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LACK OF UNIFORMLY EXPONENTIAL STABILIZATION
FOR ISOMETRIC C0-SEMIGROUPS

UNDER COMPACT PERTURBATION
OF THE GENERATORS IN BANACH SPACES

FAMING GUO, KE GUO, AND CHAOLUN ZHANG

(Communicated by Joseph A. Ball)

Abstract. This paper is concerned with non-uniformly exponential stabiliza-
tion for infinite-dimensional linear systems under compact feedback in Banach
spaces. We prove that a compact perturbation of the generator of an isometric
C0-semigroup cannot generate a uniformly exponentially stable C0-semigroup
in a Banach space. Finally, examples are provided to illustrate our result.

1. Introduction

The controllability and stabilization problems of conservative systems by means
of feedback control is very important and has been investigated extensively by many
authors. See, for example, [3], [6], [7], [8], [10], [11], [13], [14] and the references
cited therein. Let us consider the infinite-dimensional linear control system

x′(t) = Ax(t) + Bu(t),(1)

where the state space X and the control space U are Banach spaces, (A, D(A)) is
the infinitesimal generator of a C0-semigroup {S(t)}t≥0 on X, and B is a bounded
linear operator from U into X. The purpose of this paper is to study the non-
uniformly exponential stabilization for an isometric C0-semigroup under compact
perturbation of its generator in the Banach space setting.

Definition 1. {S(t)}t≥0 is said to be an isometric C0-semigroup if it is a C0-
semigroup that satisfies ‖S(t)x‖ = ‖x‖ for all t ≥ 0 and x ∈ X.

Definition 2. A C0-semigroup {S(t)}t≥0 is said to be strongly stable if S(t)x → 0
as t → ∞ for any x ∈ X.

Definition 3. A C0-semigroup {S(t)}t≥0 is said to be uniformly exponentially
stable if there exist constants M ≥ 1 and w > 0 such that

‖S(t)‖ ≤ Me−wt, t ≥ 0.

For the characterizations of the isometric C0-semigroup and some criteria for
stability of C0-semigroup, see, for example, [1], [2], [4] and [5].
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Feedback control problems of system (1) by the state feedback u(t) = Cx(t) are of
interest and arise in the context of control theoretic studies for infinite-dimensional
linear systems, where an aim is to select the feedback operator C so as to force the
corresponding feedback system

x′(t) = Ax(t) + Kx(t), K := BC,(2)

to possess stability properties not enjoyed by the original free system x′(t) = Ax(t).
Furthermore, an important feedback operator in physical applications is the com-
pact feedback operator. However, some important systems cannot be uniformly
exponentially stabilized by compact operators; see, for example, Russell [13], Gib-
son [3], Triggiani [15].

In Section 2, we prove our main result on the non-uniformly exponential stabi-
lization for an isometric C0-semigroup by quite different methods from [3], [9], [13]
and [15]. More precisely, an isometric C0-semigroup cannot be uniformly exponen-
tially stabilized by a compact operator in a Banach space. In Section 3, we apply
our result to the stabilization problem of the hybrid system where a clamped elastic
beam is linked to a rigid antenna.

2. Non-uniformly exponential stabilization

by compact perturbation

Russell [13], Gibson [3], and Triggiani [15] have investigated a sort of C0-semi-
group, which is strongly stable and is not uniformly exponentially stable, and cannot
be uniformly exponentially stabilized by a compact operator. These results are well
known and extensively invoked in the literature of feedback control systems.

Theorem 1 (Gibson [3]). Let H be a Hilbert space, let {S(t)}t≥0 be a strongly stable
contractive C0-semigroup with generator (A, D(A)) on H, and let K be a compact
operator on H. Then, if the C0-semigroup {SK(t)}t≥0, generated by (A+K, D(A)),
is uniformly exponentially stable, so is {S(t)}t≥0.

It complements a result of Russell [13] where {S(t)}t∈R was assumed to be
a group, contractive for negative times. The following theorem in Triggiani [15]
improves the result of Gibson by removing the assumption that {S(t)}t≥0 be a
contractive C0-semigroup. For its generalization in the Banach space setting, see
Luo, Weng and Feng [9].

Theorem 2 (Triggiani [15]). Let H be a Hilbert space, and let {S(t)}t≥0 be a
strongly stable, not uniformly exponentially stable C0-semigroup with generator
(A, D(A)) on H. Then, for any compact operator K on H, the C0-semigroup
{SK(t)}t≥0, generated by (A+K, D(A)), cannot be uniformly exponentially stable.

An equivalent statement of Gibson’s result is that the C0-semigroup {SK(t)}t≥0

cannot be uniformly exponentially stable if {S(t)}t≥0 is a strongly stable, not uni-
formly exponentially stable contraction C0-semigroup and K is a compact oper-
ator on H. However, {S(t)}t≥0 is uniformly exponentially stable if and only if
‖S(t0)‖ < 1 for some t0 > 0 (Proposition 5.1.7 in [1]). Therefore, the following
natural question arises: can an isometric C0-semigroup be uniformly exponentially
stabilized by a compact operator?

In the following theorem, we will answer the question, and our method presented
here is quite different from those in the literature.
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Theorem 3. Let X be an infinite-dimensional Banach space, let {S(t)}t≥0 be an
isometric C0-semigroup with the generator (A, D(A)) on X, and let K be a compact
operator on X. Then, the C0-semigroup {SK(t)}t≥0, generated by (A + K, D(A)),
cannot be uniformly exponentially stable.

Proof. Let U∗ := {x∗ ∈ X∗ : ‖x∗‖ ≤ 1} be the unit ball in X∗. Since X is an
infinite-dimensional Banach space, X∗ is also infinite dimensional, which implies
that U∗ is not a compact set. Thus, there exist ε0 > 0 and y∗

j ∈ U∗, j = 1, 2, . . . ,
such that

‖y∗
i − y∗

j ‖ ≥ ε0 > 0

for all i �= j.
For the compactness of operator K, we conclude that R(K), which is the range

of operator K, is separable, and consequently, {S(τ )Kx : x ∈ X} is separable for
each τ ≥ 0. Hence, ⋃

τ∈Q+

{S(τ )Kx : x ∈ X}

is also separable, where Q+ is the set of non-negative rational numbers which is de-
numerable. Therefore, V := span{S(τ )Kx : x ∈ X, τ ≥ 0} is separable, or equiv-
alently, there exist a countable dense subset {v1, v2, . . . , vm, . . . } in V . From the
boundedness of {y∗

k}∞k=1, we have that {y∗
1(v1), y∗

2(v1), . . . , y∗
k(v1), . . . } is bounded,

and consequently, there is a subsequence {y∗
k1

(v1), y∗
k2

(v1), . . . , y∗
kn

(v1), . . . } such
that {y∗

kn
(v1)}∞n=1 is convergent as n → ∞. Similarly, {y∗

k1
(v2), y∗

k2
(v2), . . . ,

y∗
kn

(v2), . . . } is bounded and there is a subsequence {y∗
ki1

(v2), y∗
ki2

(v2), . . . ,
y∗

kin
(v2), . . . } such that {y∗

kin
(v2)}∞n=1 is convergent. Therefore, by the diagonal

method, there is a subsequence {y∗
jn
}∞n=1 of {y∗

j }∞j=1 such that {y∗
jn

(vm)}∞n=1 is con-
vergent for any vm. Hence, from ‖y∗

jn
‖ = 1 and the denseness of {vm}∞m=1 in V ,

it follows that {y∗
jn

(x)}∞n=1 is convergent for any x ∈ V . Now, for x ∈ V , we can
define a linear functional f0(x) := lim

n→∞
y∗

jn
(x), which is continuous in V . From the

Hahn-Banach Theorem, there exists a bounded linear functional f ∈ X∗ such that

f |V = f0 and ‖f‖ = ‖f0‖.

Therefore, we have

(3) K∗S∗(τ )y∗
jn

−→ K∗S∗(τ )f as n → ∞

in X∗ for each τ ≥ 0. In fact, assume that there exist η > 0, τ0 > 0 and a
subsequence {y∗

jnk
}∞k=1 of {y∗

jn
}∞n=1 such that

‖K∗S∗(τ0)y∗
jnk

− K∗S∗(τ0)f‖ > η, k = 1, 2, . . . .

Hence, there exist xk ∈ X with ‖xk‖ = 1, k = 1, 2, . . . , such that

(4) |(K∗S∗(τ0)y∗
jnk

)(xk) − (K∗S∗(τ0)f)(xk)| >
η

2
, k = 1, 2, . . . .
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Since K is compact, without loss of generality, there exists y0 ∈ X such that
Kxk −→ y0 as k → ∞, and then S(τ0)y0 ∈ V . Therefore, we deduce that

|(K∗S∗(τ0)y∗
jnk

)(xk) − (K∗S∗(τ0)f)(xk)|

= |y∗
jnk

(S(τ0)Kxk) − f(S(τ0)Kxk)|

≤ |y∗
jnk

(S(τ0)Kxk) − y∗
jnk

(S(τ0)y0)| + |y∗
jnk

(S(τ0)y0) − f(S(τ0)y0)|

+|f(S(τ0)y0) − f(S(τ0)Kxk)|

≤ (1 + ‖f‖)‖Kxk − y0‖ + |y∗
jnk

(S(τ0)y0) − f0(S(τ0)y0)|

−→ 0,

as k → ∞, and there is a contradiction with (4) which shows the validity of (3).
Without loss of generality, assume ‖y∗

jn
− f‖ > ε0

2 . Setting x∗
n = y∗

jn
−f

‖y∗
jn

−f‖ , we
have

(5) ‖x∗
n‖ = 1 and ‖K∗S∗(τ )x∗

n‖ → 0 (n → ∞) for each τ ≥ 0.

Let fnm(τ ) : [0, ∞) �→ X∗ be defined by

fnm(τ ) =

{
S∗

K(τ )K∗S∗(m − τ )x∗
n, τ ∈ [0, m],

0, τ ∈ (m, ∞),

thus, for m = 1, 2, . . . and τ ∈ [0,∞), we have

‖fnm(τ )‖ → 0 (n → ∞).

Therefore, by the diagonal method, there exists a subsequence {x∗
nm

}∞m=1 of {x∗
n}∞n=1

such that

(6) gm(τ ) := fnmm(τ ) → 0 as m → ∞

for τ ∈ [0,∞).
Suppose on the contrary that {SK(t)}t≥0 is uniformly exponentially stable. Then

there exist constants MK ≥ 1 and wK > 0 such that

‖SK(t)‖ ≤ MKe−wKt, t ≥ 0.

Thus,

‖gm(τ )‖ =

{
‖S∗

K(τ )K∗S∗(m − τ )x∗
nm

‖, τ ∈ [0, m],

0, τ ∈ (m, ∞)

≤
{

MK‖K‖e−wKτ , τ ∈ [0, m],

0, τ ∈ (m, ∞).
(7)

Hence, we conclude that

(8) lim
m→∞

∫ ∞

0

‖gm(τ )‖dτ = lim
m→∞

∫ m

0

‖S∗
K(τ )K∗S∗(m − τ )x∗

nm
‖dτ = 0

by the Lebesgue dominated convergence theorem.
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From the bounded perturbation theorem of C0-semigroups ([1] and [4]), it follows
that

S∗
K(t)x∗ = S∗(t)x∗ +

∫ t

0

S∗
K(τ )K∗S∗(t − τ )x∗dτ, x∗ ∈ X∗, t ≥ 0,

which yields that

lim
m→∞

‖S∗(m)x∗
nm

‖

≤ lim
m→∞

(
‖S∗

K(m)x∗
nm

‖ + ‖
∫ m

0

S∗
K(τ )K∗S∗(m − τ )x∗

nm
dτ‖

)

≤ lim
m→∞

(
MKe−wKm +

∫ m

0

‖S∗
K(τ )K∗S∗(m − τ )x∗

nm
‖dτ

)

= 0.(9)

But {S(t)}t≥0 is an isometric C0-semigroup; we have ‖S∗(m)x∗
nm

‖ = ‖x∗
nm

‖ = 1
for all m. There is a contradiction with (9) which ends the proof of the theorem. �

3. Application

In this section, we present examples of isometric C0-semigroups where our result
above is applicable. We first study the boundary feedback stabilization of the
hybrid system of elasticity in [6], which consists of a clamped elastic beam linked
to a rigid antenna.

Example 1. The hybrid system can be described by the Euler-Bernoulli equation
for the vibrations of the elastic beam and the Newton-Euler rigid-body equations
for the oscillations of the antenna,⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ytt + yxxxx = 0, t > 0, 0 < x < 1,

y(0, t) = yx(0, t) = 0, t > 0,

µ1ytt(1, t) − yxxx(1, t) = L1(y, yt), t > 0,

µ2yxtt + yxx(1, t) = L2(y, yt), t > 0,

(10)

where µ1, µ2 are positive constants, the beam is clamped at x = 0 and the boundary
feedback operators L1, L2 are the following:{

L1(y, yt) = −a11y(1, t) − a12yx(1, t) − c11yt(1, t) − c12yxt(1, t),

L2(y, yt) = −a21y(1, t) − a22yx(1, t) − c21yt(1, t) − c22yxt(1, t),
(11)

where the coefficients aij , cij , i, j = 1, 2, are real numbers. For further descriptions
concerning the physical structure of the hybrid system, we refer to [6].

We choose the energy space

H := {(y, z, ξ, η) ∈ H2(0, 1) × L2(0, 1) × R × R : y(0) = yx(0) = 0}

with the inner product

〈(y1, z1, ξ1, η1), (y2, z2, ξ2, η2)〉 =
∫ 1

0

(y1xx
y2xx

+ z1z2)dx + µ1ξ1ξ2 + µ2η1η2,
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and define the operator (A, D(A)) and B as follows:

D(A) =

{
v = (y, z, ξ, η) ∈ H4(0, 1) × H2(0, 1) × R × R :

y(0) = yx(0) = z(0) = zx(0) = 0, ξ = z(1), η = zx(1)

}

and

Av = (−z, yxxxx,− 1
µ1

yxxx(1),− 1
µ2

yxx(1)), v = (y, z, ξ, η) ∈ D(A),

Bv = (0, 0, b11 + b12, b21 + b22), v = (y, z, ξ, η) ∈ H,

where

b11 =
1
µ1

(a11y(1) + a12yx(1)), b12 =
1
µ1

(c11ξ + c12η),

b21 =
1
µ2

(a21y(1) + a22yx(1)), b22 =
1
µ2

(c21ξ + c22η).

Now we can formulate the system (10) into the following abstract Cauchy prob-
lem: ⎧⎨

⎩
d

dt
v(t) + (A + B)v(t) = 0, t > 0,

v(0) = v0,

(12)

Littman and Markus [6] showed that (A, D(A)) generates an isometric C0-
semigroup on the energy space H. From Sobolev’s embedding theorem, the linear
operator B is of finite rank, hence, compact. Therefore the system (10) or the
equivalent abstract Cauchy problem (12) is not uniformly exponentially stable for
any real constants aij , cij , i, j = 1, 2.

Example 2. Let X := C0(R+) of all continuous functions on R+ vanishing at infin-
ity which is a Banach space under the supremum norm. Define the left translation
operator Sl(t) for t ≥ 0 by

(Sl(t)f)(s) = f(t + s), for s ∈ R+ and f ∈ X.

Then {Sl(t)}t≥0 is an isometric C0-semigroup only, not a group, called the left
translation semigroup on X. The generator of {Sl(t)}t≥0 is
(13)

A =
d

ds
with domain D(A) = {f ∈ X : f(s) is differential on R+ and f ′ ∈ X}

(for details, we refer to [1] and [4]).
Consider the infinite-dimensional linear control system on Banach space X =

C0(R+),

x′(t) = Ax(t) + Bu(t),(14)

where the control space U is a Banach space, (A, D(A)) is as in (13), and B is a
bounded linear operator from U into X. Thus, our Theorem 3 is applicable to the
system (14), and we deduce that for any compact operator C on X, the system
(14) cannot be uniformly exponentially stabilized by state feedback u(t) = Cx(t),
while Russell’s, Gibson’s and Triggiani’s results would not be applicable in general.
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