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COMPUTING THE FREDHOLM INDEX
OF TOEPLITZ OPERATORS WITH CONTINUOUS SYMBOLS

NATHAN S. FELDMAN AND PAUL MCGUIRE

(Communicated by Joseph A. Ball)

Abstract. We show how to compute the Fredholm index of a Toeplitz oper-
ator with a continuous symbol constructed from any subnormal operator with
compact self-commutator. We also show that the essential spectral pictures of
such Toeplitz operators can be prescribed arbitrarily.

1. Introduction

Let H denote a separable Hilbert space, B(H) the algebra of all bounded linear
operators on H and B0(H) the ideal of compact operators. An operator S ∈ B(H) is
subnormal if S has a normal extension. That is, if there is a normal operator N on a
Hilbert space K ⊇ H such that N leaves H invariant and S = N |H. If, in addition,
N has no reducing subspaces containing H, then N is said to be the minimal normal
extension of S, written as N = mneS. If µ is a scalar-valued spectral measure of N
and f ∈ L∞(µ), then f(N) is a well-defined normal operator given by the functional
calculus for normal operators. We obtain the Toeplitz operator, Sf , with symbol
f constructed from the subnormal operator S by compressing f(N) to H. Thus,
Sf = Pf(N)|H, where P denotes the orthogonal projection of K onto H. We also
define the normal spectrum of S, denoted by σn(S), to be the spectrum of N , that
is, σn(S) = σ(mneS). The normal spectrum of S is where a continuous function f
needs to be defined in order to construct the Toeplitz operator Sf .

If T ∈ B(H), then T is Fredholm if T has closed range, dim[Ker(T )] < ∞
and dim[ker(T ∗)] < ∞. If T is a Fredholm operator, then the Fredholm index
of T , denoted by ind(T ), is ind(T ) = dim[Ker(T )]− dim[Ker(T ∗)]. The essential
spectrum of T , denoted by σe(T ), is the set of complex numbers λ such that (T−λI)
is not Fredholm.

It is well known that if S = Mz is multiplication by z on the Hardy space H2(D),
and f is a continuous function on the unit circle, then the Toeplitz operator Sf is
well-defined and the essential spectrum of Sf is the continuous curve f(∂D). Thus
Sf is Fredholm if and only if 0 /∈ f(∂D). In this case, the Fredholm index of Sf may
be computed as a winding number, namely ind(Sf ) = −n(f(∂D), 0), where n(γ, λ)
denotes the winding number of the continuous curve γ around the complex number
λ /∈ γ. In general, if S is a subnormal operator with compact self-commutator
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and f is a continuous function on the normal spectrum of S, then the Toeplitz
operator Sf is well defined and the essential spectrum of Sf was computed by Olin
and Thomson [11] to be σe(Sf ) = f(σe(S)). This is a natural generalization of the
result mentioned above for the unilateral shift. In this paper we show how to use
winding numbers to compute the Fredholm index of Sf for more general subnormal
operators.

2. Preliminaries

If K is a compact set in the complex plane, C, then C(K) will denote the set
of all continuous complex-valued functions defined on K. For an operator T , the
self-commutator of T is [T ∗, T ] = T ∗T −TT ∗. Of course, an operator is normal if its
self-commutator is zero. An operator whose self-commutator is compact is called
essentially normal. We will use the well-known Brown-Douglas-Fillmore (BDF)
Theorem [3].

Theorem 2.1 (BDF Theorem). If A and B are two essentially normal operators
and σe(A) = σe(B) and ind(A − λI) = ind(B − λI) for all λ /∈ σe(A), then A is
unitarily equivalent to a compact perturbation of B.

If G is a bounded region in the complex plane, then H2(G) denotes the Hardy
space over G. That is, all analytic functions f on G such that |f |2 has a harmonic
majorant. The essential boundary of G, denoted by ∂eG, is the set of points λ
in the boundary of G such that there exists a function f in H2(G) that does not
continue to be analytic in a neighborhood of λ.

Theorem 2.2. If S = Mz on H2(G), then the following hold:
(1) S is a pure subnormal operator.
(2) σe(S) = σn(S) = ∂eG and ∂[clG] ⊆ ∂eG ⊆ ∂G.
(3) The self-commutator of S is trace class and tr[S∗, S] = 1

π Area(G).

For more on Hardy spaces see Conway [6, p. 203], and for proofs of (1) and (2)
see Conway [4]. For item (3) see Aleman [1].

Corollary 2.3. Let {Gn} be a sequence of pairwise disjoint bounded regions such
that

⋃
n Gn is bounded. Also, let {kn} be any sequence of positive integers. If

Sn = Mz on H2(Gn) and T =
⊕∞

n=1 S
(kn)
n , then T has compact self-commutator.

Jordan regions and winding numbers: If γ : [a, b] → C is a rectifiable
continuous closed curve in the complex plane and λ is a point not on the curve,
then the winding number n(γ, λ) = 1

2πi

∫
γ

1
z−λdz. The winding number is well

known to be a homotopy invariant. If γ is only a continuous curve, then one can
approximate it by rectifiable curves and use the homotopy invariance to define the
winding number of γ. Alternatively, if γ : [a, b] → C is a continuous closed curve
and, say, 0 is a point not on γ, then let θ : [a, b] → R be a continuous branch of the
argument of γ. So, θ(t) is a continuous function and γ(t) = |γ(t)|eiθ(t) for t ∈ [a, b].
Then n(γ, 0) := 1

2π (θ(b) − θ(a)). If Γ is a finite system of closed curves γ1, . . . , γn,
then n(Γ, λ) :=

∑n
k=1 n(γk, λ) for λ /∈ ⋃

k γk.
A Jordan region is a region bounded by a finite number of disjoint rectifiable

Jordan curves. A Jordan region G is positively oriented if each Jordan curve in the
boundary of G is oriented such that inside(∂G) = G and outside(∂G) = C\clG,
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where inside(∂G) consists of those points λ such that n(∂G, λ) = 1 and outside(∂G)
consists of those points λ such that n(∂G, λ) = 0.

Our results will be similar in nature to the classical results of Douglas (1968)
and Abrahamse (1974) that determine the essential spectrum and index function
for a Toeplitz operator on H2(D) or on multiply connected regions.

Theorem 2.4 (Douglas). If S = Mz on H2(D) and if f ∈ H∞(∂D)+C(∂D), then
σe(Sf ) is the cluster set of f̂ on the unit circle, where f̂ is the harmonic extension
of f to the unit disk. Also, ind(Sf − λI) = − lim

r→1−
n(f̂(Cr), λ), for λ /∈ σe(Sf ),

where Cr is the positively oriented circle with radius r centered at the origin.

See Douglas [7, p. 169] or Nikolski [10, p. 259] for more details.
Abrahamse [2, p. 279] studied Toeplitz operators with continuous symbols on

multiply connected regions bounded by Jordan curves.

Theorem 2.5 (Abrahamse). If G is a positively oriented Jordan region, f ∈
C(∂G), and S = Mz on H2(G), then σe(Sf ) = f(∂G) and ind(Sf − λI) =
−n(f(∂G), λ), for λ /∈ f(∂G),

3. Main results

In this section we want to compute the Fredholm index of a Toeplitz operator
with a continuous symbol constructed from any pure subnormal operator with
compact self-commutator. The first step of course would be to compute the essential
spectrum. That was done by Olin and Thomson [11] in 1982.

Theorem 3.1 (Olin and Thomson). If S is a subnormal operator with compact
self-commutator and f ∈ C(σn(S)), then σe(Sf ) = f(σe(S)).

We want to consider Toeplitz operators with continuous symbols but on arbi-
trary domains. Thus our results will be a combination of the theorems of Douglas
and Abrahamse. Namely, we shall approximate an arbitrary bounded region by a
multiply connected Jordan region, apply Abrahamse’s result, and then take a limit.

Theorem 3.2. If G is a bounded region and S = Mz on H2(G) and f ∈ C(∂eG),
then σe(Sf ) = f(∂eG). If λ /∈ f(∂eG) and f̂ is any continuous extension of f to
clG, then there exists a compact set K ⊆ int(clG) such that if Ω is any positively
oriented Jordan region satisfying K ⊆ Ω ⊆ clΩ ⊆ int(clG), then

ind(Sf − λI) = −n(f̂(∂Ω), λ).

Here is an equivalent formulation of Theorem 3.2 that has the same feeling as
Douglas’s Theorem.

Corollary 3.3. If G is a bounded region, S = Mz on H2(G), f ∈ C(∂eG), f̂ is
any continuous extension of f to clG, λ /∈ σe(Sf ), and {Ωn} is any sequence of
positively oriented Jordan regions satisfying clΩn ⊆ Ωn+1, int(clG) =

⋃∞
n=1 Ωn,

then
ind(Sf − λI) = − lim

n→∞n(f̂(∂Ωn), λ).

Proof of Theorem 3.2. The fact that σe(Sf ) = f(∂eG) follows easily from Theo-
rems 2.2 and 3.1. Now let λ ∈ C \ f(∂eG). Let U = int(clG). Since ∂U ⊆ ∂eG

(see Theorem 2.2), it follows that λ /∈ f(∂U). Since f̂ is continuous on clG, there
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exists a compact set K ⊆ U such that λ /∈ cl[f̂(U \ K)]. Let Ω be a positively
oriented Jordan region satisfying K ⊆ Ω ⊆ U . Let SΩ = Mz on H2(Ω), and let
L := cl[(U \ Ω) ∪ ∂eG]. Let N be a normal operator such that σ(N) = σe(N) = L.
Now consider S ⊕ N and SΩ ⊕ N . Then both operators have essential spectrum
equal to L, and both have the same index function, namely −1 on Ω \ L and 0
off of clG. Hence by the Brown-Douglas-Fillmore Theorem (see Theorem 2.1),
S ⊕ N is unitarily equivalent to a compact perturbation of SΩ ⊕ N . Since f̂ is
continuous on clG, it is a uniform limit of polynomials in z and z. Thus it follows
that f̂(S ⊕ N) is unitarily equivalent to a compact perturbation of f̂(SΩ ⊕ N).
Hence they also have the same essential spectrum and index functions. Notice that
λ /∈ σe(f̂(S ⊕ N)) = f̂(L). Thus we may compute the index as follows:

(1)
ind(Sf̂−λI)+ind(f̂(N)−λI) = ind[(Sf̂−λI)⊕(f̂(N)−λI)] = ind((S⊕N)f̂−λI)

= ind((SΩ ⊕ N)f̂ − λI) = ind[((SΩ)f̂ − λI) ⊕ (f̂(N) − λI)]

= ind((SΩ)f̂ − λI) + ind(f̂(N) − λI).

But since f̂(N) is a normal operator we have ind(f̂(N) − λI) = 0. Thus,

ind(Sf̂ − λI) = ind((SΩ)f̂ − λI) = −n(f̂(∂Ω), λ)

where the last equality holds by Theorem 2.5. Also, clearly f = f̂ on σn(S) (= ∂eG);
thus, ind(Sf − λI) = ind(Sf̂ − λI) = −n(f̂(∂Ω), λ). �

We now see that Theorem 3.2 is a crucial step in computing the Fredholm index
in general.

Theorem 3.4. Let S be a pure subnormal operator with compact self-commutator,
f ∈ C(σn(S)), G = σ(S) \ σe(S) and {Gn}∞n=1 the components of G. Assume f̂
is any continuous extension of f |σe(S) to σe(S) ∪ clG, and for each n ≥ 1, let
an ∈ Gn. If λ ∈ C \σe(Sf ), then there exists an integer 0 < N < ∞ and a compact
set K ⊆ ⋃N

n=1 int(clGn) such that if {Ωn}N
n=1 is any finite collection of positively

oriented Jordan regions satisfying K ⊆ ⋃N
n=1 Ωn ⊆ ⋃N

n=1 clΩn ⊆ ⋃N
n=1 int(clGn),

then

ind(Sf − λI) =
N∑

n=1

n(f̂(∂Ωn), λ)ind(S − anI).

Proof. For each n ≥ 1, let Sn = Mz on H2(int(clGn)) and let kn = −ind(S−anI).
Consider the operator T =

⊕∞
n=1 S

(kn)
n . Let N be a normal operator such that

σ(N) = σe(N) = σe(S). Then T ⊕ N has the same essential spectrum and index
function as S. By Corollary 2.3, T is essentially normal, and thus by the Brown-
Douglas-Fillmore Theory (Theorem 2.1) it follows that T ⊕N is unitarily equivalent
to a compact perturbation of S.

Notice that σe(T )⊆∂G⊆σe(S). Also, by construction, ind(T−λI)= ind(S−λI)
for all λ /∈ σe(S). Since f is a continuous function on σn(S) ⊇ σe(S) ⊇ σe(T ) =
σn(T ), it is a uniform limit on σn(S) of polynomials in z and z, from which it follows
that (T ⊕ N)f is a compact perturbation of Sf . Since (T ⊕ N)f = Tf ⊕ f(N)
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and since the normal operator f(N) has a zero index function, it follows that
ind(Sf − λI) = ind(Tf − λI) for λ /∈ σe(Sf ). Thus if λ /∈ σe(Sf ), then

Tf − λI =
∞⊕

n=1

((Sn)f − λI)(kn)

is a Fredholm operator, and thus all but finitely many terms in the direct sum
are invertible. Thus, there exists a positive integer N such that ((Sn)f − λI) is
invertible for all n > N . Thus, by Theorem 3.2 for each n, 1 ≤ n ≤ N , there exists
a compact set Kn ⊆ int(clGn) such that ind((Sn)f − λI) = −n(f̂(∂Ωn), λ) for
any positively oriented Jordan region Ωn satisfying Kn ⊆ Ωn ⊆ clΩn ⊆ int(clGn).
Thus, letting K :=

⋃N
n=1 Kn we have that K is a compact subset of

⋃N
n=1 int(clGn)

and if {Ωn}N
n=1 is any finite collection of positively oriented Jordan regions satisfying

K ⊆ ⋃N
n=1 Ωn ⊆ ⋃N

n=1 clΩn ⊆ ⋃N
n=1 int(clGn), then

ind(Sf − λI) = ind(Tf − λI) =
N∑

n=1

knind((Sn)f − λI)

= −
N∑

n=1

ind((Sn)f − λI)ind(S − anI) = −
N∑

n=1

(−1)n(f̂(∂Ωn), λ)ind(S − anI)

=
N∑

n=1

n(f̂(∂Ωn), λ)ind(S − anI).

�

We now restate Theorem 3.4 in a manner more closely resembling Douglas’
Theorem (Theorem 2.4) where the index is computed as a limit of winding numbers.
Notice that in view of Theorem 3.4, the sum in Corollary 3.5 is actually only a finite
sum and the limit is eventually constant.

Corollary 3.5. Let S be a pure subnormal operator with compact self-commutator,
f ∈ C(σn(S)), G = σ(S) \ σe(S), and {Gn}∞n=1 the components of G. Assume f̂ is
any continuous extension of f |σe(S) to σe(S) ∪ clG. For each n ≥ 1, let an ∈ Gn

and also let {Ωn,k} be a sequence of positively oriented Jordan regions satisfying
clΩn,k ⊆ Ωn,k+1, and int(clGn) =

⋃∞
k=1 Ωn,k. If λ ∈ C \ σe(Sf ), then

ind(Sf − λI) = lim
k→∞

∞∑
n=1

n(f̂(∂Ωn,k), λ)ind(S − anI).

The next result tells us that if S has a zero index function, then every Toeplitz
operator constructed from S with a continuous symbol also has a zero index func-
tion. Conversely, if the index function of S is non-zero at some point, then a
Toeplitz operator with a one-to-one continuous symbol must also have a non-zero
index at some point.

Proposition 3.6. Let S be an essentially normal subnormal operator.
(a) If σ(S) 
= σe(S), ind(S − λI) 
= 0 for some λ ∈ C, f ∈ C(σn(S)), and f is

one-to-one on σe(S), then ind(Sf − λI) 
= 0 for some λ ∈ C.
(b) If σ(S) = σe(S) and f ∈ C(σ(S)), then ind(Sf −λI) = 0 for all λ /∈ σe(Sf ).
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Proof. (a) Let π be the projection from B(H) into the Calkin Algebra B(H)/B0(H).
Then π(S) is a normal element in the Calkin algebra, and f is a continuous func-
tion on σ(π(S)). So using the functional calculus for normal elements of the
Calkin algebra we have f(π(S)) is also a normal element in the Calkin algebra,
and f(π(S)) = π(Sf ). Suppose that ind(Sf − λI) = 0 for all λ /∈ σe(Sf ). Then
Sf = N + K where N is a normal operator and K is a compact operator (see The-
orem 2.1). Since f : σe(S) → σe(N) is a homeomorphism, let f−1 be its inverse; so
f−1 : σe(N) → σe(S). Now let F : σ(N) → C be any continuous extension of f−1

to σ(N). We then have π(F (N)) = F (π(N)) = f−1(π(N)) = f−1(π(N + K)) =
f−1(π(Sf )) = f−1(f(π(S))) = π(S). So, π(F (N)) = π(S). Thus, S = F (N) + C
where C is some compact operator. Thus S has the form “normal plus compact”;
hence its index function is identically zero, a contradiction.

(b) If σ(S) = σe(S), then ind(S − λI) = 0 for every λ /∈ σe(S). By Theorem 3.4
it follows that ind(Sf − λI) = 0 for all λ /∈ σe(Sf ). �

4. Spectral pictures of Toeplitz operators

In this section we show that one can arbitrarily prescribe the essential spectrum
and index function of a Toeplitz operator with continuous symbol constructed from
a pure subnormal operator with compact self-commutator. We also give an example
showing that the spectrum of a Toeplitz operator cannot in general be computed
as the essential spectrum together with those holes in the essential spectrum with
non-zero index.

Theorem 4.1. Let K be a non-empty compact set in the complex plane and {Gn}
the bounded components of C \ K. If {an} is any sequence of integers, then there
exists a pure subnormal operator S with compact self-commutator and a continuous
function f on σn(S) such that σe(Sf ) = K and ind(Sf − λI) = an for λ ∈ Gn.

Recall that a “Cantor Set” is any compact metric space that is totally discon-
nected and perfect (has no isolated points). It is well known that any two Cantor
sets in this sense are homeomorphic. We need the following well-known result (see
Exercise 13, p. 285 in Conway [5]).

Lemma 4.2. If X is a compact metric space and L is a Cantor set, then there is
a continuous function f : L → X such that f(L) = X.

Proof of Theorem 4.1. Case I: C \ K is connected or an = 0 for each n.
Let L be the classical middle-thirds Cantor set only constructed within the inter-

val [0, 1/2]. By Lemma 4.2, let f : L → K be a continuous function with f(L) = K.
Let S be an irreducible essentially normal subnormal operator with spectrum equal
to the closed unit disk and essential spectrum equal to (∂D∪L) (see [8]). Choose a
point α ∈ K, and then extend f to be defined on all of σe(S) by defining f to be con-
stantly equal to α on ∂D. Now extend this f in an arbitrary manner to be continuous
on all of clD. Then Sf is well-defined, and σe(Sf ) = f(σe(S)) = f(L) ∪ {α} = K.
Now we will show that ind(Sf − λI) = 0 for all λ ∈ C \ K. It follows from Theo-
rem 3.4 that ind(Sf −λI) = −n(f(∂D), λ) for λ /∈ K. However, since f is constant
on ∂D it follows easily that this winding number, and hence the index, is zero.

Case II: C \ K is disconnected and an 
= 0 for some n.
For convenience and without loss of generality, let us translate K and assume

that K lies in the upper half-plane. Let {Gn : n ∈ P} be the bounded components
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of C \ K where the corresponding integer an is positive. Also let {Gn : n ∈ N} be
the bounded components of C \ K where the corresponding integer an is negative.
Let A = P ∪ N . For a set B ⊆ C, let B∗ = {z : z ∈ B}.

Let T1 be a pure essentially normal subnormal operator such that σ(T1) =
cl

⋃
n∈N Gn, σe(T1) = cl

⋃
n∈N ∂Gn, and for each n ∈ N , ind(T1 − λI) = an

for λ ∈ Gn (see [8]). Also, let T2 be a pure essentially normal subnormal oper-
ator such that σ(T2) = cl

⋃
n∈P G∗

n, σe(T2) = cl
⋃

n∈P ∂G∗
n, and for each n ∈ P ,

ind(T2 − λI) = −an for λ ∈ G∗
n ([8]).

Now by Case I, let T3 be an irreducible subnormal operator with spectrum dis-
joint from σ(T1)∪ σ(T2) (translate T3 if necessary) and f a continuous function on
σ(T3) such that σe((T3)f ) = f(σe(T3)) = K and ind((T3)f −λI) = 0 for all λ /∈ K.
Now extend f to σ(T1) ∪ σ(T2) by defining f(z) = z if z ∈ σ(T1) and f(z) = z if
z ∈ σ(T2). Let S = T1 ⊕ T2 ⊕ T3. Then f is well-defined and continuous on σ(S).
Also, S is a pure essentially normal subnormal operator, and one easily checks that
σe(Sf ) = f(σe(S)) = K and that ind(Sf − λI) = an for λ ∈ Gn. �

If S = Mz on H2(D) and f ∈ C(∂D), then it is well known (see [7]) that
σ(Sf ) = f(∂D) ∪ {λ : ind(Sf − λI) 
= 0}. We now give an easy example to show
that in general the spectrum of a Toeplitz operator is not equal to the essential
spectrum together with those points where the index is non-zero.

Example 4.3. Let S1 = Mz on H2(D), let G = {z : |z − 3| < 1}, and let
S2 = Mz on H2(G). Let S = S1 ⊕ S2. If f is defined on ∂(D ∪ G) by f(z) = z if
z ∈ ∂D and f(z) = z − 3 if z ∈ ∂G, then clearly, σ(Sf ) = clD, σe(Sf ) = ∂D, yet
ind(Sf − λI) = 0 for λ ∈ D. So, σ(Sf ) 
= σe(Sf ) ∪ {λ : ind(Sf − λI) 
= 0}.

It is also natural to ask if our method for computing the index (Theorem 3.4)
also works for operators that are not essentially normal. The referee kindly supplied
us with the following example showing that the answer is no.

Example 4.4. Let T = Mz on H2(Ω) where Ω = {z : |z − 1
4 | < 1

4}, and let U be
the unilateral shift operator of infinite multiplicity. Then consider the subnormal
operator S = T ⊕ U . Let

f(z) =

{
0 for |z| = 1,

z for |z| < 1.

Then Sf = T ⊕ 0. Thus, σ(S) = σe(S) = D, σ(Sf ) = clΩ, and σe(Sf ) = ∂Ω. In
the notation of Theorem 3.4, G = σ(S) \ σe(S) = ∅. Hence there are no winding
numbers to compute, but ind(Sf − λI) = ind(T − λI) = −1 if λ ∈ Ω.

5. Open questions

Question 5.1. If S is a pure essentially normal subnormal operator and f ∈
C(σn(S)), then how can one compute the spectrum of Sf?

Question 5.2. Can we characterize the spectral pictures of Toeplitz operators
with continuous symbols constructed from irreducible essentially normal subnormal
operators? What if the symbol is also required to be one-to-one?

When the symbol is required to be one-to-one, the above question is related to
a question about subnormal generators of C∗-algebras [9]. More precisely, in [9] it
is shown that if A is an irreducible essentially normal operator, then C∗(A) has a
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subnormal generator if and only if A has the same spectral picture as a Toeplitz
operator Sf where S is an irreducible essentially normal subnormal operator and f
is continuous on σn(S) and one-to-one on σe(S).

Question 5.3. Is there a general method to compute the index of Sf when S is
not essentially normal?
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