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THE DEGREE OF THE BICANONICAL MAP
OF A SURFACE WITH pg = 0
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(Communicated by Michael Stillman)

Abstract. In this note it is shown that, given a smooth minimal complex
surface of general type S with pg(S) = 0, K2

S = 3, for which the bicanonical
map ϕ2K is a morphism, the degree of ϕ2K is not 3. This completes our earlier
results, showing that if S is a minimal surface of general type with pg = 0,
K2 ≥ 3 such that |2KS | is free, then the bicanonical map of S can have degree
1, 2 or 4.

1. Introduction

Complex surfaces of general type with pg = 0 continue to be intriguing. Contin-
uing our study of their bicanonical map, in this note we prove the following.

Theorem 1.1. Let S be a smooth minimal complex surface of general type with
pg(S) = 0 and K2

S = 3 such that the bicanonical system |2KS | is base point free.
Then the degree of the bicanonical map of S is different from 3.

Theorem 1.1, together with previous results ([ML], [MP1], [MP2]) gives the
following general statement on the degree of the bicanonical map of a surface of
general type with pg = 0 and base point free bicanonical system.

Theorem 1.2. Let S be a smooth minimal complex surface of general type with
pg(S) = 0, and let ϕ : S → PK2

be the bicanonical map. Then:
(i) if K2

S = 9, then ϕ is birational;
(ii) if K2

S = 7, 8, then deg ϕ ≤ 2;
(iii) if 3 ≤ K2

S ≤ 6 and |2KS | is base point free, then deg ϕ is equal to either
1, 2 or 4.

The proof of Theorem 1.1 is based on some properties of nonnormal rational
quartic surfaces of P3, which are studied in the next section.

Notation and conventions. We work over the complex numbers; all varieties are
assumed to be compact and algebraic.

We do not distinguish between line bundles and divisors on a smooth variety.
Linear equivalence of divisors is denoted by ≡ and numerical equivalence by ∼.
The remaining notation is standard in algebraic geometry.
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2. Nonnormal rational quartics of P3

In this section we show the following.

Theorem 2.1. Let Σ ⊂ P3 be a rational quartic surface such that Σ is not normal,
i.e. such that the singular locus of Σ has dimension 1. Let Υ → Σ be the minimal
desingularization and let |H| be the pullback on Υ of the linear system of planes of
P3. If the linear system |H| is complete, then:

(i) the genus g(H) of H is equal to 2;
(ii) K2

Υ = 0 and the linear system |KΥ +H| is a free pencil of rational curves.

Proof. We start by noting that, since the linear system |H| is the pullback on Υ of
the linear system of planes of P3 and Σ has degree 4, H2 = 4. The general curve H
of |H| is smooth and irreducible by Bertini’s theorem, and it is mapped birationally
onto a singular plane quartic, thus we have g(H) = 1 + (KΥ + H)H/2 ≤ 2. On
the other hand, by the regularity of Υ the restriction of |H| to a general H is a
complete system, hence Riemann–Roch on H gives g(H) ≥ 2. This proves (i).

We divide the proof of assertion (ii) into steps. Consider the linear system
|D| := |KΥ + H|. By (i), we have KΥH = −2 and thus DH = 2, D2 = K2

Υ. Using
the adjunction sequence for a general H one sees that h0(D) = 2, namely |D| is a
pencil.

Write |D| = F + |M |, where F is the fixed part of |D| and |M | is the moving
part.

Step 1. D is nef. In particular, we have D2 ≥ 0. Since q(Υ) = 0, the restriction
of |D| to the general curve of |H| is the complete canonical system. So for any
irreducible component θ of F we have θH = 0 and, by the index theorem, θ2 < 0.

Let θ be an irreducible curve such that θD < 0. Since D is effective, θ is a com-
ponent of F . Hence θH = 0, θKΥ < 0, θ2 < 0, namely θ is a −1-curve contracted
by |H|, against the assumption that Υ → Σ is the minimal desingularization.

Step 2. One has D2 ≤ 1. If D2 = 1, then H = −2KΥ. The inequality D2 ≤ 1
follows by the index theorem applied to D and H. If D2 = 1, the index theorem
gives also H ∼ 2D, i.e. H ∼ −2KΥ. Since Υ is rational, we actually have H ≡
−2KΥ.

Step 3. The case D2 = 1 does not occur. By Step 2, if D2 = 1, then −KΥ is nef
and K2

Υ = 1. Riemann–Roch gives h0(−KΥ) = 2. Write | −KΥ| = ∆ + |N |, where
∆ is the fixed part and |N | is the moving part. We have

1 = K2
Υ = −KΥ∆ − KΥN ≥ −KΥN = N2 + ∆N ≥ 0.

Assume that ∆ �= 0. Then, since a nef and big divisor is 1-connected, we have
∆N > 0. Hence in this case all the previous inequalities are equalities, and we have

∆N = 1, N2 = 0, KΥ∆ = 0.

It follows that ∆2 = −KΥ∆ − N∆ = −1, contradicting the fact that ∆2 + KΥ∆
is even by the adjunction formula. So we conclude that ∆ = 0. Since K2

Υ = 1,
it follows that the general curve of | − KΥ| is smooth and irreducible of genus 1.
Since (−KΥ)H = 2, the restriction of |H| to the general curve of | − KΥ| is not
birational, contradicting the assumption that |H| is the pullback of a very ample
system via a birational morphism. Hence the case D2 = 1 does not occur.
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Step 4. D2 = 0 and |D| is a pencil of rational curves. We have D2 = K2
Υ = 0 by

the previous steps. Since D and M are nef, we have

0 = D2 ≥ DM = M2 + MF ≥ MF ≥ 0.

It follows that M2 = MF = F 2 = 0. Hence, by Zariski’s lemma (see [BPV], Lemma
(8.2), p. 90) there is a rational number α ≥ 0 such that F ≡ αM as Q-divisors. One
has: 2 = −KΥD = −KΥM(1 + α). Since −KΥM = 2

1+α > 0, by the adjunction
formula we must have −KΥM = 2, α = 0. Hence F = 0, and |D| is a free pencil of
rational curves. �

3. The proofs of Theorem 1.2 and Theorem 1.1

Proof of Theorem 1.1. Since K2
S = 3, h0(S, 2KS) = K2

S + χ(OS) = 4. Let ϕ : S →
P3 be the bicanonical map and denote by Σ ⊂ P3 the image of ϕ, which is a surface
by [Xi].

We argue by contradiction. So from now on we assume that deg ϕ = 3. Since
|2KS | is free, we have

4K2
S = 12 = deg ϕ deg Σ = 3 deg Σ,

namely Σ is a quartic surface.
Let Υ → Σ be the minimal desingularization. In principle, Υ is either a K3

surface or a ruled surface. Since Υ is birationally dominated by S and q(S) = 0 by
the inequality χ(OS) > 0 for surfaces of general type, we have pg(Υ) = q(Υ) = 0,
and so Υ is rational. We note also that, since Σ is the image of S by a complete
linear system, the linear system |H|, as in the assumptions of Theorem 2.1, is
complete.

We wish to show that Σ is not normal. Assume by contradiction that Σ is
normal. Being a quartic hypersurface, Σ is a Gorenstein surface with KΣ = 0 and
pg(Σ) = 1, namely there exists a nonzero 2-form w on Σ which is regular outside
the singular locus of Σ, which is a finite set. The pullback w′ of w to S is a nonzero
2-form which is regular on the complement of the union of the −2-curves of S and
of a finite set of points. It is well known (cf. [St], Lemmas 1.8 and 1.11) that such
a form w′ is actually regular on S, but this contradicts the assumption pg(S) = 0.
So Σ is not normal, and by Theorem 2.1 we have g(H) = 2 and KΥH = −2.

Consider the linear system |KΥ + H|. By Theorem 2.1, this system defines a
fibration f : Υ → P1 whose general fibre is a rational curve. Since K2

Υ = 0 by
Theorem 2.1, the fibration f is not relatively minimal. Let θ be an irreducible
−1-curve contained in a fibre of f . We have θ(KΥ + H) = 0, namely θH = 1.
So the image of θ in Σ is a line L. If L′ is the pullback of L on S, then we have
3 = L′ψ∗H = L′(2KS), a contradiction. �

Proof of Theorem 1.2. Statement (i) and (ii) are the main result of [MP1].
So we consider the case 3 ≤ K2

S ≤ 6. We have deg ϕ ≤ 4, by [ML]. Since |2KS |
is free by assumption, we have

4K2
S = deg ϕ deg Σ.

Hence we have to exclude the cases K2
S = 6, deg ϕ = 3 and K2

S = deg ϕ = 3. The
former does not occur by [MP2, Thm. 1.1], and the latter is excluded by Theorem
1.1. �
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Math. France, 113 (1985), 23–51. MR0807825 (87a:14035)
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