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FREDHOLM ALTERNATIVE AND
BOUNDARY VALUE PROBLEMS

STANIS LAW SȨDZIWY

(Communicated by Carmen C. Chicone)

Abstract. This note presents a simple proof of A. Lasota’s application of
the nonlinear Fredholm alternative to the existence proofs of the boundary
value problems involving ordinary differential equations. It then uses Lasota’s
result to get a stronger version of the theorem of Herzog and Lemmert on the
Dirichlet boundary value problem for the second-order systems of ordinary
differential equations.

1. Introduction

It was first observed in Lasota’s important papers [6], [7], that the famous Fred-
holm alternative applies beyond linear problems to cases where the linearity as-
sumption is replaced by conditions of homogeneity. This observation was next used
in the investigations of differential and integral equations. (For information con-
cerning the applications of the nonlinear Fredholm alternative, the reader is referred
to the monograph [2], or to the more recent papers [9], [8] and their references.)

In [7] the generalized Fredholm alternative was applied to prove the existence of
a solution to the boundary value problem (BVP for short)

x′(t) = f(t, x(t)),(1.1)

N(x) = r.(1.2)

The solvability of (1.1), (1.2) was deduced from the existence of the unique (trivial)
solution to the associated homogeneous BVP for differential inclusion:

x′(t) ∈ F (t, x(t)),(1.3)

N(x) = 0.(1.4)

The purpose of this note is twofold: to give a direct proof of the above result,
and to derive from it the more general version of the recent theorem of G. Herzog
and R. Lemmert [4] on the solvability of the Dirichlet BVP for the second-order
systems of ordinary differential equations. The new proof presented here seems
to be natural; it simplifies a rather lengthy reasoning used in [7] which requires
Borsuk’s theorem (also used in this note) as well as advanced functional analytic
tools, such as the Riesz or Banach-Saks theorems.
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2. Preliminaries

(For more information see, e.g., [1].) Denote by Rn the real n-space with the
Euclidean norm | · |. For a subset G of Rn put d(p,G) = inf{|p − q| : q ∈ G}
and let |G| = sup{|q| : q ∈ G}. bdryD and clD stand for the boundary and the
closure of the set D. Set I = [0, 1] and let C(I) be the space of continuous functions
x : I → Rn equipped with the sup norm |·|C and denote (C(I))k = C(I)×· · ·×C(I)
(k times).

cf(Rn) denotes the set of all nonempty, closed and convex subsets of Rn. The
Hausdorff distance dist(G,H) between two closed subsets G and H ⊂ Rn is defined
by the formula dist(G,H) = max{supq∈G d(q,H), supq∈H d(q,G)}. The multi-
valued map F : Rn → cf(Rn) is said to be continuous if it is continuous with
respect to the Hausdorff distance. The map F : I → cf(Rn) is said to be measur-
able if for any closed nonempty set G ⊂ Rn the set {t : G∩F (t) 6= ∅} is measurable.
Function F : I×Rn → cf(Rn) (respectively f : I×Rn → Rn) is called Carathéodory
if for every t ∈ I, F (t, ·) (resp. f(t, ·)) is continuous and for every p ∈ Rn, F (·, p)
(resp. f(·, p)) is measurable. Let CS denote the space of Carathéodory functions
f : I × Rn → Rn such that for any compact K ⊂ Rn there is a function ψK ,
summable on I, satisfying |f(t, p)| ≤ ψK(t) for (t, p) ∈ I ×K.

The function x : I → Rn is called a solution of (1.3) (resp. (1.1)) provided that
x is absolutely continuous and satisfies (1.3) (resp. (1.1)) for almost all t ∈ I.

3. Results

The theorem given below generalizes the Fredholm alternative, since the maps
N and F , which appear in its formulation, need not be linear.

Theorem 1 (cf. [7, Théorème 2.1]). Let f : I ×Rn → Rn, F : I ×Rn → cf(Rn) be
the Carathéodory functions and let N : C(I)→ Rn be continuous. Assume that:

(A) F and N are homogeneous (i.e., for all t ∈ I, (a, p) ∈ R × Rn, F (t, λp) =
λF (t, p), N(λx) = λN(x) for all (λ, x) ∈ R × C(I)) and the function ϕ(t) =
sup|p|=1 |F (t, p)| is summable on I,

(B) f satisfies condition

(3.1) lim
n→∞

(1/n)
∫
I

sup
|p|≤n

d(f(t, p), F (t, p)) dt = 0.

(C) x(t) ≡ 0 is the unique solution of the homogeneous BVP (1.3), (1.4).
Then for any r ∈ Rn the BVP (1.1), (1.2) has at least one solution.
If (A) and (C) hold and the conditions imposed on N and f appearing in (A)

and (B) are replaced by
(D) the map N is linear and continuous, and the function f satisfies the condi-

tions

(3.2) f(t, q)− f(t, p) ∈ F (t, q − p), ∀q, p ∈ Rn
∫
I

|f(t, 0)| dt <∞,

then for any r ∈ Rn the solution to BVP (1.1), (1.2) exists and is unique.

As a corollary to Theorem 1, we get an extension of the result of G. Herzog and
R. Lemmert.

Theorem 2 ([4, Theorem 1]). Assume that the map N1 : (C(I))2 → R2n is con-
tinuous and homogeneous. Let h : [0, 1] × R2n → Rn be an asymptotically linear
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Carathéodory function, i.e.,

(3.3) lim
n→∞

∫
I

sup
|x|+|v|≤n

|h(t, x, v)−A(t)x −B(t)v|
|x|+ |v| dt = 0,

where A,B : I → Rn×n are matrix functions with summable entries.
If w(t) ≡ 0 is the only solution of the homogeneous BVP

w′′ = A(t)w + B(t)w′, N1(w,w′) = 0,

then for each r0 ∈ R2n, the BVP

u′′(t) = h(t, u(t), u′(t)),(3.4)

N1(u, u′) = r0(3.5)

is solvable.

Remark. Theorem 2 has been proved in [4] for N1(w,w′) = (w(0), w(1)), assuming
that h, A, B are continuous and satisfy the condition

lim
|x|+|v|→∞

|h(·, x, v)−A(·)x −B(·)v|C
|x|+ |v| = 0,

obviously more restrictive than (3.3). Theorem 2 extends in a natural way to the
case of BVPs for systems of 2k-th order asymptotically linear differential equations
with boundary conditions of the form N(u, u′, . . . , u(k−1)) = r, where r ∈ Rnk and
N : (C(I))k → Rnk is continuous and homogeneous.

As claimed in [4], for n = 1, the conditions for the solvability of BVP (3.4),
(3.5) have been given by A. I. Perov (see [5]), but the techniques used in the scalar
case are not applicable for n > 1. Thus G. Herzog and R. Lemmert investigate the
problem with the shooting method. It is worth noting (without providing details)
that a straightforward proof of the existence result for BVP (3.4),(3.5) with N1

linear can be obtained using the Green function approach in a way similar to the
one described in [3, Ch. XIII, Part II].

4. Proofs

The proof of Theorem 1, presented below, is elementary since, besides Borsuk’s
odd map theorem, it does not require any advanced functional analytic results.

Set Z = C(I) × Rn and for z = (y, q) ∈ Z let |z|Z = |y|C + |q|. For functions
g, e : I × Rn → Rn and r ∈ Rn define maps T (g), R(e, r) : Z → Z by

T (g)(z) =
(∫ t

0

g(s, y(s)) ds+ q,N(y) + q

)
,

R(e, r)(z) =
(∫ t

0

e(s, y(s)) ds,−r
)
.

(4.1)

Observe that if N is continuous and g, e ∈ CS, then the maps T and R are
completely continuous.

Lemma. Let F : I ×Rn → cf Rn, g : I ×Rn → Rn be Carathéodory functions and
let g(t, x) ∈ F (t, x) for all (t, x) ∈ I × Rn. Let T (g), R(e, r) be defined by (4.1).

If (A) and (C) hold, then the homogeneous equation

(4.2) u = T (g)(u)



1782 STANIS LAW SȨDZIWY

has only the trivial solution, and for all (e, r) ∈ CS × Rn, the solutions to the
equation

u = T (g)(u) +R(e, r)(u)
satisfy the inequality |u|Z ≤ γ|R(e, r)(u)|Z with a constant γ > 0 independent of
(e, r).

Proof of Lemma. The first part of the statement follows from (C), since from g(t, x)
∈ F (t, x) it follows that (4.2) is equivalent to BVP (1.3), (1.4).

To show the second part of the statement, suppose that there is a sequence
{un} = {(xn, rn)} ⊂ Z such that

(4.3) un = T (g)(un) +R(e, rn)(un),

and |un|Z ≥ n|R(e, rn)(un)|Z .
Set vn = (yn, qn) = un/|un|Z . Then |vn|Z = 1 and the sequence {vn} contains

a convergent subsequence {vk(n)} = {(yk(n), qk(n))}. The convergence of {qk(n)} is
obvious. To prove the existence of a convergent subsequence of {yn}, note that
{yn(t)} is uniformly bounded, and by (4.3),

(4.4) vn = (1/|un|Z)(T (g)(un) +R(e, rn)(un)).

It follows from (A) that (1/|un|Z)(g(s, xn(s)) ∈ λF (s, xn(s)/|xn|C), where λ =
|xn|C/|un|Z ≤ 1; hence (1/|un|Z)|(g(s, xn(s))| ≤ ϕ(s), which together with the
inequality

(4.5) |R(e, rn)(un)|Z/|un|Z ≤ (1/n)

shows that the sequence {yn} is equicontinuous and by the Ascoli theorem, it con-
tains a convergent subsequence {yk(n)}. Consequently, setting limn→∞ vk(n) =
v0, from (4.4) and (4.5), one gets v0 = T (g)(v0), contradicting (4.2) because
|v0|Z = 1. �
Proof of Theorem 1. For (t, p) ∈ I × Rn define h(t, p) ∈ F (t, p) by

d(f(t, p), F (t, p)) = |f(t, p)− h(t, p)|.
Function h(t, p) is well defined because F (t, p) ∈ cf(Rn) and the space (Rn, | · |)
is strictly convex. h is a Carathéodory function, which follows from the fact that
both functions f and F are Carathéodory (see, e.g., [1, Cor. 8.2.13]).

Denote k(t, p) = f(t, p)− h(t, p) and define the maps T (h) and R(k, r) by (4.1)
setting g = h, e = k and put S(f) = T (h) +R(k, r). By (3.1) and (A), f, h ∈ CS;
so the map S(f) is completely continuous.

Since the solutions to BVP (1.1), (1.2) are fixed points of S(f), the proof reduces
to showing that S(f)(w) = w for a certain w ∈ Z. To this end we show that there
is an open, bounded and symmetric subset D of Z, satisfying 0 ∈ D and such that

(4.6)
S(f)(z) 6= z for z ∈ bdry D,

α(z − S(f)(z)) 6= (1 − α)(−z − S(f)(−z)) for α ∈ [1/2, 1], z ∈ bdry D.

By Borsuk’s theorem [10, Ch. III], this will imply that S(f) has a fixed point in D.
Fix r ∈ Rn. Applying (3.1), choose an a > 0 to satisfy max{|R(k, r)(z)|Z : |z|Z =

a} < a/γ, with γ defined as in the lemma. We prove that the set D = {z : |z|Z < a}
has the properties required in (4.6).

Suppose, if possible, that u = S(f)(u) and |u|Z = a. Then, by the lemma,
|u|Z ≤ γ|R(k, r)(u)|Z < γ (a/γ) = a and we get a contradiction; so the first
inequality (4.6) holds.



FREDHOLM ALTERNATIVE AND BOUNDARY VALUE PROBLEMS 1783

For the proof of the second inequality, assume that there are z0 = (y0, q0) and β
satisfying |z0|Z = a, β ∈ [1/2, 1] and

(4.7) z0 = β(T (h) +R(k, r))(z0)− (1 − β)(T (h) + R(k, r))(−z0).

By (A), h(s,−y0(s)) ∈ −F (s, y0(s)). Hence from the convexity of F (s, y0(s)), it
follows that e(s, y0(s)) = βh(s, y0(s))−(1−β)h(s,−y0(s)) ∈ F (s, y0(s)). Moreover,
the homogeneity of N implies that βN(y0) − (1 − β)N(−y0) = N(y0) and as a
consequence of (4.1) we get (βT (h)(z0)− (1− β)T (h)(−z0) = T (e)(z0). Thus (4.7)
assumes the form

z0 = T (e)(z0) + βR(k, r)(z0)− (1− β)R(k, r)(−z0).

Since |βR(k, r)(z0)− (1 − β)R(k, r)(−z0)|Z ≤ max{|R(k, r)(z)|Z : |z|Z = a} < aγ,
from the lemma applied to the equation above it follows that |z0|Z < γ(a/γ) = a,
which gives a contradiction and proves the second formula (4.6). The reference to
Borsuk’s theorem completes the first part of Theorem 1.

The proof of the remaining part repeats the argument of [7]: Condition (D)
implies that f and N satisfy (A) and (B); hence by the first part of Theorem 1,
BVP (1.1), (1.2) has a solution. Its uniqueness follows in an obvious way from (C)
and the first formula of (3.2). �

Proof of Theorem 2. BVP (3.4), (3.5) is equivalent to the BVP of the form (1.1),
(1.2), where: f(t, x) = P (t)x + g(t, x), N(x) = N1(u, u′), x ∈ R2n has components
x1, x2 ∈ Rn,

P (t) =
(

0 I
A(t) B(t)

)
, g(t, x) =

(
0

ϕ(t, x)

)
, x1 = u,

I is an n× n unit matrix and ϕ(t, x) = h(t, x1, x2)−A(t)x1 −B(t)x2.

Now the proof reduces to observing that the (single-valued) map F defined by
F (t, x) = {P (t)x} and the maps g, N defined above satisfy all the assumptions of
Theorem 1. �

References

[1] J. P. Aubin and H. Frankowska, Set-Valued Analysis, Birkhäuser, Boston, Basel, Berlin, 1990.
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