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WEAKLY COMPACT OPERATORS INTO SEQUENCE SPACES:
A COUNTEREXAMPLE

KARI YLINEN

(Communicated by N.Tomczak-Jaegermann)

Abstract. In a recent paper Gutiérrez and Villanueva have used, without
giving a detailed proof, an analogue of a well-known result of Ryan charac-
terizing the weakly compact operators from a Banach space E into the space
c0(X) of null sequences in a Banach space X. In this note a counterexample is
given showing that in the statement of Gutiérrez and Villanueva an additional
condition is needed.

1. Introduction

Let E and X be Banach spaces. Let c(X) be the Banach space (with the supre-
mum norm) of the convergent X-valued sequences and c0(X) its subspace consisting
of the sequences converging to zero. For any Banach space F , we denote by L(E, F )
the space of the bounded linear maps T : E → F . For T ∈ L(E, F ), T ′ : F ′ → E′

is its adjoint and T ′′ its second adjoint.
If n ∈ N, prn : c(X) → X will denote the evaluation map at n, and we use

the same notation for its restriction to c0(X). Any Φ ∈ L(E, c(X)) determines the
sequence of operators prn ◦ Φ ∈ L(E, X). Conversely, any sequence of operators
Sn ∈ L(E, X), such that for each x ∈ E the limit limn→∞ Snx exists, determines by
the uniform boundedness principle an operator Φ ∈ L(E, c(X)) such that prn ◦Φ =
Sn. By a slight abuse of notation, we may write in short Φ = (Sn). In [4, p. 375]
the following lemma is proved.

Lemma 1.1 (Ryan). A bounded linear map Φ : E → c0(X) is weakly compact if
and only if the following two conditions hold:

(i) each operator Sn = prn ◦ Φ is weakly compact;
(ii) limn→∞ ‖ S′′

nz ‖= 0 for each z ∈ E′′.

Ryan’s lemma has turned out to be very useful in the theory of multilinear
operators, as is evident e.g. from the bibliography of [2]; see also [5]. Gutiérrez
and Villanueva have published without a detailed proof an analogous statement
(Lemma 3.3 in [2, p. 553]) in which c0(X) is replaced by c(X) and condition (ii) by
the requirement that the limit limn→∞ S′′

nz exists for each z ∈ E′′. In [2], Lemma
3.3 is used repeatedly in crucial places, so it is unfortunate that this lemma is
incorrect. We formulate as Proposition 2.1 a counterexample which shows this.
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2. A counterexample

In the following proposition we denote E = l1, the Banach space of functions
f : N → C satisfying

‖f‖1 =
∞∑

n=1

|f(n)| < ∞.

For n ∈ N, let Sn : E → E be multiplication by the characteristic function of
{1, . . . , n}, i.e. Snf = χ{1,...,n}f . Clearly limn→∞ Snf = f for all f ∈ E. Let
Φ : E → c(E) be the bounded linear map satisfying prn ◦ Φ = Sn for all n ∈ N.

Proposition 2.1. (a) Each Sn : E → E is weakly compact.
(b) For any z ∈ E′′ the sequence (S′′

nz) is norm convergent.
(c) The operator Φ = (Sn) is not weakly compact.

Proof. Since the range of each Sn is finite-dimensional, (a) is obvious.
To prove (b), choose z ∈ E′′, i.e. z is in the dual of l∞. Then z may be identified

with a finitely additive measure on the positive integers, see e.g. [1, p. 258], and
we can write z = h̃+µ where h̃ is the canonical image of some h ∈ l1 and 〈µ, g〉 = 0
whenever g ∈ l∞ vanishes outside a finite set [3, p. 189]. (As noted in [3, p. 191],
this is the Yosida-Hewitt decomposition of µ.) Since

〈S′
ng, f〉 = 〈g, Snf〉 = 〈g, χ{1,...,n}f〉 =

n∑

k=1

g(k)f(k) = 〈χ{1,...,n}g, f〉

for all f ∈ l1, g ∈ l∞, we have S′
ng = χ{1,...,n}g. Thus

〈S′′
nz, g〉 = 〈h̃ + µ, S′

ng〉 = 〈h̃, χ{1,...,n}g〉 + 〈µ, χ{1,...,n}g〉 = 〈Snh, g〉,
i.e. S′′

nz = Snh, and so limn→∞ S′′
nz = h ∈ E ⊂ E′′ in norm.

To prove (c), simply observe that if Φ were weakly compact, then pr∞ ◦ Φ
would also be weakly compact, where pr∞ ∈ L(c(E), E) is defined by pr∞f =
limn→∞ prnf . But this is impossible [1, p. 425], since pr∞ ◦ Φ is the identity map
on E, and E is not reflexive. �

To see Proposition 2.1 in perspective, we briefly consider a more general situa-
tion. Let E again be a general Banach space, and F a Banach space having c0(X)
as a topological direct summand. Let P1 : F → F be a bounded projection onto
c0(X) and write P2 = I − P1 where I is the identity map of F . The following
observation is an immediate consequence of Lemma 1.1.

Proposition 2.2. A bounded linear map Φ : E → F is weakly compact if and only
if the following conditions hold:

(i) for each n ∈ N, the operator prn ◦ P1 ◦ Φ : E → X is weakly compact;
(ii) for each z ∈ E′′, limn→∞(prn ◦ P1 ◦ Φ)′′z = 0;
(iii) the operator P2 ◦ Φ is weakly compact.

Specializing to the situation considered by Gutiérrez and Villanueva, we choose
F = c(X). For f ∈ c(X), let P2f be the constant sequence k 	→ limn→∞ f(n) and
define P1 = I − P2. Since both P1(F ) = c0(X) and P2(F ) are closed, we have a
topological direct sum here, i.e. P1 and P2 are bounded. In this case the canonical
isometric isomorphism between X and the space of the constant sequences in X
transfers P2 ◦ Φ to the map x 	→ limn→∞ prn(Φx). Thus Proposition 2.2 yields



WEAKLY COMPACT OPERATORS INTO SEQUENCE SPACES 1425

Corollary 2.3 below. We have seen that condition (iii) there cannot in general be
dispensed with.

Corollary 2.3. A bounded linear map Φ : E → c(X) is weakly compact if and only
if the following three conditions hold:

(i) each operator Sn = prn ◦ Φ is weakly compact;
(ii) the limit limn→∞ S′′

nz exists for each z ∈ E′′;
(iii) the operator x 	→ limn→∞ prn(Φx) on E is weakly compact.

Remark 2.4. It is a pleasure to acknowledge correspondence with J.D. Maitland
Wright who pointed out that there was no obvious way of extending Ryan’s result
without assuming the above condition (iii). This served to motivate the work
reported here.
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