
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 132, Number 11, Pages 3319–3326
S 0002-9939(04)07521-5
Article electronically published on June 2, 2004

VECTOR MEASURE DUALITY
AND TENSOR PRODUCT REPRESENTATIONS

OF Lp-SPACES OF VECTOR MEASURES
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Abstract. Let λ be a countably additive vector measure. In this paper we
use the definition of vector measure duality to establish a tensor product repre-
sentation theorem for the space of p-integrable functions with respect to λ. In
particular, we identify this space with the dual of a certain space of operators
under reasonable restrictions for the vector measure λ.

1. Introduction

Let (Ω,Σ) be a measurable space, X a Banach space and X ′ its dual space.
Consider a countably additive vector measure λ : Σ → X . A measurable (scalar)
function f is said to be integrable with respect to λ if

1) it is scalarly integrable, i.e., it is integrable with respect to each scalar measure
λx′(A) := 〈λ(A), x′〉, A ∈ Σ, and

2) for every A ∈ Σ there is an element
∫
A fdλ ∈ X such that 〈

∫
A fdλ, x

′〉 =∫
A
fdλx′ (see [1], [8] and [9]).
If 1 ≤ p < ∞, the space Lp(λ) of p-integrable functions with respect to λ

(i.e., classes of measurable functions f such that the set where they differ has zero
semivariation and |f |p are λ-integrable) has been studied in [5] for the case p = 1
and in [14] for every p. In particular, Lp(λ) is a Banach function space endowed
with the natural order, and its norm is given by

‖f‖p = sup{(
∫

Ω

|f |pd|〈λ, x′〉|) 1
p : x′ ∈ BX′}, f ∈ Lp(λ),

where |〈λ, x′〉| denotes the variation of the scalar measure λx′ . For the particular
case p = 2 these spaces have also been studied in [13], [16] and [7].

Let p > 1 and consider the conjugate real number p′, i.e., the real number that
satisfies the equation 1

p + 1
p′ = 1. The relation between the spaces Lp(λ) and Lp′(λ)

has been analyzed in [14] by means of the concept of vector measure duality. In
fact, it can be proved that each function f ∈ Lp′(λ) can be identified with the
operator Tf : Lp(λ)→ X given by Tf (g) :=

∫
Ω
fgdλ (see Proposition 8 in [14]).
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On the other hand, the spaces of 2-integrable functions with respect to a positive
vector measure defined on a Banach lattice with an unconditional basis can be
applied in the context of the function approximation and Fourier analysis (see [13]
and [7]). The results obtained concerning the properties of these spaces suggest
that the applications of the spaces Lp(λ), 1 ≤ p <∞, in the same context could be
fruitful. The aim of this paper is to clarify their structure by means of the vector
measure duality for the particular positive measures quoted above. We will restrict
our attention to the case of spaces Lp(λ) for 1 < p < ∞. The reason is that the
case p = 1 implies the use of the space L∞(λ), which is out of the scope of this
paper.

Thus, the second section of this paper is devoted to obtaining a tensor product
representation of the spaces Lp′(λ), or (equivalently) to characterizing them as
subspaces of the space of operators from Lp(λ) to X . In Section 3 we obtain the
results for positive vector measures defined on Banach lattices with an unconditional
basis. In particular, this provides a new point of view for the understanding of the
dual spaces of spaces of integrable functions, which have been much studied in
recent years (see for example [12]).

Our notation is standard. If X is a Banach space, we write X ′ for the dual
space, and BX denotes the (closed) unit ball. If x ∈ X , span{x} is the linear span
of the element x. The space of continuous operators from the Banach space Y to
the Banach space X is denoted by L(Y,X). If f is a measurable function, we write
supp{f} for its support.

2. Operators defined by p-integrable functions

with respect to a vector measure

Let λ be a countably additive vector measure, and consider a real number p > 1.
The following result associates an operator Tf : Lp(λ) → X to each function f ∈
Lp′(λ) by means of the integral operator. It can be deduced from [14], Section 3.

Proposition 1. Let 1 < p <∞ and f ∈ Lp′(λ). Then the operator Tf : Lp(λ)→ X
defined by Tf(g) :=

∫
Ω
fgdλ is well defined, and ‖Tf‖ = ‖f‖p′ .

Consider the algebraic tensor product Lp(λ)⊗X ′ and the expression

σp(z) := inf{
n∑
i=1

(
∫

Ω

|fi|pd|〈λ, x′i〉|)
1
p ‖x′i‖

1
p′ : z =

n∑
i=1

fi ⊗ x′i}

that is defined for every z ∈ Lp(λ) ⊗ X ′. It is clear that σp is a seminorm on
Lp(λ)⊗X ′. However, it is not a norm for the general case. The following example
shows this.

Example 2. Consider the sequence space (lq, ‖.‖q) for 1 < q < ∞. Let us denote
by ei, i = 1, ...,∞, the elements of the canonical basis of lq and lq′ . Consider the
Lebesgue measure space ([0,∞),Σ, µ), and take the set of probalitity measures µi,
i ∈ N , defined as the restrictions of µ to each interval [i− 1, i]. It is easy to prove
that the vector measure M : Σ→ lq defined by

M(A) :=
∞∑
i=1

µi(A ∩ [i− 1, i])
2i/q

ei, A ∈ Σ,

is countably additive. Now, take the characteristic function hi of the interval
[i − 1, i], and the element ej ∈ lq′ , i 6= j. The tensor hi ⊗ ej belongs to the
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tensor product Lp(M) ⊗X ′ for every 1 ≤ p < ∞, and a direct calculation shows
that σp(hi ⊗ ej) = 0.

We will denote by Lp(λ) ⊗σp X ′ the standard (normed) quotient space defined
by the seminorm σp. We will also use the symbol σp for the quotient norm. The
completion will be denoted by (Lp(λ)⊗̂σpX ′, σp), and σp will be defined for these
elements by continuity in the usual way.

Definition 3. We say that an operator T : Lp(λ) → X is uniformly scalarly
integral if there is a nonnegative constant K such that for every x′ ∈ X ′ such that
‖x′‖ = 1,

|〈T (g), x′〉| ≤ K(
∫

Ω

|g|pd|〈λ, x′〉|) 1
p , g ∈ Lp(λ).

We will denote by sp(T ) the infimum of all constants K and by Sp(λ) the set of all
uniformly scalarly integral operators.

It is clear that each uniformly scalarly integral operator T is continuous and
‖T ‖ ≤ sp(T ).

The set Sp(λ) obviously becomes a linear space with the usual sum of operators
and product by scalars. A direct calculation shows that sp is a norm. The following
result establishes a representation theorem for (Sp(λ), sp).

Proposition 4. The spaces (Sp(λ), sp) and (Lp(λ) ⊗σp X ′)′ ∩ L(Lp(λ), X) are
isometric.

Proof. We use the so-called trace duality (see [2]). First note that for every x′ ∈ X ′
the variation of the scalar measure λx′ satisfies the relation λx′ = λ x′

‖x′‖
‖x′‖.

If φ is an element of (Lp(λ) ⊗σp X ′)′, suppose that it defines an operator Tφ :
Lp(λ)→ X by means of the equalities

〈Tφ(f), x′〉 = φ(f ⊗ x′), f ∈ Lp(λ), x′ ∈ X ′.
Then we can consider it as an element of the (Banach) space (Lp(λ) ⊗σp X ′)′ ∩
L(Lp(λ), X), and its norm is given by max{‖φ‖, ‖Tφ‖}.

Take T ∈ Sp(λ) and let us show that it defines an element φT of the dual of the
tensor product. If z =

∑n
i=1 gi ⊗ x′i ∈ Lp(λ)⊗σp X ′, then

|φT (z)| = |〈φT , z〉| ≤
n∑
i=1

|〈T (gi),
x′i
‖x′i‖

〉|‖x′i‖

≤ sp(T )
n∑
i=1

(
∫

Ω

|gi|pd|〈λ,
x′i
‖x′i‖

〉|) 1
p ‖x′i‖

= sp(T )
n∑
i=1

(
∫

Ω

|gi|pd|〈λ, x′i〉|)
1
p ‖x′i‖

1
p′ .

Since these inequalities hold for every representation of z, we obtain the relation
|〈φT , z〉| ≤ sp(T )σp(z). Therefore, max{‖φT ‖, ‖T ‖} ≤ sp(T ), since ‖T ‖ ≤ sp(T ).
Note that such a T is compatible with the quotient defined by σp.

Now consider an element φ ∈ (Lp(λ)⊗σpX ′)′ that defines an operator Tφ. Then,
for every g and x′ such that ‖x′‖ = 1, we have

|〈Tφ(g), x′〉| ≤ ‖φ‖σp(g ⊗ x′) ≤ ‖φ‖(
∫

Ω

|g|pd|〈λ, x′〉|) 1
p .
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Therefore, sp(Tφ) ≤ ‖φ‖ ≤ max{‖φ‖, ‖Tφ‖}. These inequalities show that the
identification φ → Tφ defines an isometry between the subspace of elements of
(Lp(λ)⊗σp X ′)′ that define an operator of L(Lp(λ), X) and (Sp(λ), sp). �

If X is a reflexive space, then the argument given in the proof above leads to the
isometry

(Lp(λ) ⊗σp X ′)′ = Sp(λ).

Moreover, if λ′ is defined on the dual space X ′, then we obtain

(Lp(λ′)⊗σp X)′ = Sp(λ′).

Since (Sp(λ), sp) can be identified with the intersection of two Banach spaces we
have the following result.

Corollary 5. The set Sp(λ) endowed with the norm sp defines a Banach space of
continuous operators.

Moreover, the set of operators Tf from Lp(λ) to X that are defined by a function
f ∈ Lp′(λ) can be identified isometrically with a (closed) subspace of (Sp(λ), sp).
Recall that φT is the element of (Lp(λ) ⊗σp X ′)′ that is defined by the operator T
by means of the trace duality (see the proof of Proposition 4).

Theorem 6. The space Lp′(λ) can be isometrically identified with a (closed) sub-
space of (Lp(λ)⊗σp X ′)′ by the operator i(f) := φTf . Moreover, for every f ∈ Lp′ ,
the following equalities hold:

‖f‖p′ = ‖Tf‖ = sp(Tf ) = ‖φTf ‖.

Proof. Let f ∈ Lp′(λ) and consider the operator Tf associated to f . Let z =∑n
i=1 gi ⊗ x′i ∈ Lp(λ)⊗X ′. Then

|〈Tf , z〉| = |
n∑
i=1

〈
∫

Ω

fgidλ, x
′
i〉| ≤

n∑
i=1

∫
Ω

|fgi|d|〈λ, x′i〉|

≤
n∑
i=1

(
∫

Ω

|f |p′d|〈λ, x′i〉|)
1
p′ (
∫

Ω

|gi|pd|〈λ, x′i〉|)
1
p

≤ ‖f‖p′
n∑
i=1

(
∫

Ω

|gi|pd|〈λ, x′i〉|)
1
p ‖x′i‖

1
p′ .

Therefore, f defines a functional φf ∈ (Lp(λ) ⊗σp X ′)′ and ‖φf‖ ≤ ‖f‖p′. If ε > 0
there are g0 ∈ BLp(λ) and x′0 ∈ X ′ such that ‖x′0‖ = 1 and

‖f‖p′ ≤ 〈
∫

Ω

fg0dλ, x
′
0〉+ ε,

as a consequence of Proposition 1. Since

σp(g0 ⊗ x′0) ≤ (
∫

Ω

|g0|pd|〈λ, x′0〉|)
1
p ≤ 1,

we obtain the result. �

However, the spaces Lp′(λ) and (Sp(λ), sp) do not coincide in the general case,
even if X is reflexive. The next example shows this.
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Example 7. Consider the Lebesgue measure space ([0, 1],Σ, µ) and let 1 < p <∞.
We use the same notation as in Example 2. Consider the (countably additive) vector
measure G : Σ→ lq, 1 ≤ q <∞, given by G(A) :=

∑∞
i=1

µ(A)

2i/q
ei. It is easy to show

that Lp′(G) = Lp′([0, 1]). However, it is a proper subspace of Sp(G). For instance,
if f0 ∈ Lp′(G), f0 6= 0, the operator T0(g) := 〈

∫
Ω f0gdG, e1〉e1 belongs to Sp(G),

but it cannot be defined as an operator Tf for any function f ∈ Lp′(G).

This example suggests that the conditions that lead us to assure the equality
between Lp′(λ) and Sp(λ) (i.e., when every uniformly scalarly integral operator
can be represented by a function of Lp′(λ)) are closely related to a certain property
associated to the surjectivity of the integration map I : L1(λ)→ X , I(f) :=

∫
Ω fdλ,

f ∈ L1(λ) (Definition 9). This will be shown in the following section for the
particular case of positive vector measures defined on spaces with an unconditional
basis.

3. The representation theorem for the case of positive vector

measures on spaces with a basis

In this section we center our attention on the case of vector measures defined
on spaces with an unconditional basis. We will suppose that the unconditional
constant is equal to 1 for the aim of simplicity. Our aim is to obtain representation
results for the spaces Lp(λ) by means of tensor products and operator spaces. As
a consequence, we also obtain some information about duality for these spaces.

Throughout this section L will denote a Banach lattice, and L+ its positive cone.

Definition 8. We will say that a countably additive vector measure λ : Σ → L
that satisfies that λ(A) ∈ L+ for every A ∈ Σ is a positive vector measure.

Spaces with an unconditional basis {ei : i ∈ N} can be endowed with a Banach
lattice structure in a standard way (see p. 2 in [11]). We will denote also by ei,
i ∈ N the elements of the corresponding orthogonal basis. If L is such a space,
its positive cone L+ is the closure of the positive linear span of the basis. Then,
Definition 8 makes sense in this case.

Definition 9. Let L be a Banach lattice with an unconditional basis {ei : i ∈ N}.
Let λ : Σ→ L be a countably additive vector measure, and let 1 ≤ p <∞. We will
say that λ is support complete if there exists a family of functions {gi : i ∈ N} ⊂
Lp(λ) such that

1)
∫

Ω |gi|pdλ ∈ span{ei}, and
2)
⋃∞
i=1 supp{gi} = Ω.

Theorem 10. Let L be a reflexive space with an unconditional basis, and let 1 <
p <∞. If λ : Σ → L is a positive support complete vector measure, then Lp′(λ) is
isometrically isomorphic to (Sp(λ), sp).

Proof. First note that for every A ∈ Σ and i ∈ N ,

|〈λ, ei〉|(A) = 〈λ, ei〉(A),

since λ is positive. Let i ∈ N , and consider the set

Bi = {g ∈ Lp(λ) :
∫

Ω

|g|pd〈λ, ej〉 = 0, for every j 6= i}.
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Let µ be a Rybakov measure for λ. All the equalities and inclusions between mea-
surable sets in the proof must be understood µ-a.e.

We claim that Bi is a projection band, and there is a set Ai ∈ Σ such that
Bi = {gχAi |g ∈ Lp(λ)}. Moreover, Ai and Aj are disjoint sets if i 6= j. Since λ is
positive, each element ei defines a positive measure 〈λ, ei〉. Thus, if g1, g2 ∈ Lp(λ),
µ1, µ2 are real numbers and j 6= i we have

(
∫

Ω

|µ1g1 + µ2g2|pd〈λ, ej〉)
1
p

≤ |µ1|(
∫

Ω

|g1|pd〈λ, ej〉)
1
p + |µ2|(

∫
Ω

|g2|pd〈λ, ej〉)
1
p = 0,

and then µ1g1 + µ2g2 ∈ Bi. Since ‖g‖Lp(〈λ,ej〉) ≤ ‖g‖p for every g ∈ Lp(λ),
we obtain that Bi is a (closed) subspace of Lp(λ). Moreover, if |h| ≤ |g|, then∫

Ω |h|pd〈λ, ej〉 ≤
∫

Ω |g|pd〈λ, ej〉 for every j ∈ N . This means that Bi is an ideal.
But Lp(λ) is an order continuous Banach lattice by Proposition 6 in [14], and then
it is a projection band as a consequence of a theorem due to Ando (see Prop. 1.a.11
in [11]). The characterization of the projection bands given in Prop. 1.a.10 of [11]
assures that the projection Pi associated to the band Bi is given by

Pi(g) = ∨{h ∈ Bi : 0 ≤ h ≤ g}, g ∈ L+
p (λ).

The projection P oi associated to the polar Boi of the band Bi is defined in the same
way. If we take the weak unit χΩ of Lp(λ), it is clear that Pi(χΩ) = χAi for a certain
Ai ∈ Σ; this is so because χΩ = Pi(χΩ) + P oi (χΩ), Pi(χΩ) ≤ χΩ and P oi (χΩ) ≤ χΩ.

Now we show that Bi ⊂ Boj if i 6= j. First note that Bi ∩ Bj = {0} for i 6= j:
if g ∈ Bi ∩ Bj ,

∫
Ω
|g|pd〈λ, ek〉 = 0 for every k ∈ N , and then it is easy to see that

g = 0 since λ is positive. Consider a function g ∈ Bi and suppose that there is a
function h ∈ Bj such that |g| ∧ |h| = f 6= 0. Then |f | ≤ |g| and |f | ≤ |h|, and
f ∈ Bi ∩ Bj as a consequence of the fact that Bi and Bj are ideals. Thus, f = 0
and we get the inclusion.

Let us prove that the bands Bi can be written as

Bi = {gχAi|g ∈ Lp(λ)}.
Consider a function g ∈ Lp(λ) and let us show that gχAi ∈ Bi. In the other case,
there is a j 6= i such that 〈

∫
Ω
|g|pχAidλ, ej〉 6= 0. Then there is a subset B ⊂ Ai

such that 〈λ(B), ej〉 6= 0 which is a contradiction since λ is positive. The same
argument shows that it is not possible to find a function of Bi whose support is
not included in Ai. Moreover, the above paragraph shows that {Ai}∞i=1 is a class
of disjoint sets. This proves the claim. Since λ is support complete we also have
that

⋃∞
i=1 Ai = Ω. This is a consequence of the fact that every gi in the definition

of support complete satisfies gi = giχAi and then supp{gi} ⊂ Ai.
Consider an operator T ∈ Sp(λ). Then we have for each i ∈ N and every

g ∈ Lp(λ) the inequality

|〈T (g), ei〉| ≤ sp(T )(
∫

Ω

|g|pd〈λ, ei〉)
1
p .

Since λ is support complete, there is at least a function gi ∈ Lp(λ) such that∫
Ω |gi|pdλ ∈ span{ei} for every i ∈ N , which means either Bi 6= {0} or µ(Ai) = 0.

In fact, the structure of the bands Bi shows that the restriction of Lp(λ) to Ai
(i.e., (Bi, ‖.‖p)) is isometric to Lp(Ai,Σ|Ai , 〈λ, ei〉). Thus, the expression τi(g) :=
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〈T (giχA), ei〉 defines a continuous functional on Lp(Ai, 〈λ, ei〉) and there is a func-
tion fi ∈ Lp′(Ai, 〈λ, ei〉) such that

τi(gχAi) =
∫
Ai

gfid〈λ, ei〉.

We can also suppose that fi is defined in Ω, and fi(w) = 0 for every w ∈ Ω − Ai.
Let f be the measurable function given by the pointwise sum

∑∞
i=1 fi.

The following inequalities show that T can be represented by means of the func-
tion f . Let Cn =

⋃n
i=1Ai, n ∈ N . Let us define the functions hn :=

∑n
i=1 fi. It is

clear that for every n ∈ N the function hn ∈ Lp′(λ). Moreover,∫
Ω

|fn|p
′
dλ =

n∑
i=1

∫
Ai

|fi|p
′
d〈λ, ei〉ei.

If g ∈ Lp(λ) we obtain

‖T (gχCn)‖ = ‖
n∑
i=1

∫
Ai

gfid〈λ, ei〉ei‖ = ‖
∫

Ω

ghndλ‖ ≤ sp(T )‖gχCn‖p.

Fix n ∈ N . For every m > n,

‖hm − hn‖p′ = sup
g∈BLp(λ)

‖
∫

Ω

g(hm − hn)dλ‖

= ‖
m∑

i=n+1

∫
Ai

|fi|p
′
d〈λ, ei〉ei‖

1
p′ ≤ sp(T ).

Since X is reflexive, by Th. 1.b.5 in [10] the basis {ei}∞i=1 is boundedly complete
and X is weakly sequentially complete (Th. 1.c.10 in [10]), and then there is a
strong limit for every increasing bounded sequence of elements (see Th. 1.c.4 in
[11]). Therefore, the element

∑∞
i=1

∫
Ai
|fi|p

′
d〈λ, ei〉ei ∈ X , and then we can prove

that the function f ∈ Lp′(λ). Certainly, for every A ∈ Σ we can define∫
A

|f |pdλ = lim
n

∫
A

|hn|pdλ =
∞∑
i=1

∫
Ai∩A

|fi|p
′
d〈λ, ei〉ei ∈ X.

Thus, the other conditions of the definition of p′-integrable function with respect
to λ are easily checked for f . Moreover, ‖f‖p′ ≤ sp(T ). In fact, for every function
g ∈ Lp(λ) it is clear that

T (g) =
∫

Ω

gfdλ =
∞∑
i=1

∫
Ai

gfi〈dλ, ei〉ei.

Thus, ‖f‖p′ = sp(T ), which completes the proof. �

Corollary 11. Under the assumptions of Theorem 10,

Lp′(λ) = (Lp ⊗σp X ′)′.

Thus, Lp(λ) is reflexive if and only if L′p′(λ) = Lp⊗̂σpX ′.
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tor measure and function approximation, Abstract and Applied Analysis 5 (2000) 207-227.
MR 2002k:41046

[8] D. R. Lewis, Integration with respect to vector measures, Pacific J. Math. 33 (1970), 157-165.
MR 41:3706

[9] D. R. Lewis, On integrability and summability in vector spaces, Illinois J. Math. 16 (1972),
294-307. MR 45:502

[10] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I, Springer-Verlag, Berlin, 1977.
MR 58:17766

[11] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces II, Springer-Verlag, Berlin, 1979.
MR 81c:46001

[12] S. Okada, The dual space of L1(µ) of a vector measure µ, J. Math. Anal. Appl. 177 (1993),
583-599. MR 94m:46050
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