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SOME WEIGHTED GAGLIARDO-NIRENBERG INEQUALITIES
AND APPLICATIONS

JAVIER DUOANDIKOETXEA AND LUIS VEGA

(Communicated by Andreas Seeger)

Abstract. We obtain conditions on the measure µ so that the L2(µ)-norm
of a function is controlled by the L2-norms of the function and its gradient.
Applications to eigenvalues of the Schrödinger operator and to other inequalites
are also given.

1. Introduction

We will be interested in inequalities of the type

(1.1)
(∫

Rd

|f(x)|2 dµ(x)
)1/2

≤ C‖f‖θ
2‖∇f‖1−θ

2 .

We would like to give sufficient conditions on µ so that (1.1) holds and to study
the best constant in the inequality if possible. Inequalities of this type with an
unweighted Lq-norm on the left-hand side are known as Gagliardo-Nirenberg in-
equalities. In this paper we will focus attention on the case θ = 1/2. Other values
of θ and other norms different from L2-norms are also of interest but will not be
considered here.

We consider the Sobolev space H1(Rd) of complex-valued functions f ∈ L2(Rd)
such that |∇f | ∈ L2(Rd).

The basic theorem for d ≥ 2 and dµ(x) = w(x) dx is the following.

Theorem 1.1. Let d ≥ 2. Let f be a function in H1(Rd) and w(x) ≥ 0. Then

(1.2)
∫
Rd

w(x)|f(x)|2 dx ≤ 2K(w)‖f‖2‖∇f‖2,

where

K(w) = inf
a∈Rd

sup
x∈Rd

|x|
∫ 1

0

w(tx + a)td−1 dt.

Equality holds when w(x) is a multiple of |x − b|−1 for some b ∈ Rd. In that case,
f(x) must be a multiple of e−c|x−b| with c > 0, and K(|x − b|−1) = (d − 1)−1.
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In the one-dimensional case the basic result is the following pointwise inequality.
It can be found in [5, Theorem 8.5].

Theorem 1.2. Let f be a function in H1(R). Then the pointwise inequality

(1.3) |f(x)|2 ≤ ‖f‖2‖f ′‖2

holds. It becomes an equality if and only if f(t) = c1e
−c2|t−x| with c1 ∈ C and

c2 > 0.

The proof of both theorems is deduced from the fundamental theorem of calculus
and is presented in the next section together with some comments and extensions.
In the last section we will show applications to the eigenvalues of the Schrödinger op-
erator and to a trace theorem. We include also an unweighted Gagliardo-Nirenberg
inequality in a Lorentz space and some variants of the original inequality.

Weighted inequalities of Gagliardo-Nirenberg type with power weights on both
sides of the inequality and not restricted to L2-norms are in [3]. See also [6], where
higher derivatives are considered.

We would like to thank J. Dolbeault and M. J. Esteban for enlightening conver-
sations concerning this work and the referee for his or her interesting comments to
the first version of the paper.

2. Proofs, comments and extensions

Proof of Theorem 1.1. We assume that f is in the Schwartz class and extend the
inequality to H1 by a density argument. From the fundamental theorem of calculus
we have

|f(x)|2 = −
∫ ∞

1

d

dt
f(a + t(x − a)) f(a + t(x − a)) dt

= −2�
∫ ∞

1

f(a + t(x − a))((x − a) · ∇f(a + t(x − a)) dt.

Then∫
Rd

w(x)|f(x)|2 dx

= −2�
∫
Rd

∫ ∞

1

w(x)f(a + t(x − a))((x− a) · ∇f(a + t(x − a))) dt dx

= −2�
∫
Rd

∫ ∞

1

w(a +
x

t
)

dt

td+1
f(a + x)(x · ∇f(a + x)) dx

= −2�
∫
Rd

∫ 1

0

w(a + tx)td−1 dtf(a + x)(x · ∇f(a + x)) dx.

Denoting

(2.1) K(w, a) = sup
x∈Rd

|x|
∫ 1

0

w(tx + a)td−1 dt

and using the Cauchy-Schwarz inequality we deduce

(2.2)
∫
Rd

w(x)|f(x)|2 dx ≤ 2K(w, a)‖f‖2‖∇f‖2.

Now take the infimum in a at the right-hand side.
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Equality holds in (2.2) if and only if

|x|
∫ 1

0

w(tx + a)td−1 dt = K(w, a),

where f(a+x)(
x

|x| ·∇f(a+x)) does not vanish, and f(a+x) and (
x

|x| ·∇f(a+x)) are

proportional. This gives w(x) = C|x−a|−1 and f(x) = c1e
−c2|x−a| with c2 > 0. �

The proof itself offers the possibility of obtaining other inequalities. Take a = 0,
for instance, and denote

W (x) = |x|
∫ 1

0

w(tx)td−1 dt.

We get∫
Rd

w(x)|f(x)|2 dx ≤ 2
∫
Rd

W (x)|f(x)| |∇f(x)| dx

≤ sup
x

(Wu−1/2v−1/2)(x)
(∫

Rd

|f |2u
)1/2 (∫

Rd

|∇f |2v
)1/2

.

When w, u, and v are powers of |x| we get inequalities similar to those in [3]. We
will not pursue this method further.

We next state a theorem for measures. Let µ be a positive Borel measure. If ϕ
is a function define the translation τaϕ(x) = ϕ(x + a) for a ∈ Rd, and the dilation
δtϕ(x) = ϕ(tx) for t > 0. These operators can be defined for the measure µ by
duality as

〈τaµ, ϕ〉 = 〈µ, τ−aϕ〉 and 〈δtµ, ϕ〉 = t−d〈µ, δ1/tϕ〉,
where ϕ is a compactly supported continuous function. With small modifications
Theorem 1.1 can be stated and proved for measures.

Theorem 2.1. Let d ≥ 2. Let f be a function in C1
0(Rd) and µ a positive Borel

measure. Then

(2.3)
∫
Rd

|f(x)|2 dµ(x) ≤ 2K(µ)‖f‖2‖∇f‖2,

where

K(µ) = inf
a∈Rd

sup
x∈Rd

|x|
∫ 1

0

δt(τaµ)td−1 dt.

This means that the measure
∫ 1

0
δt(τaµ)td−1 dt is actually a function for some a, and

the product of this function by |x| is bounded. Inequality (2.3) holds for f ∈ H1(Rd)
if its left-hand side is defined through a density argument.

Remark 2.2. The infimum in Theorems 1.1 and 2.1 is not an essential infimum. For
instance, if w(x) = |x|−1, the constant K(w, a) in (2.1) is finite only for a = 0.

Let wi(x) = |x − ai|−1 for i = 1, 2, and w = w1 + w2. If a1 	= a2, K(w) = +∞.
Nevertheless, it is clear that (1.2) holds with constant K(w1) + K(w2) instead of
K(w). This example shows that in some cases it can be convenient to decompose
the function w into a sum of functions and apply Theorem 1.1 to each one of them.
Of course, the same remark is valid for measures.



2798 JAVIER DUOANDIKOETXEA AND LUIS VEGA

Proof of Theorem 1.2. This proof appears in [5, Theorem 8.5], and we include it
here for completeness.

Assume that f is smooth and tends to 0 at infinity. We have

|f(x)|2 = 2�
∫ x

−∞
f(t)f

′
(t) dt = −2�

∫ +∞

x

f(t)f
′
(t) dt,

so that

|f(x)|2 = �
∫ x

−∞
f(t)f

′
(t) dt −�

∫ +∞

x

f(t)f
′
(t) dt

= �
∫ +∞

−∞
f(t)f

′
(t) sgn (x − t) dt ≤ ‖f‖2‖f ′‖2.

Equality holds if and only if f(t) is a multiple of f
′
(t) sgn (x − t), that is, if f(t) =

c1e
−c2|t−x|. The assumption c2 > 0 is needed to get an L2-function. �

Corollary 2.3. Let µ be a positive Borel measure in R and f ∈ H1(R). Then

(2.4)
∫
R

f(x)2 dµ(x) ≤ ‖µ‖‖f‖2‖f ′‖2,

where ‖µ‖ denotes the total variation of µ. The inequality is optimal in the sense
that ‖µ‖ cannot be replaced with a smaller constant. Equality holds if and only if
µ is a multiple of the Dirac delta at a point.

Proof. Inequality (2.4) is immediately deduced from (1.3).
To check that ‖µ‖ is the optimal constant take f(x) = e−α|x|, which satisfies

‖f‖2‖f ′‖2 = 1. Then

sup
f

∫
R

f(x)2 dµ(x)
‖f‖2‖f ′‖2

≥ sup
α>0

∫
R

e−2α|x| dµ(x) = ‖µ‖.

Equality holds in (2.4) if and only if (1.3) becomes an equality for all x in the
support of µ. But the same f cannot produce equality at different values of x, so
that equality in (2.4) requires that the support of µ contains no more than one
point. �

If R is replaced with [0, +∞) the constant in the right-hand side of (1.3) is 2
and in (2.4) is 2‖µ‖, and these constants are optimal. But now equality can only
hold in (1.3) if x = 0 and f(t) = e−αt; for other values of x the inequality is strict.

Remark 2.4. Let µ be a positive radial measure. Then

(2.5)
∫
Rd

|f(x)|2 dµ(x) ≤ C‖f‖2‖∇f‖2

holds for some C > 0 if and only if µ(B(0, r)) ≤ Ard−1 for some constant A and
all r > 0. Here B(0, r) is the ball centered at the origin with radius r.

For simplicity we only consider the case of a function. Take (2.1) with a = 0 and
write x = |x|x′. For radial w we have

|x|
∫ 1

0

w(tx)td−1 dt =
1

|x|d−1

∫ |x|

0

w(tx′)td−1 dt

=
1

|x|d−1|Sd−1|

∫
B(0,|x|)

w(y) dy,



WEIGHTED GAGLIARDO-NIRENBERG INEQUALITIES 2799

where |Sd−1| is the measure of the unit sphere. Together with Theorem 1.1 this
gives the sufficiency.

To show the necessity, take f(x) = 1 − |x/(2r)| for |x| ≤ 2r and f(x) = 0 for
|x| > 2r. Then

1
4

∫
B(0,r)

w(x) dx ≤
∫
Rd

w(x)f(x)2 dx ≤ C‖f‖2‖∇f‖2 ≤ Crd/2rd/2−1.

3. Some applications

3.1. Eigenvalues of the Schrödinger equation.

Corollary 3.1. Let d ≥ 2 and V ≤ 0.

(1) If λ is an eigenvalue of the operator −∆ + V , then λ ≥ −A2, where A is
any constant for which the inequality

−
∫
Rd

|f(x)|2V (x) dx ≤ 2A‖f‖2‖∇f‖2

holds. If λ = −A2 is an eigenvalue of −∆ + V , the constant 2A is sharp
and the equality is achieved for the associated eigenfunctions.

(2) Let K(|V |) be the constant defined in Theorem 1.1. −K(|V |)2 is an eigen-
value of −∆f + V f only when V (x) = c|x − b|−1 for some c < 0. The
eigenfunctions are multiples of e−K(|V |)|x−b|.

Proof. If λ is an eigenvalue of −∆f + V f ,∫
(|∇f |2 − λ|f |2) =

∫
−V |f |2 ≤ 2A‖f‖2‖∇f‖2.

The inequality is only possible for f 	= 0 if λ ≥ −A2.
If −A2 is an eigenvalue of the operator, the corresponding eigenfunction satisfies

‖∇f‖2 = A‖f‖2 and the inequality becomes an equality.
The second part is derived from the first part and Theorem 1.1. �

The corresponding one-dimensional result, deduced from Corollary 2.3, is the
following.

Corollary 3.2. Let µ be a positive Borel measure in R.

(1) If λ is an eigenvalue of the operator − d2

dx2
− µ, then λ ≥ −‖µ‖2/4.

(2) −‖µ‖2/4 is an eigenvalue of − d2

dx2
−µ only when µ is a multiple of the Dirac

delta at some b ∈ R. The eigenfunctions are multiples of e−2‖µ‖|x−b|.

3.2. A trace theorem.

Corollary 3.3. Let A be a measurable map from B ⊂ Rd−1 to R. Then

(3.1)
∫

B

|f(x, A(x))|2 dx ≤ ‖f‖2

∥∥∥∥ ∂f

∂xd

∥∥∥∥
2

,

where the L2-norms are taken on B×R. Equality holds if f(x) = c1(x)e−c2|xd−A(x)|

with c1 ∈ L2(B) and c2 > 0.
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Proof. Using Theorem 1.2 we have

|f(x, A(x))|2 ≤
(∫

R

f(x, t)2 dt

)1/2 (∫
R

∂f

∂xd
(x, t)2 dt

)1/2

.

Integrate in x on B and use the Cauchy-Schwarz inequality to complete the proof.
�

Remark 3.4. Inequality (3.1) implies obviously a similar one with ‖∇f‖ instead
of the derivative with respect to xd. In such a situation equality requires f to be
independent of x. If B has infinite measure, both sides of the inequality would be
infinite. If B has finite measure, equality only holds when A is constant, A(x) = c3,
and f(x) = c1e

−c2|xd−c3|.

3.3. An unweighted Gagliardo-Nirenberg inequality in Lorentz spaces.
The sharp inequality

(3.2)
∫
Rd

|f(x)|2
|x| dx ≤ 2

d − 1
‖f‖2‖∇f‖2

can be turned into a sharp inequality in a Lorentz space.
Given a measurable function f in Rd such that the measure of its level sets {x :

|f(x)| > t} is finite for all t > 0 we can associate to f two decreasing rearrangements.
The first one defines a radial nonnegative function in Rd, f∗

d , decreasing on rays
from the origin, and the second one defines a decreasing nonnegative function in
(0, +∞), f∗

1 . Both definitions have in common that the measure of the level sets is
preserved; that is, the d-dimensional measure of {x : |f(x)| > t} and {x : |f∗

d (x)| >
t} and the one-dimensional measure of {x : |f∗

1 (x)| > t} are the same for all t > 0.
See [5, Section 3.3] for the definition and properties of f∗

d , called there a symmetric-
decreasing rearrangement, and see [2, Chapter 2, Section 1] for f∗

1 .
The Lp-norms of f , f∗

d , and f∗
1 are the same due to the equimeasurability of their

level sets. Moreover, for real-valued f the symmetric-decreasing rearrangement does
not increase the L2-norm of the gradient ([5, Lemma 7.17]). On the other hand, it
is easy to see that f∗

d and f∗
1 are related by

(3.3) f∗
d (x) = f∗

1 (ωd|x|d),

where ωd is the measure of the unit ball of Rd.
Decreasing rearrangements are used to define Lorentz spaces. Following [2, Chap-

ter 4, Section 4] we say that f is in the Lorentz space Lp,q for some 0 < p, q < ∞
if

(3.4) ‖f‖p,q :=
(∫ ∞

0

[t1/pf∗
1 (t)]q

dt

t

)1/q

is finite, with the usual modification if q = ∞. Due to the relation (3.3), this
definition can be adapted to f∗

d . In particular, for p = 2d/(d − 1) and q = 2 the
left-hand side of (3.2) appears, namely,

(3.5) ‖f‖2
2d/(d−1),2 =

1

ω
1/d
d

∫
Rd

f∗
d (x)2

|x| dx.

Combining (3.5), (3.2), and the inequality ‖∇f∗
d ‖2 ≤ ‖∇f‖2 we get immediately

the following.
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Corollary 3.5. Let f be a real-valued function in H1(Rd) for d ≥ 2. Then f is in
the Lorentz space L2d/(d−1),2 and

(3.6) ‖f‖2
2d/(d−1),2 ≤ 2

ω
1/d
d (d − 1)

‖f‖2‖∇f‖2.

Equality holds if f is a multiple of e−c|x−b| with c > 0 and b ∈ Rd.

If we do not care about the constant, (3.6) can be obtained from Pitt’s inequality

(3.7)
∫
Rd

|f(x)|2
|x| dx ≤ C

∫
Rd

|f̂(ξ)|2|ξ| dξ = C‖D1/2f‖2

and the Cauchy-Schwarz inequality. But the sharp constant in (3.7) is greater than
in (3.2), and it has no extremals (see [1]). The added value of (3.6) is its sharpness
and the existence of extremal functions.

3.4. Some other inequalities.

Corollary 3.6. Let d ≥ 2, 0 ≤ a < d − 1, and b ≥ 0. Then
∫
Rd

|f(x)|2
|x| dx

≤ b

d − 1 − a

∫
Rd

|f(x)|2 dx +
1

d − 1 − a

∫
Rd

|∇f(x)|2 |x|
a + b|x| dx.

Equality holds for nontrivial f if and only if a < (d − 1)/2, b > 0, and f is a
multiple of |x|−ae−b|x|.

Proof. Take w(|x|) = |x|−1. Following the proof of Theorem 1.1 with a = 0 we get
∫
Rd

|f(x)|2
|x| dx =

−2
d − 1

�
∫
Rd

f(x)Drf(x) dx,

where Drf is the radial derivative of f . Bound the integral of the right-hand side
as

(3.8)
∣∣∣∣
∫
Rd

fDrf

∣∣∣∣ ≤ 1
2

∫
Rd

|f(x)|2 a + b|x|
|x| dx +

1
2

∫
Rd

|∇f |2 |x|
a + b|x| dx

and proceed.
Equality in (3.8) requires f radial and

f(x)
a + b|x|

|x| = −Drf(x).

The solutions to this equation are f(x) = c|x|−ae−b|x|. If c 	= 0, the integrals
involved in the equality are finite only if a < (d − 1)/2 and b > 0. �

The particular case b = 0, a = (d − 1)/2 is the classical Hardy’s inequality; for
d = 3, a = 1 −

√
1 − ν2, and b = ν, we obtain for the gradient the inequality given

in [4, p. 222] for the Dirac operator.
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4. J. Dolbeault, M. J. Esteban, and E. Séré, On the eigenvalues of operators with gaps. Applica-
tion to Dirac operators, J. Funct. Anal. 174 (2000), no. 1, 208–226. MR1761368 (2001e:47040)

5. E. H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics, 14. American Mathe-
matical Society, Providence, RI, 1997. MR1415616 (98b:00004)

6. C.-S. Lin, Interpolation inequalities with weights, Comm. Partial Differential Equations 11
(1986), no. 14, 1515–1538. MR0864416 (88a:46037)
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