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THE ORDER OF A GROUP OF EVEN ORDER

HIROYOSHI YAMAKI

(Communicated by Jonathan I. Hall)

Abstract. We will give an estimation of the order of a group of even order

by the order of the centralizer of an involution using the classification of finite
simple groups.

1. Introduction

Let G be a group of even order and t an involution in G. Brauer and Fowler [2]
proved that if G is a finite simple group of even order, then |G| < (|CG(t)|2)!. It is
well known that |G| < |CG(u)|3 for some involution u in G if G has more than one
conjugacy class of involutions (see Suzuki [13, p. 127]). It has been conjectured by
K. Harada that if G has precisely one conjugacy class of involutions and G is not
2-rank 1, then |G| < |CG(u)|3 for an involution u in G. The purpose of this note
is to affirmatively prove Harada’s conjecture using the classification of finite simple
groups which is now complete. Namely we will prove:

Theorem 1. Let G be a group of even order. Suppose that G has precisely one
conjugacy class of involutions and G is not 2-rank 1. Then |G| < |CG(t)|3 for an
involution t in G.

Combining a well known fact mentioned above we have:

Corollary 1. Let G be a group of even order. Suppose that G is not 2-rank 1.
Then |G| < |CG(t)|3 for some involution t in G.

Remark 1. Let G be a finite group with 2-rank 1. Then the Sylow 2-subgroup
of G is cyclic or a generalized quaternion. Let t be an involution in G. Then
G = CG(t)O(G) by Burnside’s or Brauer-Suzuki’s theorem (see Suzuki [13, p. 144,
p. 306]). If CG(t) ∩ O(G) = 1 and |O(G)| > |CG(t)|2, then |G| > |CG(t)|3. Thus
the conclusion of Theorem 1 does not hold true in general if G is 2-rank 1.

Remark 2. Let π be the connected component of the prime graph of G containing
2 (see Williams [14], Kondrat’ev [12], Iiyori-Yamaki [11]). Let Ω be the set of π-
elements of G. For v ∈ Ω define Inv(C−1

G (v)) = {x ∈ G
∣
∣ x−1vx = v−1, x2 = 1}.

Recently Harada and Miyamoto [9] proved that if G has precisely one conjugacy
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class of involutions and the Sylow 2-subgroup of G is not cyclic or a general-
ized quaternion, then |G| < |CG(t)|3 + mπ|CG(t)|2 for an involution t and for
mπ =max{|CG(t)|, |Inv(C−1

G (v))|; v ∈ Ω} without using the classification of finite
simple groups. Furthermore they showed that the orders of the sporadic simple
groups Th and Ly can easily be determined by those of the centralizers of involu-
tions using their result.

Our notation is standard (see Atlas [5], Suzuki [13]).

2. Finite simple groups

The purpose of this section is to prove two lemmas on finite simple groups using
the classification.

Lemma 1. Let G be a finite simple group with precisely one conjugacy class of
involutions. Then |G| < |CG(t)|3 for an involution t in G.

Proof. Let G be a non-abelian simple group with precisely one conjugacy class of
involutions and t an involution in G. It follows that G is isomorphic to one of the
groups for suitable q:

A5, A6, A7,

L2(q), L3(q), L4(q), U3(q), U4(q), G2(q),2G2(q),3D4(q3), Sz(q),
M11, M22, M23, J1, J3, McL, ON, Ly, Th.

Then we have the following tables which are self-explanatory. We refer to Atlas [5]
for the sporadic simple groups, Burgoyne-Williamson [3], Suzuki [13], Williams [14]
for the simple groups of Lie type over the field of odd characteristic, and Aschbacher-
Seitz [1], Suzuki [13], Dye [6, 7, 8] for those over the field of even characteristic. It
follows from Tables 1–4 below that |G| < |CG(t)|3, which completes the proof. �

Corollary 2. Let G be a finite simple group. Then |G| < |CG(t)|3 for some
involution t in G.

Lemma 2. There exists no finite simple group G such that G has k conjugacy
classes of involutions for k ≥ 2 and all involutions in G are conjugate under Aut(G).

Table 1. Alternating Groups

G |CG(t)| |G|
A5 = L2(4) 22 60 = 22.3.5

A6 = L2(3
2) 23 360 = 23.32.5

A7 23.3 2520 = 23.32.5.7

Table 2. Groups of Lie type over the field of even characteristic

G |CG(t)| |G|
L2(q) q (q + 1)q(q − 1)

L3(q) q3(q − 1)(3, q − 1)−1 (q3 − 1)(q2 − 1)q3(3, q − 1)−1

U3(q) q3(q + 1)(3, q + 1)−1 (q3 + 1)q3(q2 − 1)(3, q + 1)−1

Sz(q), q = 22k+1, k ≥ 1 q2 (q2 + 1)q2(q − 1)
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Table 3. Groups of Lie type over the field of odd characteristic

G |CG(t)| |G|
L2(q), q ≡ 1(4) q − 1 q(q2 − 1)/2

L2(q), q ≡ −1(4) q + 1 q(q2 − 1)/2

L3(q) (q − 1)2q(q + 1)(3, q − 1)−1 q3(q2 − 1)(q3 − 1)(3, q − 1)−1

L4(q), q ≡ 5(8) (q − 1)3q2(q + 1)2/2 q6 ∏3
i=1(q

i+1 − 1)/4

G2(q) q2(q2 − 1)2 q6(q6 − 1)(q2 − 1)
2G2(q), q=32k+1, k≥2 q(q2 − 1) q3(q3 + 1)(q − 1)

U3(q) q(q+1)(q2−1)(3, q+1)−1 (q3+1)q3(q2−1)(3, q+1)−1

U4(q), q ≡ 3(8) (q − 1)2q2(q + 1)3/2 q6 ∏3
i=1(q

i+1 − (−1)i+1)/4
3D4(q

3) q4(q2 − 1)(q6 − 1) q12(q8 + q4 + 1)(q6 − 1)(q2 − 1)

Table 4. Sporadic simple groups

G |CG(t)| |G|
M11 24.3 24.32.5.11
J1 23.3.5 23.3.5.7.11.19

M22 27.3 27.32.5.7.11
M23 27.3.7 27.32.5.7.11.23
J3 27.3.5 27.35.5.17.19

McL 27.32.5.7 27.36.53.7.11
ON 29.32.5.7 29.34.5.73.11.19.31
Ly 28.34.52.7.11 28.37.56.7.11.31.37.67
Th 215.34.5.7 215.310.53.72.13.19.31

Proof. By our assumption all centralizers of involutions in G are isomorphic, and
in particular any involution is contained in the center of a Sylow 2-subgroup of G.
It is almost trivial that this does not happen when G is isomorphic to An (n ≥ 8)
or one of the sporadic simple groups (see Atlas [5]). We assume that G is a group
of Lie type.

Case 1. Let G be a group of Lie type over the field of odd characteristic. Then G
is a group of component type. We look at the components of G to know whether
the centralizers of involutions are isomorphic or not (see Burgoyne-Williamson [3]
or Williams [14]). It will be easily seen that the centralizers of involutions in G are
not isomorphic.

Let G = Ln(q), n − 2 = r + s, r > 0, s > 0 and d = (n, q − 1). If n is
odd, G contains centralizers of type Ar × As. It follows that n = 3 and k = 1, a
contradiction. Suppose that n is even. If s is even or q ≡ 1(2d), then there exist
centralizers of type Ar × As. If r = s and q �≡ 1(2d), then there is a centralizer of
type Ar(q2). These centralizers of involutions are not isomorphic. This proves our
lemma for G = Ln(q).

Let G = Un(q), n − 2 = r + s and t a 2-part of n. If n is odd, then t = 1 and
there are centralizers of type 2Ar × 2As for 0 ≤ r ≤ (n−1)/2. It follows that n = 3
and k = 1. This is not our case. Suppose that n is even. If q ≡ −1(2t), there
are centralizers of type 2Ar × 2As for 0 ≤ r ≤ (n − 2)/2. If q ≡ 1(2t), there are
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centralizers of type 2Ar × 2As for r odd, 0 ≤ r ≤ (n − 2)/2 and of type 2A(n−2)/2.
They are not isomorphic.

Let G = S2m(q) and m = r+s, r > 0, s > 0. If r �= s or r = s is even, then there
exist centralizers of type Cr ×Cs. Assume r = s. Then G contains a centralizer of
type Am−1 if q ≡ 1(4) or of type 2Am−1 if q ≡ −1(4). This proves our lemma for
S2m(q).

Let G = O2n+1(q) and r + s = n, 0 ≤ r ≤ n − 1, 2 ≤ s ≤ n. G contains a
centralizer of type Bn−1. If q ≡ 1(4), there exist centralizers of type Br × Ds. If
q ≡ −1(4), then there exist centralizers of type Br × Ds when s is even or of type
Br × 2Ds when s is odd. This proves our lemma for G when n ≥ 3.

Let G = O+
8 (q). Then G contains a centralizer of type D2 × D2. There exists

a centralizer of type A3 if q ≡ 1(4) and type 2A3 if q ≡ −1(4). They are not
isomorphic.

Let G = O−
8 (q). Then G contains a centralizer of type D2 × 2D2. There exists

a centralizer of type 2A3 if q ≡ 1(4) and of type A3 if q ≡ −1(4). They are not
isomorphic.

Let G = O+
2n(q). Suppose that n is even and n ≥ 6. There exist centralizers of

type Dr × Ds where r is even and r + s = n, 2 ≤ r ≤ (n − 2)/2. If q ≡ 1(4) or n
is divisible by 4, then there exists a centralizer of type Dn/2 × Dn/2. If q ≡ −1(4),
then G contains a centralizer of type 2Dn/2 × 2Dn/2. They are not isomorphic.
Suppose that n is odd and n ≥ 5. There exist centralizers of type Dn−1 and of type
Dr × Ds, r + s = n, 2 ≤ r ≤ (n + 1)/2 for r even. They are not isomorphic.

Let G = O−
2n(q). Suppose that n is even and n ≥ 6. There exist centralizers of

type Dn−1 and of type 2Dn−1. They are not isomorphic. Suppose that n is odd
and n ≥ 5. There exist centralizers of type Dn−1 and of type Dr × 2Ds where r is
even and r + s = n, 2 ≤ r ≤ (n + 1)/2. They are not isomorphic.

Let G = E6(q). There exist centralizers of type D5 and of type A1 × A5.
Let G = 2E6(q). There exist centralizers of type 2D5 and of type A1 × 2A5.
Let G = E7(q). Then G contains a centralizer of type A1×D6. If q ≡ 1(4), then

there exist centralizers of type E6 and of type A7. If q ≡ −1(4), then there exist
centralizers of type 2E6 and of type 2A7.

Let G = E8(q). There exist centralizers of type D8 and A1 × E7.
Let G = F4(q). There exist centralizers of type B4 and of type 2A7.
We note that the groups 3D4(q), G2(q), 2G2(q) have a unique conjugacy class of

involutions when q is odd.

Case 2. Let G be a group of Lie type over the field of even characteristic. If G is a
classical simple group and G is not S4(q), then G contains a non-central involution,
which is not our case (see Dye [6, 7, 8]). If G = S4(q), q even, then G has three
conjugacy classes of involutions and all of them are central. Two of them have
the same cardinalities but the third one is different from the other two. If G is an
exceptional group of rank 2, then G has two conjugacy classes of involutions and
one of them is non-central. If G is an exceptional group of rank greater than 2,
then it follows from Aschbacher-Seitz [1] that we have Table 5 of CG(t)/O2(CG(t))
for an involution t ∈ G (see also Chigira-Iiyori-Yamaki [4], Kondrat’ev [12]) which
eventually yields our lemma for G. We note that F4(q) has four conjugacy classes
of involutions, and two of them are fused by the graph automorphism.

�
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Table 5

G CG(t)/O2(CG(t))

S6(q)
F4(q) S6(q)

S4(q)
SL(2, q) × SL(2, q)

SU(6, q)
2E6(q) SO(7, q) × Zq+1

(SL(2, q) × SL(2, q)) : Zq+1

SL(6, q)
E6(q) S6(q) × Zq−1/(3.q−1)

SL(2, q) × SL(3, q)

SO+(12, q)
S8(q) × SL(2, q)

E7(q) SL(2, q) × S6(q)
F4(q)
S6(q)

E7(q)
E8(q) S12(q)

F4(q) × SL(2, q)
S8(q)

3. The proof of Theorem 1

Let G be a minimal counterexample to Theorem 1. Suppose that G is not
simple. Let N be a minimal normal subgroup of G. Then N is an elementary
abelian p-group or a direct product of isomorphic non-abelian simple groups.

Lemma 3. Suppose that N is an elementary abelian 2-group. Then Theorem 1
holds true for G.

Proof. Let t ∈ N be an involution. Since G has one conjugacy class of involutions,
|N | − 1 = (G : CG(t)) and CG(t) ⊇ N . It follows that |G| < (|CG(t)| − 1)|CG(t)| <
|CG(t)|3. �
Lemma 4. Suppose that N is an elementary abelian p-group for odd prime p. Then
Theorem 1 holds true for G.

Proof. The group G/N satisfies the condition of Theorem 1. Let t be an invo-
lution in G. Then by induction |CG/N (tN)|3 > |G/N |. Note that CG(t)N/N =
CG/N (tN). Let 〈t, u〉 be a four group in G. Since t ∼ u ∼ tu in G, Brauer-
Wielandt’s formula (see Huppert-Blackburn [10, p. 290]) implies that

|N | = |CN (t)||CN (u)||CN (tu)|/|CN (〈t, u〉)|2 = |CN (t)|3/|CN (〈t, u〉)|2.
Since |CG(t)N |3/|N |3 > |G|/|N | it follows that |CG(t)N |3 > |G||N |2. This yields

|CG(t)|3 ≥ |CG(t)|3/|CN (〈t, u〉)|2 > |G|
which completes the proof. �
Lemma 5. Suppose that N = S ×S ×S × · · · ×S where S is a non-abelian simple
group. Then N = S and Theorem 1 holds true for G.

Proof. Since G has one conjugacy class of involutions it is easy to see that N = S.
Let t ∈ S be an involution. If S has one conjugacy class of involutions, then
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(S : CS(t)) = (G : CG(t)). Since |CS(t)|3 > |S| by Lemma 1, it follows that
|CG(t)|3 > |G|. Suppose that S has k (≥ 2) conjugacy classes of involutions.
Since G has precisely one conjugacy class of involutions, all of the centralizers of
involutions in S are isomorphic to CS(t). Since t is a central involution in a Sylow
2-subgroup of G, it follows that (G : CG(t)) = k(S : CS(t)) and k is odd. This does
not happen in finite simple groups by Lemma 2. �

By Lemmas 3, 4 and 5 we may assume that G is a non-abelian simple group. It
follows from Lemma 1 that Theorem 1 holds true for G. The proof of Theorem 1
is complete.
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