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COMPARISON OF POTENTIAL THEORETIC PROPERTIES
OF ROUGH DOMAINS

KRZYSZTOF BURDZY AND ZHEN-QING CHEN

(Communicated by Michael T. Lacey)

Abstract. We discuss the relationships between the notions of intrinsic ultra-
contractivity, the parabolic Harnack principle, compactness of the 1-resolvent
of the Neumann Laplacian, and the non-trap property for Euclidean domains
with finite Lebesgue measure. In particular, we give an answer to an open
problem raised by Davies and Simon in 1984 about the possible relationship

between intrinsic ultracontractivity for the Dirichlet Laplacian in a domain D
and compactness of the 1-resolvent of the Neumann Laplacian in D.

1. Introduction and review of results

In a recent joint paper [BCM] with Don Marshall, we studied a class of domains
(called “trap domains”) with rough boundaries defined in a potential theoretic
way. The main goal of that paper was to give a geometric characterization of trap
domains. A number of families of rough domains had been introduced in potential
theoretic literature. It is desirable to know which of these families are contained
in other families, so that known results can be extended to freshly defined families
without duplication of effort. We examined several families of domains that initially
seemed to be related to non-trap domains. The results of this paper show that there
is no logical relationship between these families, except for some “obvious” cases.
In the rest of the introduction we will define four classes of domains and outline
their relationships. The next section will present the proofs.

We will now recall the definitions of trap domains, the parabolic Harnack prin-
ciple, 1-resolvent, and intrinsic ultracontractivity. Throughout this paper, D is a
connected open set in R

d with finite Lebesgue measure.

Trap domains. Let B ⊂ D be a closed ball with non-zero radius and let G(x, y)
be the Green function for the domain D \ B with the (zero) Neumann boundary
conditions on ∂D (in the distributional sense) and (zero) Dirichlet boundary con-
ditions on ∂B (see [BCM] for existence and uniqueness). The domain D is called a
trap domain if

(1.1) sup
x∈D\B

∫
D\B

G(x, y)dy = ∞.
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The definition of a trap domain does not depend on the choice of the ball B (see
Lemma 3.3 of [BCM]). Probabilistically, (1.1) is equivalent to

sup
x∈D\B

E xσB = ∞,

where σB is the first hitting time of B by the normally reflected Brownian motion
(RBM in abbreviation) on D. See [BCM] for an account of the construction of
RBM on non-smooth domains and its properties. When (1.1) holds, the RBM on
D will spend a large amount of time near the boundary of D; this is why we call
such a domain a “trap domain”. A domain D that is not a trap domain will be
called a non-trap domain. The notion of a non-trap domain is closely related to
the uniform ergodicity of reflected Brownian motion on D (see Proposition 1.2 of
[BCM]).

Parabolic Harnack principle. Let p(t, x, y) be the heat kernel on D with zero Neu-
mann boundary condition, or equivalently, the transition density function with
respect to the Lebesgue measure on D of the RBM on D (see [BCM] for the defini-
tion and existence). We will say that the parabolic Harnack principle (PHP) holds
in D if for some t0 > 0 and c1 = c1(D, t0) < ∞,

(1.2) p(t, x, y) ≤ c1 p(t, v, z) for all t ≥ t0 and v, x, y, z ∈ D.

Resolvent. Let Pt be defined for t ≥ 0 by Ptf(x) =
∫

D
p(t, x, y)f(y)dy. Then

the 1-resolvent R1 is given by R1f(x) =
∫ ∞
0

e−tP2tf(x) dt. It is known (see, e.g.,
Lemma 3.1 of [BCM]) that the 1-resolvent R1 of the Neumann Laplacian in D is
a compact operator in L2(D, dx) if and only if the Neumann Laplacian in D has
discrete spectrum.

Intrinsic ultracontractivity. Let Tt be the semigroup for the Dirichlet Laplacian
in D conditioned by the first Dirichlet eigenfunction through Doob’s h-transform.
That is, with ϕ1 > 0 denoting the positive eigenfunction for the Dirichlet Laplacian
in D corresponding to the first eigenvalue λ1 < 0, define

Ttf(x) = e−λtPD
t (ϕf)(x)/ϕ(x).

Here PD
t is the semigroup for the Dirichlet Laplacian in D. We say that D is

intrinsically ultracontractive (IU) if Tt maps L2(D, ϕ(x)2 dx) into L∞(D, dx) for
every t > 0 (see Davies and Simon [DS1]).

We will now discuss the relationships between various properties of domains
defined above.

It is well known that, for a domain with finite volume, a uniform bound for the
heat kernel, such as (1.2), implies that the 1-resolvent of the Neumann Laplacian is
compact and therefore the Laplacian in D with the Neumann boundary conditions
has a discrete spectrum; see [BB, p. 6] for a typical application.

The following was established in [BCM] as Proposition 1.4 (ii)-(iii).

Proposition 1.1. (a) If the parabolic Harnack principle holds in D, then D is
non-trap.

(b) There exists a non-trap domain where the 1-resolvent of the Neumann Lapla-
cian is not compact and, therefore, the parabolic Harnack principle does not hold.

We will show in Theorem 2.1 below that there is a trap domain D where the
1-resolvent of the Neumann Laplacian on D is compact.
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The following question was posed by Davies and Simon in [DS1, p. 372]: Is there a
relationship between the compactness of the 1-resolvent of the Neumann Laplacian
and intrinsic ultracontractivity of the Dirichlet Laplacian in a given domain? In
Theorem 2.2 below, we will prove that there is no logical relationship between the
two properties, i.e., all four logical combinations of the two properties and their
negations occur in some domains. We will show in Remark 2.3 that there is no
logical relationship between IU and being a non-trap domain. In summary, for a
domain D with finite volume, except for the obvious relation that the PHP implies
D is non-trap and the 1-resolvent of the Neumann Laplacian in D is compact, there
are no other logical relationships between the following properties: non-trap, IU,
discrete spectrum of the Neumann Laplacian and PHP. The logical implications,
or rather the lack of these, are depicted in Figure 1.

2. Theorems and proofs

Suppose f : [1,∞) → (0,∞) is a Lipschitz function and let the corresponding
horn domain Df be defined by

Df =
{
(x, y) ∈ R

2 : x > 1, |y| < f(x)
}

.

Theorem 2.1. (i) Suppose D = Df ⊂ R
2 is a horn domain. If D is a non-trap

domain, then the 1-resolvent of the Neumann Laplacian is compact.
(ii) There exists a trap domain D where the 1-resolvent of the Neumann Lapla-

cian is compact. Hence the Neumann Laplacian has a discrete spectrum in D but
the parabolic Harnack principle does not hold.

Proof. By Proposition 2.11 of [BCM], D = Df is a trap domain if and only if

(2.1)
∫ ∞

1

(∫ x

1

1
f(y)

dy

)
f(x)dx = ∞.
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(i) Suppose D = Df ⊂ R
2 is not a trap domain. Then

∫ ∞
1

(∫ x

1
1

f(y) dy
)

f(x) dx

< ∞. Hence

0 = lim
T→∞

∫ ∞

T

(∫ x

1

1
f(y)

dy

)
f(x) dx ≥ lim sup

T→∞

∫ ∞

T

(∫ T

1

1
f(y)

dy

)
f(x) dx

= lim sup
T→∞

(∫ ∞

T

f(x) dx

)(∫ T

1

1
f(y)

dy

)
.

Thus by a theorem of Evans and Harris (see [EH] or [DS2]), the 1-resolvent of the
Neumann Laplacian in D is compact.

(ii) Let Df be the horn domain with f(x) = e−x2
. We have∫ x

1

1
f(y)

dy =
∫ x

1

ey2
dy ≥ 1

x

∫ x

1

yey2
dy =

1
2x

(ex2 − e),

so ∫ ∞

1

∫ x

1

1
f(y)

dyf(x)dx ≥
∫ ∞

1

1
2x

(ex2 − e)e−x2
dx = ∞.

This shows that Df is a trap domain. We also have∫ x

1

1
f(y)

dy =
∫ x

1

ey2
dy ≤

∫ x

1

yey2
dy =

1
2

(
ex2 − e

)
and ∫ ∞

x

f(y)dy =
∫ ∞

x

e−y2
dy ≤ 1

x

∫ ∞

x

ye−y2
dy =

1
2x

e−x2
,

so

lim
x→∞

(∫ x

1

1
f(y)

dy

) (∫ ∞

x

f(y)dy

)
= 0.

In view of the results of Evans and Harris (see [EH], [DS2]), this implies that the
1-resolvent of the Neumann Laplacian in Df is compact. �

It follows from Proposition 1.1(b) that the conclusion of Theorem 2.1(i) is not
true for general planar domains with finite volume. We would find it interesting to
know whether the conclusion of Theorem 2.1(i) is true for more general domains.
Calculations similar to those in the proof for Theorem 2.1(ii) show that if one
takes f(x) = e−xα

, then the resulting domain is a trap domain for α ≤ 2 and the
1-resolvent of the Neumann Laplacian is compact for α > 1.

Theorem 2.2. There exist domains Dk, k = 1, 2, 3, 4, having finite volumes with
the following properties.

(i) D1 is IU and it satisfies the parabolic Harnack principle (hence the 1-resolvent
of the Neumann Laplacian on D1 is compact).

(ii) D2 is IU and the 1-resolvent of the Neumann Laplacian on D2 is not compact.
(iii) D3 is not IU and it satisfies the parabolic Harnack principle (hence the

1-resolvent of the Neumann Laplacian on D3 is compact).
(iv) D4 is not IU and the 1-resolvent of the Neumann Laplacian on D4 is not

compact.

Proof. (i) It is easy to check that the unit disc is IU and it satisfies the parabolic
Harnack principle.

(ii) and (iv) Let Df ⊂ R
2 be a horn domain with f(x) = xα where α < 0. None

of these domains has a compact 1-resolvent of the Neumann Laplacian, according
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to [EH] and [DS2]. The results of Bañuelos and Davis [BD] show that if α < −1,
then Df is IU but it is not IU if −1 ≤ α < 0.

The above may suggest that the result depends on the finiteness of the volume
of the domain. To show that this is not the case, we consider a multidimensional
horn domain

Df =
{

(x1, x2, . . . , xd) ∈ R
d : x1 > 1,

√
x2

2 + · · · + x2
d < f(x1)

}
,

which has finite volume for any f(x) = xα with α < −1/2 and d ≥ 3. By the results
of Evans and Harris [EH] (see also Davies and Simon [DS2]), Df ⊂ R

d, d ≥ 2, does
not have a compact 1-resolvent of the Neumann Laplacian for any f(x) = xα with
α < 0. If α < −1, then Df is IU by Theorem 1.1(i)(A) of Bass and Burdzy [BB1].
If −1 < α < 0, then Df is not IU, as indicated in Section 4 of [BB1].

(iii) We first recall a few well-known facts from the homogenization theory for
the killed diffusions. Let K ⊂ B(0, 1/2) ⊂ R

2 be the 1-dimensional classical Cantor
set in the unit interval [−1/2, 1/2] sitting on the x-axis in the plane. Note that K,
whose Hausdorff dimension is log 2

log 3 , has positive logarithmic capacity and so it will
be hit by planar Brownian motion. Let K1 =

⋃
x∈Z2(K+x), let Bt be the Brownian

motion in R
2, and for A ⊂ R

2, let TB
A = inf{t > 0 : Bt ∈ A}. It is standard to show

(see Baxter, Chacon and Jain [BCJ]) that for any ε > 0 there exists r < ∞ such
that for x ∈ B(0, 2) we have P

x(TB
K1

> TB
∂B(0,r)) < ε. Let Ka = aK1 for a > 0. By

scaling, P
x(TB

Ka
> TB

∂B(0,ar)) < ε.
Let xk = (2−k, 1/2), Ak = (B(0, 2−k−2)\B(0, 2−k−3))+xk, and F =

⋃
k≥1 Ak ∩

Kbk
, where the bk’s will be chosen later in the proof. Set U = (0, 1)2 and D = U \F .

Since K has zero 1-dimensional Hausdorff measure, so does F . Hence by Theorem
3.3 and Remark 2 in Chen [C], F is a deletable set for the Sobolev space W 1,2;
that is, W 1,2(U \ F ) = W 1,2(U). It follows that the 1-resolvent for the Neumann
Laplacian on D = U \ F is unchanged when D = U \ F is replaced by the square
U and so it is compact.

Next we will show that D is not IU. Let Qk = B(xk, 2−k−3) and let pD
t (x, y) and

pQk
t (x, y) be the heat kernels in D and Qk, respectively, with the Dirichlet boundary

conditions. A standard argument based on scaling and eigenfunction expansions
shows that for some 0 < c1, β < ∞ and all k ≥ 1,

(2.2)
∫

Qk

pD
1 (xk, y)dy ≥

∫
Qk

pQk

1 (xk, y)dy ≥ c1 exp(−β2−2k).

Fix some α > β and let M = B((3/4, 1/2), 1/16). Let Ck = ∂B(xk, 3 · 2−k−4) and,
using the result from the first paragraph of the proof for (iii), choose bk > 0 so
small that for some c2 < ∞, all k ≥ 1 and every x ∈ Ck,

(2.3) P
x(TB

Kbk
> TB

∂D) < c2 exp(−α22k).

The probability that the Brownian motion starting from xk will hit M before exiting
D is bounded from above by the probability that it will cross Ak without hitting
Kbk

. By the strong Markov property applied at the hitting time of Ck and (2.3),
this probability is bounded by c2 exp(−α22k). It follows that the probability that
the Brownian motion killed on the boundary of D will be in M at time t = 1 is
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bounded by the same quantity. In other words,∫
M

pD
1 (xk, y)dy ≤ c2 exp(−α22k).

This and (2.2) imply that

(2.4) lim
k→∞

∫
M

pD
1 (xk, y)dy∫

Qk
pD
1 (xk, y)dy

= 0.

Let x0 be the center of M . As |Qk| → 0,

(2.5) lim
k→∞

∫
M

pD
1 (x0, y)dy∫

Qk
pD
1 (x0, y)dy

= ∞.

We claim that this and (2.4) show that we cannot have

(2.6)
pD
1 (x, y)

pD
1 (x, z)

≥ c4
pD
1 (v, y)

pD
1 (v, z)

,

for some c4 and all x, y, z, v ∈ D. Suppose (2.6) is true, rewrite it in the product
form, take x = xk and v = x0, then integrate y over M first and integrate z over
Qk next, to obtain ∫

M
pD
1 (x, y)dy∫

Qk
pD
1 (x, z)dz

≥ c4

∫
M

pD
1 (v, y)dy∫

Qk
pD
1 (v, z)dz

,

which contradicts the conjunction of (2.4) and (2.5).
The inequality (2.6) is a consequence of intrinsic ultracontractivity (see Davis

[D]) so D is not IU. We note that according to Davis [D], the intrinsic ultracon-
tractivity holds if and only if the condition (2.6) is satisfied for all t > 0, not just
for t = 1 (where c4 may depend on t). �

Remark 2.3. (i) The proof of Theorem 2.2(iii) is based on the fact that one can
delete a set K of positive logarithmic or Newtonian capacity from D but never-
theless the reflecting Brownian motion in D \ K has the same law as that of the
reflecting Brownian motion in D, or equivalently, W 1,2(D \ K) = W 1,2(D) (see
Chen [C]). Here we use sets Ka ⊂ R

2 whose removal or addition does not affect the
distribution of the reflected Brownian motion because they have zero 1-dimensional
Hausdorff measure but are not negligible from the point of view of the killed Brow-
nian motion because they have positive logarithmic capacity. We believe that using
such special sets is not essential. Instead, one could use a countable number of
densely packed slits in Ak, pointing towards xk. This change would not affect in an
essential way the proof of the lack of the IU property. The ideas and methods de-
veloped in Bass and Burdzy [BB2] in relation to “fiber Brownian motion” strongly
suggest that the 1-resolvent for the Neumann Laplacian in this modified domain
would be compact.

(ii) We have pointed out in part (ii) of the proof for Theorem 2.2 that according
to Bañuelos and Davis [BD], any horn domain Df in R

2 with f(x) = xα and α < −1
is IU, while, by (2.1), it is a trap domain. On the other hand, the domain D in part
(iii) of the proof for Theorem 2.2 is clearly a non-trap domain, since W 1,2(D) =
W 1,2

(
(0, 1)2

)
and so D is a W 1,2-extension domain. We have shown that this

domain is not IU. We conclude that there is no logical relationship between the IU
property and trap domains, which is similar to the lack of relationship between the
IU property and compactness of the 1-resolvent of the Neumann Laplacian.
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