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A PROPERTY OF WEAKLY KRULL DOMAINS

D. D. ANDERSON AND MUHAMMAD ZAFRULLAH

(Communicated by Bernd Ulrich)

Abstract. We show that a weakly Krull domain D satisfies (∗): for every
pair a, b ∈ D\{0} there is an n = n(a, b) ∈ N such that (a, bn) is t-invertible.
For D Noetherian, D satisfies (∗) if and only if every grade-one prime ideal of

D is of height one. We also show that a modification of (∗) can be used to
characterize Noetherian domains that are one-dimensional.

Let D be an integral domain with quotient field K, and let X1(D) denote the set
of height-one prime ideals of D. The domain D is said to be a weakly Krull domain
if D is a locally finite intersection of its localizations at members of X1(D), i.e., if
D =

⋂
P∈X1(D)DP and this intersection is locally finite. Indeed, a weakly Krull

domain D is the well-known Krull domain if we insist that DP is a discrete rank-one
valuation domain for each P ∈ X1(D). And if we settle for a weakly Krull domain
D such that DP is a valuation domain for each P ∈ X1(D), we get a generalized
Krull domain of Ribenboim [R]. Obviously, a Noetherian domain is a weakly Krull
domain if each grade-one prime ideal of D is of height one. The converse is also true.
Weakly Krull domains have recently been of interest in connection with the study
of factorization properties of algebraic order, see, e.g., Picavet-L’Hermitte [P]. The
purpose of this short note is to bring to light the following interesting property of
weakly Krull domains. Let D be a weakly Krull domain; then for every pair a, b ∈
D∗ = D\{0}, there is a natural number n = n(a, b) such that (a, bn) is a t-invertible
ideal of D. What may be of general interest here is that (within the framework of
Noetherian domains) Noetherian weakly Krull domains are actually characterized
by this somewhat weak property and so are one-dimensional Noetherian domains
on replacing “t-invertible” by “invertible”.

To keep the note short, we shall assume a working knowledge of star-operations as
provided by Gilmer’s book [G, Sections 32 and 34] and of the notion of t-invertibility
as in [Z]. However, we recall for the reader’s convenience the following facts. Let
F (D) denote the set of nonzero fractional ideals. Then for I ∈ F (D), I−1 = D :K I
and the function I 7→ Iv = (I−1)−1 on F (D) is a star-operation called the v-
operation. The operation on F (D) defined by A 7→ At =

⋃
{(a1, a2, . . . , an)v | ai ∈

I\{0}, n ∈ N} is called the t-operation. A fractional ideal I is a v-ideal (t-ideal) if
Iv = I (resp., It = I) and an ideal M maximal among integral t-ideals is a prime
ideal called a maximal t-ideal. A fractional ideal I is t-invertible if (II−1)t = D.
Finally, we add the following: (1) every minimal prime of a principal ideal is a
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prime t-ideal [HH], (2) if D is a weakly Krull domain, then X1(D) is precisely
the set of maximal t-ideals of D [AMZ, Theorems 3.1 and 4.3], and (3) a finitely
generated ideal A of a domain D is t-invertible if and only if ADP is principal for
each maximal t-ideal P of D [MMZ, Lemma 1.5].

We start by proving the result mentioned above.

Theorem 1. Let D be a weakly Krull domain, and let a, b be two nonzero elements
of D. Then there exists a natural number n = n(a, b) such that (a, bn) is t-invertible.

Proof. If either of a, b is a unit, then (a, bm) = D for every natural number m
and hence is t-invertible. So let us concentrate on the case when both a and b
are nonunits. If P is a height-one prime ideal of D such that (a, b) * P , then too
(a, b)DP = DP = (a, bm)DP for all natural numbersm. Now, as we are dealing with
a weakly Krull domain, there can be only a finite number of maximal t-ideals (i.e.,
height-one primes) containing (a, b). Let P1, P2, . . . , Pr be all the height-one primes
containing (a, b). Since the DPi are one-dimensional quasi-local (for i = 1, 2, . . . , r),
there exist natural numbers ni such that a | bni in DPi . Let n = max{ni}. Then
for i = 1, 2, . . . , r, (a, bn)DPi is principal. Now having exhausted all the cases we
have established that (a, bn)DP is principal for all height-one primes and hence for
all maximal t-ideals of D. But this means that (a, bn) is t-invertible. �

To see that the converse of Theorem 1 is not in general true, let us recall that a
domain D is a Prüfer domain if every two-generated nonzero ideal of D is invertible
and hence is t-invertible. Let R = Z + XQ[X ], where Z and Q are, respectively,
the integers and rational numbers. Now this domain is a Bezout domain, i.e.,
every two-generated ideal is principal [CMZ] and hence is a Prüfer domain. So R
satisfies the conclusion of Theorem 1, but R is rather far away from being a locally
finite intersection of localizations at height-one primes in that R is not completely
integrally closed and hence cannot be expressed as an intersection of localizations
at height-one primes. (R is not completely integrally closed because in R, 3 is a
nonunit and 3n | X for all natural n.)

Now we present the promised converse of Theorem 1 for Noetherian domains
in a somewhat more general setting. Recall that an integral domain D is a Mori
domain if D satisfies ACC on integral divisorial ideals. It is well known that a Mori
domain D is a locally finite intersection of localizations at its maximal v-ideals
which happen to be maximal t-ideals. Obviously, a Mori domain satisfies ACC on
principal ideals and it is well known that every ring of fractions of a Mori domain is
again a Mori domain. We say that D is of t-dimension one (notation t-dim(D) = 1)
if every maximal t-ideal of D is of height one. Finally, it goes without saying that
a Noetherian domain is a Mori domain, although there do exist examples of Mori
domains that are not Noetherian. For instance, every Krull domain is Mori. A
reader in need of further information on Mori domains may consult Barucci [B].

Proposition 2. Let D be a Mori domain such that for each pair of nonzero
nonunits a, b ∈ D, there is a k = k(a, b) such that (a, bk) is t-invertible. Then
t-dim(D) = 1.

Proof. Let P be a maximal t-ideal of D. Suppose that htP > 1; so there is a
nonzero prime ideal Q ( P . Choose b ∈ PP −QP and 0 6= a ∈ QP . Now as DP is a
Mori domain and hence satisfies ACC on principal ideals, we cannot have bk | a for
all natural numbers k. So there is a number h such that bh - a in DP . Now by the
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condition, (a, (bh)k) is t-invertible for some k and hence (a, (bh)k)DP is principal.
Thus a | bhk. Hence bhk ∈ QP and so b ∈ QP , a contradiction. This forces P to be
a height-one prime. Thus every maximal t-ideal of D is height-one prime. �

Combining Proposition 2 and Theorem 1, we can state the following corollary.

Corollary 3. A Mori domain D has t-dimension one if and only if for each pair
of nonzero nonunits a, b ∈ D, there exists a natural number k = k(a, b) such that
(a, bk) is t-invertible.

Now the case of Noetherian domains is not too difficult. The maximal primes of
principal ideals of a Noetherian domain are indeed maximal divisorial and hence of
grade one. So just for the record, we put down the following corollary.

Corollary 4. In a Noetherian domain D, every grade-one prime ideal is of height
one (i.e., D is weakly Krull) if and only if for every pair a, b of nonzero nonunits
of D, there is a natural number n = n(a, b) such that (a, bn) is t-invertible.

We now state a general result for which we can provide a proof without any
reference to star-operations. We include the proof here for the readers who may
not have time to look into the star-operations.

Theorem 5. A Noetherian domain D is one-dimensional if and only if for each
pair of nonzero elements a, b ∈ D, there is a natural number n = n(a, b) such that
(a, bn) is invertible.

Proof. Suppose that D is one-dimensional Noetherian. If either of a, b is a unit,
then (a, bm) = D for every natural number m and hence is invertible. So let us
concentrate on the case when both a and b are nonunits. Next, if P is a maximal
ideal of D such that (a, b) * P , then too (a, b)DP = DP = (a, bm)DP for all
natural numbers m. Now as we are dealing with a one-dimensional Noetherian
domain, there can be only a finite number of maximal ideals containing (a, b). Let
P1, P2, . . . , Pr be all the maximal ideals containing (a, b). Since the DPi are one-
dimensional quasi-local (for i = 1, 2, . . . , r), there exist natural numbers ni such
that a | bni in DPi . Let n = max{ni}; then for i = 1, 2, . . . , r, (a, bn)DPi is
principal. Now having exhausted all the cases we have established that (a, bn)DP

is principal for all maximal ideals of D. But this means that (a, bn) is invertible.
Conversely, suppose that D is Noetherian and that for all nonzero a, b ∈ D, there

is a natural number n = n(a, b) such that (a, bn) is invertible. Let P be a maximal
ideal of D. Suppose that htP > 1; so there is a nonzero prime Q ( P . Choose
b ∈ PP −QP and 0 6= a ∈ QP . Now as DP is Noetherian, we cannot have bk | a for
all natural numbers k. So there is a number h such that bh - a in DP . Now by the
condition, (a, (bh)k) is invertible for some k and hence (a, bhk) is principal. Thus
a | bhk. Hence bhk ∈ QP and so b ∈ QP , a contradiction. �

Indeed, using arguments similar to the ones given in the above theorem, we can
show that a Mori (weakly Krull) domain D is one-dimensional if and only if for
each pair a, b ∈ D\{0}, there is a natural number n = n(a, b) such that (a, bn) is
invertible. (For the case of a weakly Krull domainD, note that if a is a nonunit ofD,
then a is contained in a minimal prime of D and hence

⋂∞
n=1(an) = 0 [O, Corollary

1.4].) For the reader wanting a version of Theorem 5 allowing zero divisors, we offer
the following result.
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Theorem 6. For a Noetherian ring R the following are equivalent :
(1) For a, b ∈ R, there exists a natural number n = n(a, b) so that (a, bn) is

locally principal.
(2) R is a finite direct product of zero-dimensional local rings and one-dimensional

integral domains.

Proof. (1) ⇒ (2) Let M be a maximal ideal of R. Then for a, b ∈ RM , there
exists an n = n(a, b) with (a, bn) principal. So we assume that (R,M) is local
and show that dimR = 0 or R is a one-dimensional integral domain. Suppose
not. Then there is a nonzero prime ideal Q ( M . Then as in the proof of (⇐) of
Theorem 5, we get a contradiction. Thus for each maximal ideal M of R, either
RM is zero-dimensional or RM is a one-dimensional domain. Then an application
of [K, Exercise 15, page 122], [K, Theorem 167], and [K, Theorem 168] gives that
R is a finite direct product of zero-dimensional local rings and one-dimensional
domains. (2) ⇒ (1) Let R = R1 × · · · × Rs where each ring Ri is either zero-
dimensional or is a one-dimensional domain. Let a = (a1, . . . , as), b = (b1, . . . , bs) ∈
R. Consider ai, bi ∈ Ri. Then there exists an ni with (ai, bnii ) locally principal.
Let n = max{ni}. Then (a, bn) = (a1, b

n
1 )× · · ·× (as, bns ) is easily seen to be locally

principal. �
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