let
Hi
R+

(M) be the i-th local cohomology module of M with respect to R+ :=⊕
n>0 Rn. If dimR0 ≤ 1, the R-modules Γm0R(Hi

R+
(M)), (0 :HiR+

(M) m0)

and Hi
R+

(M)/m0Hi
R+

(M) are Artinian for all i ∈ N0. As a consequence,

much can be said on the asymptotic behaviour of the R0-modules Hi
R+

(M)n

for n→ −∞.

1. Introduction

Let R =
⊕

n≥0Rn be a homogeneous Noetherian ring and let M be a finitely
generated and graded R-module. Moreover let R+ :=

⊕
n>0Rn be the irrelevant

ideal of R. For each i ∈ N0 let Hi
R+

(M) denote the i-th local cohomology module
of M with respect to R+, furnished with its natural grading (cf. [B-S, chap. 12]).
For each n ∈ Z let Hi

R+
(M)n denote the n-th graded component of Hi

R+
(M).

The modules H i
R+

(M) and their graded components are closely related to sheaf
cohomology over projective schemes (cf. [B-S, chap. 20]) and this turns them
into objects of particular interest. As shown by recent investigations, the modules
Hi
R+

(R) may have an astonishingly complicated structure — even for nice rings R
(cf. [B-K-S], [K]). On the other hand, if the base ring R0 is Artinian much can be
said on the R-modules Hi

R+
(M), mainly as they are Artinian (cf. [B-M-M]). Also,

the “tameness” shown in [B-He, 4.3] gives a first hint, that the modules Hi
R+

(M)
do not behave too badly if the base ring R0 is local and of dimension 1.

Our first main result gives an explanation for the nice behaviour of the mod-
ules H i

R+
(M) if the base ring R0 is local (with maximal ideal m0) and of dimen-

sion ≤ 1: We namely show that the graded R-modules Hi
R+

(M)/m0H
i
R+

(M),
(0 :HiR+

(M) m0), Γm0R(Hi
R+

(M)) and H1
m0R

(Hi
R+

(M)) are Artinian in this case

(cf. Theorem 2.5).
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This allows us to draw conclusions on the asymptotic behaviour of the n-th
graded component Hi

R+
(M)n of Hi

R+
(M) for n→ −∞. More precisely (cf. Theo-

rem 3.5): If dimR0 ≤ 1, if i ∈ N0 and if q0 ⊂ R0 is an m0-primary ideal the lengths
of the R0-modules Hi

R+
(M)n/q0H

i
R+

(M)n, (0 :HiR+
(M)n q0) and Γm0R(Hi

R+
(M)n

as well as the multiplicity eq0(Hi
R+

(M)n) of Hi
R+

(M)n with respect to q0 depend
on n polynomially of degree < i if n � 0. Moreover, the set AssR0(Hi

R+
(M)n)

is asymptotically stable for n → −∞, a result which improves the “asymptotic
gap freeness” shown in [B-He, 4.2]. Observe also that the above polynomial de-
pendencies allow us to define various types of cohomological deficiency functions
and postulation numbers which extend the corresponding concepts from the case of
Artinian base rings (cf. [B-M-M]) to the case of one-dimensional local base rings.

Also, we provide examples showing that:
H1
R+

(R)/m0H
1
R+

(R) and (0 :H2
R+

(R) m0) need not be Artinian if

(R0,m0) is (regular and) of dimension 2 (cf. Examples 4.1 resp.
4.2);

AssR0(H3
R+

(R)n) need not be asymptotically stable for n → −∞
even if

⋃
n∈ZAssR0(H3

R+
(R)n) is finite (cf. Example 4.3);⋃

n∈ZAssR0(H2
R+

(R)n) need not be finite (cf. Example 4.4).
In the last two examples, the base ring (R0,m0) is regular local and of dimen-

sion 4. To give these examples, the results of [B-K-S] resp. [K] shall be used.

2. Artinian quotients and submodules

We keep the previous notations and hypotheses. In this section we prove that
certain quotients and submodules of the local cohomology modules Hi

R+
(M) are

Artinian, provided the base ring R0 is of dimension ≤ 1.

Remark 2.1. If dimR0 = 0, R0 is Artinian and hence Hi
R+

(M) is Artinian for all
i ∈ N0 [B-S, 7.1.4].

Lemma 2.2. Let H be an Artinian R-module and M0 a finitely generated R0-
module. Then for any i ∈ N0 the R-module TorR0

i (M0, H) is Artinian.

Proof. Let

. . .→ Fi+1 → Fi → Fi−1 → . . .→ F1 → F0 →M0 → 0

be a minimal free resolution of M0. Then TorR0
i (M0, H) is an R-subquotient of

Fi ⊗R0 H
∼= Hrk(Fi), and hence is Artinian. �

Lemma 2.3. For any i ∈ N0 the R-module Hi
R+

(Γm0R(M)) is Artinian.

Proof. Since Γm0R(M) is a finitely generated m0R-torsion module, there exists an
m ∈ N such that m0

mΓm0R(M) = 0. Therefore Γm0R(M) is a graded R/m0
mR-

module. Let i ∈ N0. By the graded Independence Theorem [B-S, 13.1.6] there is
an isomorphism of graded R-modules Hi

R+
(Γm0R(M)) ∼= Hi

(R/m0mR)+
(Γm0R(M))

where the latter is Artinian as dim(R/m0
mR)0 = dimR0/m0

m = 0 (cf. Re-
mark 2.1). �
Lemma 2.4. Let i ∈ N0. Then, if R0/m0 ⊗R0 H

i
R+

(M/Γm0R(M)) is Artinian, so
is R0/m0 ⊗R0 H

i
R+

(M).
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Proof. Let M̄ := M/Γm0R(M). There is a commutative diagram with exact rows:

Hi
R+(Γm0R(M))

u // Hi
R+(M)

v //

����

Hi
R+(M̄) // Hi+1

R+
(Γm0R(M))

0 // Hi
R+(M)/ Im(u) // Hi

R+(M̄) // Hi
R+(M̄)/ Im(v) //

OO

OO

0

Being a submodule of Hi+1
R+

(Γm0R(M)), the module T := Hi
R+

(M̄)/ Im(v) is
Artinian (cf. Lemma 2.3). So by Lemma 2.2 the R-module TorR0

1 (R0/m0, T ) is
Artinian. From the lower row of the diagram we deduce the exact sequence

TorR0
1 (R0/m0, T )→ R0/m0 ⊗R0 H

i
R+

(M)/ Im(u)→ R0/m0 ⊗R0 H
i
R+

(M̄)

where the last module is Artinian by assumption. Hence the last module in the
exact sequence

R0/m0⊗R0 H
i
R+

(Γm0R(M))→ R0/m0⊗R0H
i
R+

(M)→ R0/m0⊗R0 H
i
R+

(M)/ Im(u)

is Artinian, too. Now we conclude by Lemma 2.3. �
Theorem 2.5. Let dimR0 ≤ 1 and let i ∈ N0. Then

a) the R-module R0/m0 ⊗R0 H
i
R+

(M) is Artinian;
b) the R-modules Γm0R(Hi

R+
(M)) and H1

m0R
(Hi

R+
(M)) are Artinian.

Proof. a) By Lemma 2.4 we may assume that Γm0R(M) = 0. Also we may assume
that dimR0 = 1 (cf. Remark 2.1). As dimR0 > 0 there exists an M -regular
element x ∈ m0 which avoids all minimal primes of R0. The exact sequence 0 →
M

x−→M →M/xM → 0 induces an exact sequence

Hi−1
R+

(M/xM)→ Hi
R+

(M) x−→ Hi
R+

(M) u−→ Hi
R+

(M/xM).

As x avoids all minimal primes of R0, dimR0/xR0 = 0. Therefore Hi
R+

(M/xM)
is Artinian by the Independence Theorem, and so is Im(u). The above sequence
gives an exact sequence

R0/m0 ⊗R0 H
i
R+

(M) x−→ R0/m0 ⊗R0 H
i
R+

(M)→ R0/m0 ⊗R0 Im(u)→ 0.

As x ∈ m0, the multiplication map “x” is zero. So there is an isomorphism

R0/m0 ⊗R0 H
i
R+

(M) ∼= R0/m0 ⊗R0 Im(u).

b) (cf. [B-He, 4.2]) We choose x ∈ m0 such that
√
xR0 = m0. Then, for each

i ∈ N0, there is an exact sequence of graded R-modules

Hi−1
R+

(M)
ηi−1
x−→ Hi−1

R+
(M)x → Hi

(R+,x)(M)→ Hi
R+

(M)
ηix−→ Hi

R+
(M)x

in which ηi−1
x and ηix are the natural homomorphisms (cf. [B-S, 13.1.12]). As

Coker(ηi−1
x ) ∼= H1

xR(Hi−1
R+

(M)) = H1
m0R(Hi−1

R+
(M))

and
Ker(ηix) = ΓxR(Hi

R+
(M)) = Γm0R(Hi

R+
(M))

we obtain an exact sequence

0→ H1
m0R(Hi−1

R+
(M))→ Hi

(R+,x)(M)→ Γm0R(Hi
R+

(M))→ 0.

As
√

(R+, x) = m0R + R+ ⊂ R is a maximal ideal, the R-module Hi
(R+,x)(M) is

Artinian. This proves our claim if we make i run through N0. �
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Corollary 2.6. Let dimR0 ≤ 1, let i ∈ N0 and let q0 ⊂ R0 be an m0-primary
ideal. Then

a) the R-module R0/m0/q0H
i
R+

(M) is Artinian;
b) the R-module (0 :HiR+

(M) q0) is Artinian.

Proof. a) As q0 is m0-primary, there is some m ∈ N such that m0
m ⊂ q0. So, it

suffices to show that R0/m0
m⊗R0 H

i
R+

(M) is Artinian. For m = 1, this is clear by
Theorem 2.5 a). If m > 1 we consider the exact sequence

m0
m−1/m0

m ⊗R0 H
i
R+

(M)→ R0/m0
m ⊗R0 H

i
R+

(M)→ R0/m0
m−1 ⊗R0 H

i
R+

(M)

and the natural isomorphism

m0
m−1/m0

m ⊗R0 H
i
R+

(M) ∼= m0
m−1 ⊗R0 (R0/m0 ⊗R0 H

i
R+

(M)).

Now, by using Theorem 2.5 a) and Lemma 2.2 we may conclude by induction.
b) As (0 :HiR+

(M) q0) is a submodule of Γm0R(Hi
R+

(M)), we conclude by Theo-
rem 2.5 b). �

3. Asymptotic behaviour of graded components

In this section we use our previous results to draw conclusions on the behaviour
of the R0-modules Hi

R+
(M)n for n� 0.

Remark 3.1. Keep our previous notations. Let T =
⊕

n∈Z Tn be a graded Artinian
R-module. Then AttR(T ) is a finite set of graded primes and T admits a minimal
secondary representation by graded secondary submodules (cf. [B-M-M, sec. 2]).

Lemma 3.2. Let W =
⊕

n∈ZWn be a graded R-module such that W/m0W is
Artinian and such that Wn is a finitely generated R0-module for all n ∈ Z. Then,
there is some τ ∈ Z ∪ {∞} such that for each x ∈ R1 \

⋃
p∈AttR(W/m0W )\Var(R+) p

and each n < τ the multiplication map Wn
x−→Wn+1 is surjective.

Proof. Let P := AttR(W/m0W ) \ Var(R+) and let U := R1 \
⋃

p∈P p. Also, keep
in mind that the R0-modules Wn are finitely generated. So, by Nakayama, it
suffices to find some τ ∈ Z∪{∞} such that the multiplication maps Wn/m0Wn

x−→
Wn+1/m0Wn+1 are surjective for all n < τ .

Let W/m0W = S1 + · · · + St be a graded secondary presentation with pj :=√
0 :R Sj for all 1 ≤ j ≤ t. If pj ∈ P and x ∈ U , then x /∈ pj so that Sjn

x−→ Sjn+1

is surjective for all n ∈ Z. As AttR(W/m0W ) ⊂ Var(m0R), there is at most one
p ∈ AttR(W/m0W ) not belonging to P . If there is such a p, say pj , we have
pj = m0R + R+ and hence Sj is concentrated in finitely many degrees. So in
this case take τ = beg Sj − 1, where beg Sj denotes the beginning degree of Sj.
Otherwise take τ =∞. �

Lemma 3.3. Let S ⊂ N0, let R0/m0 be infinite and assume that the R-module
R0/m0 ⊗R0 H

i
R+

(M) is Artinian for each i ∈ S. Then, there is some σ ∈ Z ∪
{∞} and an M/ΓR+(M)-regular element x ∈ R1 such that the multiplication maps
H i
R+

(M)n
x−→ Hi

R+
(M)n+1 are surjective for all i ∈ S and for all n < σ.
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Proof. As Hi
R+

(M) = 0 for all i� 0, we may assume that S is finite. Therefore

P :=
(

AssR(M) ∪
⋃
i∈S

AttR
(
Hi
R+

(M)/m0H
i
R+

(M)
))
\Var(R+)

is a finite set of graded primes in R, none of which contains R1.
As R0/m0 is infinite, the set U := R1 \

⋃
p∈P p is not empty (cf. [B-H, 1.5.12]).

Let x ∈ U . As AssR(M/ΓR+(M)) = AssR(M) \ Var(R+) ⊂ P we see that x is
M/ΓR+(M)-regular. Moreover, by Lemma 3.2 there is some σ ∈ Z∪{∞} such that
the multiplication maps Hi

R+
(M)n

x−→ Hi
R+

(M)n+1 are surjective for all i ∈ S and
all n < σ. �
Notation and Convention 3.4. A) For a finitely generated R0-module N and
an m0-primary ideal q0 ⊂ R0 we use eq0(N) to denote the multiplicity of N with
respect to q0 so that

eq0(N) = lim
n→∞

(dimN)!
ndimN

lengthR0
N/q0

nN

if N 6= 0 and eq0(0) = 0.
B) If (Nn)n∈Z is a family of R0-modules, we say that the set AssR0(Nn) is

asymptotically stable for n→ −∞ if there is some n0 ∈ Z such that AssR0(Nn) =
AssR0(Nn0) for all n ≤ n0.

Now, we are ready to present the main result of this section.

Theorem 3.5. Let i ∈ N0 and assume that dimR0 ≤ 1. Let q0 ⊂ R0 be an
m0-primary ideal. Then

a) there exists a numerical polynomial P ∈ Q[t] of degree less than i such that
lengthR0

(Hi
R+

(M)/q0H
i
R+

(M))n = P (n) for all n� 0;
b) there exists a numerical polynomial Q ∈ Q[t] of degree less than i such that

eq0(Hi
R+

(M)n) = Q(n) for all n� 0;
c) there exists a numerical polynomial P̄ ∈ Q[t] of degree less than i such that

lengthR0
(0 :HiR+

(M) q0)n = P̄ (n) for all n� 0;

d) there exists a numerical polynomial Q̄ ∈ Q[t] of degree less than i such that
lengthR0

Γm0R(Hi
R+

(M))n = Q̄(n) for all n� 0;
e) the set AssR0(Hi

R+
(M)n) is asymptotically stable for n→ −∞.

Proof. Let y be an indeterminate and consider the at most one-dimensional local
ring R0

′ := R0[y]m0R0[y] with maximal ideal m0
′ = m0R0

′, the m0
′-primary ideal

q0
′ := q0R0

′ ⊂ R0
′, the Noetherian homogeneous R0

′-algebra R′ := R⊗R0 R0
′ and

the finitely generated and graded R′-module M ′ := M ⊗R0 R0
′. By the flat base

change property of local cohomology we have natural isomorphisms of R0
′-modules

H i
R′+

(M ′)n ∼= Hi
R+

(M)n ⊗R0 R0
′ for all n ∈ Z. As R0/m0 ⊗R0 R0

′ ∼= R0
′/m0

′ we
may conclude that the numerical invariants occurring in statements a)–d) remain
the same if we replace R,M, q0 and m0 by R′,M ′, q0

′ and m0
′, respectively. A

similar conclusion holds for the claim made in statement e). Therefore, we may
assume that R0/m0 is infinite.

As H0
R+

(M)n = 0 for all n � 0, the statements of our theorem are obvious for
i = 0. So let i > 0. In view of the natural isomorphism Hi

R+
(M/ΓR+(M)) ∼=

H i
R+

(M) we also assume that ΓR+(M) = 0. So, by Lemma 3.3 there is some
σ ∈ Z ∪ {∞} and an M -regular element x ∈ R1 such that the multiplication maps
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Hj
R+

(M)n
x−→ Hj

R+
(M)n+1 are surjective for j = i − 1, i and for all n < σ. If we

apply cohomology to the exact sequence 0 → M
x−→ M(1) → M/xM(1) → 0 we

thus get a short exact sequence of R0-modules

0→ Hi−1
R+

(M/xM)n+1 → Hi
R+

(M)n
x−→ Hi

R+
(M)n+1 → 0

for each n < σ. So, for each n < σ we have

AssR0(Hi−1
R+

(M/xM)n+1) ⊂ AssR0(Hi
R+

(M)n)

⊂ AssR0(Hi−1
R+

(M/xM)n+1) ∪AssR0(Hi
R+

(M)n+1).

From this statement e) follows immediately by induction on i.
As a consequence of e) there are integers d, d̄ ≤ 1 such that dimR0 H

i
R+

(M)n = d

and dimR0 H
i−1
R+

(M/xM)n = d̄ for all n� 0. So, by the above exact sequences and
on use of the additivity of multiplicities, we get

eq0(Hi
R+

(M)n)− eq0(Hi
R+

(M)n+1) = εeq0(Hi−1
R+

(M/xM)n+1)

for all n � 0, where ε = 0 if d̄ 6= d and ε = 1 if d̄ = d. From this, statement b)
follows easily by induction on i.

a) By Corollary 2.6 a) the graded R-module Hi
R+

(M)/q0H
i
R+

(M) is Artinian.
So, by [Ki], there is a numerical polynomial P ∈ Q[t] such that

lengthR0
(Hi

R+
(M)/q0H

i
R+

(M))n = P (n)

for all n� 0. It remains to show that P is of degree less than i. The above short
exact sequence gives an exact sequence

R0/m0/q0H
i−1
R+

(M/xM)n+1 → R0/m0/q0H
i
R+

(M)n
x−→ R0/m0/q0H

i
R+

(M)n+1,

whence

lengthR0
(Hi

R+
(M)/q0H

i
R+

(M))n − lengthR0
(Hi

R+
(M)/q0H

i
R+

(M))n+1

≤ lengthR0
(Hi−1

R+
(M/xM)/q0H

i−1
R+

(M/xM))n+1

for each n < σ. This allows us to conclude by induction on i.
c), d) By Theorem 2.5 b) and Corollary 2.6 b) the graded R-modules

Γm0R(Hi
R+

(M)) and (0 :
HiR+

(M)
q0)

are both Artinian. So, the numerical polynomials P̄ , Q̄ ∈ Q[t] of statements c) and
d) exist again by [Ki]. It remains to show that these polynomials are of degree less
than i. If we apply the left exact functors HomR0(R0/q0, •), resp. Γm0R, to our
original short exact sequences, we get this by induction on i. �

4. A few examples

In this final section we present some examples related to our previous results. Our
first example shows that statement a) of Theorem 2.5 need not hold if dimR0 > 1,
even if i = 1 and R0 is regular local and of dimension 2.
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Example 4.1. Let K be a field, let x, y, t be indeterminates, let R0 := K[x, y](x,y)

and m0 := (x, y)R0. Moreover let R := R0[m0t] be the (truncated) Rees ring of m0.
As R+ = (xt, yt), the R+-transform of R is given by

DR+(R) =
⋃
n∈N

(
R :
Rxtyt

(xt, yt)n
)

= Rxt ∩Ryt ⊂ R0[t, t−1]

(cf. [B-S, 2.2.15]) so that

DR+(R)n =

{
Rn, if n ≥ 0;
R0t

n, if n < 0.

In view of the standard exact sequence 0→ R→ DR+(R)→ H1
R+

(R)→ 0 we thus
have

H1
R+

(R)n =

{
0, if n ≥ 0;
R0t

n, if n < 0.

It follows that R1H
1
R+

(R)n−1 = m0t · R0t
n−1 = m0t

n $ H1
R+

(R)n for all n < 0, so
that the multiplication map w : H1

R+
(R)n−1 → H1

R+
(R)n is not surjective whenever

w ∈ R1 and n < 0. In view of Lemma 3.3 it follows that R0/m0⊗R0 H
1
R+

(R) is not
Artinian.

Essentially the same example allows us to show that statement b) of Theorem
2.5 need not hold if the base ring R0 is regular local and of dimension 2.

Example 4.2. Let R = R0[m0t] be as in Example 4.1. Let u, v be two further
indeterminates and let S = R0[u, v]. Let f := xv − yu. Then, we have an exact
sequence of graded S-modules

0→ S(−1)
f−→ S −→ R→ 0.

Fix n ∈ Z. If we apply cohomology to the above exact sequence and on use of the
graded base ring independence of local cohomology, we get an exact sequence of
R0-modules:

H2
S+

(S)n−1
f−→ H2

S+
(S)n −→ H2

R+
(R)n → 0

On use of graded local duality, the flat base change property of local cohomology
and as Ext1

R0
(S−n−1, R0) = 0, we get the following commutative diagram with

exact rows:

H2
S+

(S)n−1
f

//

∼=
��

H2
S+

(S)n

∼=
��

// H2
R+

(R)n // 0

HomR0(S−n−1, R0)
HomR0 (f,R0)

// HomR0(S−n−2, R0) // Ext1
R0

(R−n−1, R0) // 0

Therefore H2
R+

(R)n ∼= Ext1
R0

(R−n−1, R0) so that H2
R+

(R)n = 0 if n ≥ −1 and
H2
R+

(R)n ∼= Ext1
R0

(m0
−n−1, R0) ∼= Ext2

R0
(R0/m0

−n−1, R0) if n ≤ −2. In particular
we have m0

−n−1H2
R+

(R)n = 0 for all n ≤ −2. If E denotes the injective hull of the
R0-module R0/m0, local duality gives (for all n ≤ −2)

R0/m0
−n−1 ∼= H0

m0
(R0/m0

−n−1) ∼= HomR0(Ext2
R0

(R0/m0
−n−1, R0), E)

∼= HomR0(H2
R+

(R)n, E).
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Hence (0 :R0 H
2
R+

(R)n) = m0
−n−1 for all n ≤ −2. This shows that H2

R+
(R) =

Γm0R(H2
R+

(R)) and that (m0
nH2

R+
(R))n∈N is a strictly descending sequence of sub-

modules, so that Γm0R(H2
R+

(R)) is not Artinian. Hence statement b) of Theorem
2.5 does not hold in our situation. Moreover, by Melkerssons Lemma (cf. [B-S,
7.1.2]) it follows that (0 :H2

R+
(R) m0) is not Artinian, so that statement b) of Corol-

lary 2.6 does not hold either.

In [B-K-S] a modified version of an example of Singh [S] is studied, which allows
to show that statements c), d) and e) of Theorem 3.5 need not hold over a regular
local base ring of dimension 4.

Example 4.3. Let x, y, z, u, v, w be indeterminates and fix a prime number p ∈ N.
Let R0 = Z[x, y, z](p,x,y,z). Also, let p0 := (x, y, z)R0 and m0 := (x, y, z, p)R0.
Consider R0[u, v, w] in the natural way as a homogeneous R0-algebra and let R :=
R0[u, v, w]/(xu+ yv+ zw)R0[u, v, w]. Then, by [B-K-S, 2.17] and on use of the flat
base change property of local cohomology we get for each n ≤ −3:

AssR0(H3
R+

(R)n) =

{
{p0,m0}, if p |

∏−n−3
i=1

(−n−2
i

)
;

{p0}, otherwise.

In particular, the two sets

A := {n ∈ Z | AssR0(H3
R+

(R)n) = {p0,m0}},
B := {n ∈ Z | AssR0(H3

R+
(R)n) = {p0}}

are both infinite, as p |
(
pm
1

)
for any m ∈ Z and p -

(
pk−1
i

)
for any k ∈ N and any

i ∈ {1, . . . , pk − 2} (cf. also [B-K-S, 2.16]). So statement e) of Theorem 3.5 does
not hold in our situation. As (0 :H3

R+
(R)n m0) = Γm0R(H3

R+
(R))n = 0 if n ∈ B

and 0 6= (0 :H3
R+

(R)n m0) ⊂ Γm0R(H3
R+

(R))n if n ∈ A, statements c) and d) of
Theorem 3.5 also fail.

In the previous example
⋃
n∈ZAssR0(H3

R+
(R)n) is finite. The example presented

in [K] allows us to show that this latter set need not be finite — again in the case
of a base ring R0 which is regular, local and of dimension 4.

Example 4.4. Let K be a field and let x, y, s, t, u, v be indeterminates. Let R̄0 :=
K[x, y, s, t], consider R̄0[u, v] as a homogenous R̄0-algebra in the natural way and let
R̄ := R̄0[u, v]/(sx2v2−(t+s)xyuv+ty2u2)R̄0[u, v]. Finally let m̄ := (x, y, s, t, u, v)R̄.
Then, according to [K] the set AssR̄m̄

(H2
(R̄+)m̄

(R̄m̄)) is infinite. By the graded flat
base change property of local cohomology it follows that the set

{p̄ ∈ AssR̄(H2
R̄+

(R̄)) | p̄ ⊂ m̄}

is not finite. Writing m̄0 = m̄ ∩ R̄0 = (x, y, s, t)R̄0 we may conclude that the set

{p̄ ∈ AssR̄(H2
R̄+

(R̄)) | p̄ ∩ R̄0 ⊂ m̄0}

is infinite.
Now, let R0 := (R̄0)m̄0 = K[x, y, s, t](x,y,s,t) and consider the homogeneous Noe-

therian R0-algebra R := R0 ⊗R̄0
R̄ = (R̄0 \ m̄0)−1R̄. On use of the graded flat
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base change property of local cohomology it follows that the set AssR(H2
R+

(R)) is
infinite. So, in view of the natural bijection (cf. [B-He, 5.5])

AssR(H2
R+

(R)) −→
⋃
n∈Z

AssR0(H2
R+

(R)n) : p 7→ p ∩R0,

the latter set is infinite, too.
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