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ASYMPTOTICS OF ENDS
OF CONSTANT MEAN CURVATURE SURFACES

WITH BUBBLETONS

SHIMPEI KOBAYASHI

(Communicated by Richard A. Wentworth)

Abstract. A constant mean curvature surface with bubbletons is defined
by the loop group action on the set of extended framings for constant mean
curvature surfaces by simple factors. Classically such surfaces were obtained
by the transformation of tangential line congruences, the so-called Bianchi-
Bäcklund transformations.

In this paper, we consider constant mean curvature surfaces with Delaunay
ends in three-dimensional space forms R3, S3 and H3 and their surfaces with

bubbletons for which the topology is preserved. We show that the ends of such
surfaces are again asymptotic to Delaunay surfaces.

1. Introduction

It is well known that the bubbleton surface is a Bianchi-Bäcklund transformation,
which is a transformation between surfaces using line congruences [1], of a round
cylinder in R3 [8].

C.-L. Terng and K. Uhlenbeck [9] showed that such geometric transformations
can be reformulated as the action of loop groups on the set of the extended framings
for surfaces by particular elements, which are called “simple factors”.

Recently, using dressing action by these simple factors and the generalized Weier-
strass type representation for constant mean curvature (cmc) surfaces developed by
J. Dorfmeister, F. Pedit and H. Wu (the DPW method [2]), M. Kilian, N. Schmitt
and I. Sterling [5] discussed a dressing action by simple factors for cmc n-noids
(cmc-immersions from an n-punctured sphere (n ≥ 3)) in R3. In general, such a
dressing action is only defined on the universal cover of a surface, and thus does not
preserve the topology of the original surface. They proved the existence of partic-
ular simple factors for which the dressing action does indeed preserve the topology
of the cmc n-noids. The existence of such particular simple factors was already
known for round cylinders and Delaunay surfaces [6], [8].

In this paper, we define the “cmc surface with bubbletons” as the surface pro-
duced by a dressing action by simple factors of that cmc surface (see Definition
3.1). We use this slightly cumbersome expression because it is more general than
classical bubbletons, which were derived only from round cylinders. For exam-
ple, we have Delaunay surfaces with bubbletons in space forms as in [6] (including
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classical bubbletons), and n-noids with bubbletons in R3 as in [5]. By numerical
experimentation in [6] and [5], properties of the ends of cmc surfaces with bubble-
tons seemed to be asymptotically the same as properties of the ends of the original
surfaces. (See Figures 1 and 2.)

In the present paper, we consider cmc surfaces with Delaunay ends, and con-
sider their surfaces with bubbletons for which the topology is preserved in three-
dimensional space forms. We prove that ends of these cmc surfaces with bubbletons
again converge to Delaunay surfaces (Theorem 3.1). As a corollary, we show that
Delaunay surfaces with bubbletons and n-noids (n ≥ 3) with bubbletons for which
the topology is preserved have Delaunay ends.

The paper is organized as follows: In Section 2, we give basic notations and re-
sults for cmc surfaces in space forms. In Section 3, we give the main result Theorem
3.1 of this paper, the convergence of the ends of cmc surfaces with bubbletons. In
Section 4, we apply Theorem 3.1 to Delaunay surfaces with bubbletons and n-noids
with bubbletons.

Figure 1. Trinoids with bubbletons in R
3, S3 and H3. Images

are created by Nick Schmitt using CMCLab [7].

2. Preliminaries

2.1. Loop groups. We first introduce loop groups and loop algebras. Let Cr :=
{λ ∈ C | |λ| = r} be the circle of radius r with r ∈ (0, 1], and let Dr := {λ ∈
C | |λ| < r} be the open disk of radius r. We denote the closure of Dr by
Dr := {λ ∈ C | |λ| ≤ r}. Also, let Ar = {λ ∈ C | r < |λ| < 1/r for r ∈ (0, 1)} be
an open annulus of containing S1. We denote Ar as the closure of Ar. Furthermore,
let Er = {λ ∈ C | r < |λ|} be the exterior of the circle Cr.

For any r ∈ (0, 1] ⊂ R, we consider the untwisted loop algebra and loop group:

Λrsl(2, C) = {α : Cr → sl(2, C) | α is continous } ,

ΛrSL(2, C) = {g : Cr → SL(2, C) | g is continous } .

We now define special subgroups of ΛSL(2, C). The SU(2) r-loop group is

ΛrSU(2) = {F (λ) ∈ ΛrSL(2, C) | F (λ) ∈ SU(2), for all λ ∈ S1,

F (λ) extends holomorphically to Ar} .
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Note that the definition of ΛrSU(2) implies that F is continuous on Ar and holo-
morphic on Ar. We define the plus loop group as follows:

Λ+
r,BSL(2, C) = {W+ ∈ ΛrSL(2, C) | W+(λ) extends holomorphically to

Dr and B(0) ∈ B} ,

where B is a subgroup of SL(2, C). If B = {id} we write the subscript ∗ instead
of B; if B = SL(2, C) we abbreviate Λ+

r,BSL(2, C) by Λ+
r SL(2, C). From now on

we will use the subscript B as above only if B ∩ SU(2) = {id} holds. When r = 1,
we always omit the 1. In order to make the above groups and algebras complex
Banach Lie groups and Lie algebras, we restrict the occurring matrix coefficients
to the “Wiener algebra”

(2.1) A =

{
f(λ) =

∑
n∈Z

fnλn : Cr → C ;
∑
n∈Z

|fn| < ∞
}

.

We will assume from here on out that all matrix coefficients are contained in the
Wiener algebra A. It is well known that the Wiener algebra is a Banach algebra
relative to the norm ‖f‖ =

∑
|fn|, and that A consists of continous functions.

Moreover, with coefficients in A, the loop groups and loop algebras are Banach Lie
groups and Banach Lie algebras. From [2], we quote the following decomposition
theorem:

Theorem 2.1 (Iwasawa decomposition, [2]). For any r ∈ (0, 1] and each upper
triangular subgroup B of SL(2, C), which satisfies SU(2) · B = SL(2, C) and
SU(2) ∩ B = {id}, the multiplication map

ΛrSU(2) × Λ+
r,BSL(2, C) → ΛrSL(2, C)

is a real analytic diffeomorphism onto.

2.2. Extended framings. It is well known that the Gauss map of an immersion
from some Riemann surface into R3 is harmonic if and only if the immersion has con-
stant mean curvature. Let R be some Riemann surface, and let S2 = SU(2)/U(1)
be a unit sphere. We consider the following map:

N : R → S2 = SU(2)/U(1).

Then there always exists the lift of N on the universal cover R̃ of R, which we denote
by F : R̃ → SU(2). Then α = F−1dF satisfies the Maurer-Cartan equation:

(2.2) dα +
1
2
[α ∧ α] = 0.

Let sl(2, C) = k ⊕ m be the Cartan decomposition. Then we have

(2.3) α = α0 + α1, α0 ∈ k, α1 ∈ m.

We also decompose α1 as α1 = α′
1 + α′′

1 , where α′
1 and α′′

1 are a (1, 0)-part and a
(0, 1)-part on R̃, respectively. We introduce the spectral parameter λ ∈ S1 by

(2.4) αλ = λ−1α′
1 + α0 + λα′′

1 .

From [2], we quote the following theorem:



1436 SHIMPEI KOBAYASHI

Theorem 2.2 ([2]). Let R̃ be a simply connected Riemann surface. Then a map
N : R̃ → S2 is harmonic if and only if there exists F̃ : R̃ → ΛrSU(2) such that
F̃−1dF̃ = λ−1α′

1 + α0 + λα′′
1 and π ◦ F̃ = N , where λ−1α′

1 + α0 + λα′′
1 is defined in

(2.4) and π : SU(2) → S2 = SU(2)/U(1) is the natural projection.

We call F̃ the extended framing of N and denote by Fr(R̃) the set of extended
framings of a simply connected Riemann surface R̃. From now on, we always use
the symbol F for the extended framing of N instead of F̃ .

2.3. Sym formula. In this subsection, we show that the cmc surface in any of
the three space forms can be recovered from an extended framing, the so-called
Sym-Bobenko formula [3]. We denote ∂λ = ∂/∂λ.

Theorem 2.3 ([3]). Let R̃ be a simply connected Riemann surface and Fλ ∈ Fr(R̃)
an extended framing for some r ∈ (0, 1].

(i) Let H ∈ R∗. Then for each λ ∈ S1, the map f : M × S1 → R3 defined by

(2.5) fλ = −2iλH−1(∂λFλ)F−1
λ

is a conformal cmc-immersion M → R3 with H = 0.
(ii) Let µ ∈ S1, µ = 1. Then for each λ ∈ S1, the map f : M × S1 → S3 defined

by

(2.6) fλ = FµλF−1
λ

is a conformal cmc-immersion into S3 with H = i(1 + µ)/(1 − µ).
(iii) For s ∈ [r, 1) and any λ ∈ Cs, the map f : M × Cs → H3 defined by

(2.7) fλ = FλFλ
t

is a conformal cmc-immersion of M into H3 with H = (1 + s2)/(1 − s2).

2.4. Dressing actions. Let F ∈ ΛrSU(2) be the extended framing of some cmc

surface, and let h+ be an element in Λ+
r SL(2, C) depending only on λ. We define

h+#rF = F̃ ,

where h+F = F̃ B̃ is the Iwasawa decomposition of h+F . h+#rF defines an action
on the set of the extended framings (see also [9]). We call h+#rF the dressing
action by h+.

2.5. Period problems. Let R be some Riemann surface. We consider the uni-
versal cover R̃ of R and let ∆ denote the group of deck transformations. For
each τ ∈ ∆, we define the monodromy matrix Mτ of the extended framing F as
τ∗F = MτFk, where k ∈ C∞(R̃, U(1)). We introduce the following theorem to
solve the period problems in R

3, S3 or H3, respectively, as in [3].

Theorem 2.4 ([3]). Assume Mτ ∈ ΛrSU(2) is the monodromy matrix of some
extended framing F ∈ ΛrSU(2) about some τ ∈ ∆. Let f be one of the Sym-
Bobenko formulas (2.5), (2.6) or (2.7) for F , respectively. Then τ∗f = f holds at
some λ = λ0 if and only if

(1) R3 case : Mτ |λ0 = ±id and ∂λMτ |λ0 = 0,
(2) S3 case : Mτ |λ0 = Mτ |µλ0 = ±id,
(3) H3 case : Mτ |λ0 = ±id.
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2.6. Delaunay surfaces. We now compute the extended framing FD of Delaunay
surfaces in space forms in terms of elliptic functions according to [3]. First, let
A ∈ Λrsl(2, C) be the following loop:

(2.8) A =
(

0 aλ−1 + b
aλ + b 0

)
,

where a, b ∈ R∗, |b| ≤ |a| and (a + b)2 + Υ = 1/4. Here Υ is the following:

(2.9)

⎧⎨
⎩

Υ = 0 for the R
3 case,

Υ = −4ab sin2(θ), θ ∈ (0, π/2], for the S3 case,
Υ = −4ab sinh2(q/2), q ∈ R∗, for the H3 case.

Theorem 2.5 ([3]). Let Φ : C → ΛrSL(2, C) be defined by Φ = exp((x + iy)A),
with A given as in (2.8). Then the extended framing FD of a Delaunay surface in
R

3, S3 or H3 for any r ∈ (0, 1] is given by

(2.10) FD = Φ exp(−fA)B−1
1 ,

where the functions v = v(x), f = f(x) and the matrices B0, B1 satisfy

v′
2 = −

(
v2 − 4a2

)(
v2 − 4b2

)
, v(0) = 2b,

f =
∫ x

0

2 dt

1 + (4abλ)−1v2(t)
,

B0 =
(

2v(b + aλ) −v′

0 4abλ + v2

)
, B1 = (detB0)−1/2B0 .

(2.11)

Remark 2.6. We have the following explicit form for v(x) using the Jacobi elliptic
function:

(2.12) v(x) = 2b · sn
(

2ia

(
x − iK

2a

)
,
b2

a2

)
=

2b

dn(2ax, 1 − b2/a2)
,

where sn, dn are Jacobi elliptic functions and K = K(b2/a2) is the quarter-period
of sn(x, b2/a2).

Remark 2.7. We note that the Sym-Bobenko formula (2.5) produces Delaunay
surfaces at λ = λ0 = 1 (resp. λ = λ0 = eiθ, µ = e2iθ and λ = λ0 = eq) in R3 (resp.
S3 and H3).

Remark 2.8. The choice of zero diagonals of A in (2.8) implies that the Delaunay
surface produced by A has a specific axis. In general, the extended framing of a
Delaunay surface with any axis is represented by UFD, where U is a z-independent
ΛrSU(2) matrix and FD is the Delaunay extended framing produced by A in (2.8).

We now give the definition of the “Delaunay end” of a cmc surface.

Definition 2.1. Let R be a compact Riemann surface and set R = R\{p1, · · · , pn},
for points pi ∈ R (i ∈ {1, · · · , n}). Let M be R3 (resp. S3, H3), let f : R → M be
a conformal constant mean curvature immersion H = 0 (resp. H ∈ R, H > 1), and
let fD : S → M be some Delaunay surface, where S is a two-punctured Riemann
sphere. If limp→pi

‖ f − fD ‖= 0, then we call the end of f around pi the Delaunay
end.
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3. Asymptotics of cmc surfaces with bubbletons

3.1. cmc surfaces with bubbletons. Let πL : C2 → L be the hermitian projec-
tion onto a line L ∈ CP1. For α ∈ C, simple factors ([9]) are given as follows:

(3.1) ψL,α = πL +
α − λ

1 − αλ
π⊥

L .

To obtain elements of Λ+
r SL(2, C), we consider the QR decomposition for the con-

stant matrix

(3.2) (detψL,α(0))−1/2 ψL,α(0) = Q R,

where Q ∈ SU(2) and R ∈ B. A simple factor of ΛrSL(2, C) with r < |α| is a loop
of the form

(3.3) hL,α = (detψL,α)−1/2 Q−1ψL,α

with ψL,α and Q defined as in (3.1), respectively (3.2). By construction

(3.4) hL,α ∈ ΛsSU(2)

for s > |α|. By Proposition 4.2 in [9] dressing by simple factors is explicit: In
fact, for F (z, λ) ∈ Fr(R̃), r ∈ (0, 1), and hL,α a simple factor with α ∈ C and
r < |α| < 1, we have

(3.5) hL,α #r F = hL,α F h−1
L′,α with L′ = F (z, α)

t
L.

The proof can be found in [5].
We now introduce the following definition of cmc surfaces with bubbletons.

Definition 3.1. Let R be a connected Riemann surface with the universal cover
R̃. Let F be an extended framing defined on R̃, and let hL,α be a simple factor
as in (3.3). We consider f (resp. f̃) as the Sym-Bobenko formula defined using F

(resp. hL,αFh−1
L′,α ). Then we call f̃ the cmc surface with a bubbleton of f .

3.2. Asymptotics of cmc surfaces with bubbletons. In this subsection, we
show that if an end of a cmc surface is a Delaunay end (see Definition 2.1), then
the corresponding end on the cmc surface with bubbletons is again a Delaunay
surface. First we note that, for the line L = [a0, b0] ∈ CP

1, πL and π⊥
L have the

following matrix forms:
(3.6)

πL =
1

|a0|2 + |b0|2

(
|a0|2 a0b̄0

ā0b0 |b0|2
)

and π⊥
L =

1
|a0|2 + |b0|2

(
|b0|2 −a0b̄0

−ā0b0 |a0|2
)

.

We set

(3.7) A = {α ∈ (−1, 1) | b
aα > 1 and 1/4 − Υ + α−1ab(1 − α)2 > 0} ,

where a, b and Υ are defined in (2.8) and (2.9), respectively. We denote by

(3.8) Uε = {z = x + iy ∈ C : 0 < y < ε}

a domain in C. We denote a ball with small radius ε about λ0 by Bε(λ0).
We have the following main theorem in this paper:
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Theorem 3.1. Let R be a compact Riemann surface and set R = R\{p1, · · · , pn},
for points pi ∈ R (i ∈ {1, · · · , n}). Let M be R3 (resp. S3, H3), and let f : R → M
be a conformal constant mean curvature immersion H = 0 (resp. H ∈ R, H > 1)
with Delaunay ends at each pi. Let f̃ be its cmc surface with bubbletons defined as
in Definition 3.1 with α ∈ A, where A is defined in (3.7). Then each end of f̃λ0 is
again a Delaunay end.

Proof. Let z = x + iy be a local coordinate on R such that x(pi) = ∞ for some
i ∈ {1, · · · , n}. Since f has a Delaunay end around pi, we have G ∈ Fr(Uε)
such that limx→∞ ‖ id−G−1UFD‖Bε(λ0) = 0 for some extended unitary Delaunay
framing UFD (producing a Delaunay surface at λ0) in any of the three targets,
where FD is defined in (2.10) and U is some z-independent ΛrSU(2) matrix. Let
f̃ be the cmc surface with bubbletons obtained from hL,α#rG = hL,αGh−1

L′,α with
r < |α|.

First we show the convergence of the extended framing hL,α#rG = hL,αGh−1
L′,α

of f̃λ0 to some extended framing hL,αUFDh−1
∞ using the following inequality:

‖ id−(hL′,αG−1h−1
L,α)(hL,αUFDh−1

∞ ) ‖
≤ ‖ id−(hL′,αG−1UFDh−1

L′,α) ‖
+ ‖ (hL′,αG−1UFDh−1

L′,α) ‖‖ id−hL′,αh−1
L′′,α ‖

+ ‖ (hL′,αG−1UFDh−1
L′′,α) ‖‖ id−hL′′,αh−1

∞ ‖,

(3.9)

where h∞ will be represented in (3.16). We recall that L′ = G(z, α)
t
L, and denote

L′′ = U(α)FD(z, α)
t
L. By assumptions, limx→∞ ‖ id−(hL′,αG−1UFDh−1

L′,α) ‖= 0
and limx→∞ ‖ id−hL′,αh−1

L′′,α ‖= 0. We show that hL′′,α converges to h∞. We
expand the Delaunay extended framing FD in Theorem 2.5 to the following matrix
form:
(3.10)

FD =
1
L

(
(4abλ + v2)C v′C + 2v(b + aλ)(aλ−1 + b)X−1S

(4abλ + v2)(aλ + b)X−1S v′(aλ + b)X−1S + 2v(b + aλ)C

)
,

where L =
√

2v(b + aλ)(4abλ + v2), X =
√

1/4 − Υ + λ−1ab(1 − λ)2, C =
cosh ((x + iy − f)X), S = sinh ((x + iy − f)X), and f , a, b and Υ are defined as
in (2.11), (2.8) and (2.9), respectively. We set

(3.11) FD|λ=α =
(

A B
−B∗ A∗

)
, where A∗ = A(λ̄−1)

t
and B∗ = B(λ̄−1)

t
.

By the conditions in (2.9), the upper-left entry of FD defined from (3.10) with
λ = α has no zero, so A defined in (3.11) has no zero. Thus from (3.6), the entries
of ψL′′ ,α as in (3.1) are represented in terms of rational functions of the B/A,B∗/A,
A∗/A and their conjugations. Thus the entries of hL′′ ,α are represented in terms
of B/A,B∗/A, A∗/A and their conjugations.
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We show that B/A (resp. B∗/A, A∗/A) converges to the following periodic
function P (resp. P2, P3) as x → ∞:

P =
v′ + 2v(b + aα)(aα−1 + b)X−1

α

4abα + v2
,(3.12)

P2 = −(aα + b)X−1
α ,(3.13)

P3 =
v′(aα + b)X−1

α + 2v(b + aα)
4abα + v2

,(3.14)

where Xα denotes the value X at λ = α. We show only that B/A converges
to P . (The convergences of B∗/A and A∗/A can be argued similarly.) A direct
computation shows that B/A has the following form:

B
A =

v′ + 2v(b + aα)(aα−1 + b)X−1
α

Sα

Cα

4abα + v2

=
v′ + 2v(b + aα)(aα−1 + b)X−1

α
1−e−2(x+iy−fα)Xα

1+e−2(x+iy−fα)Xα

4abα + v2
,

where Cα (resp. Sα, fα) denotes the value C (resp. S, f) at λ = α. Thus the
following claim proves that B/A converges to P :

(3.15) lim
x→∞

�((x + iy − fα)Xα) = ∞ .

By choosing α in (3.7), �((x+iy−fα)Xα) = (x−fα)Xα. We consider the derivative
of (x− fα)Xα with respect to x. Because of the property 0 < dn(2bx, 1−a2/b2) ≤ 1
for the elliptic function dn, and because of the choice of α, the function
∂x(x − fα)Xα = 1 − 2

1+b/(aαdn2)
is positive and uniformly bounded away from

infinity for any x ∈ R. Thus �((x + iy − fα)Xα) is infinite at x = ∞. We set

(3.16) h∞ is hL′′,α (L′′ = U(α)FD(z, α)
t
) with B/A (resp. B∗/A,A∗/A)

replaced by P (resp. P2, P3) in (3.12) (resp. (3.13), (3.14)).

Thus limx→∞ ‖ id−hL′′,αh−1
∞ ‖= 0. We note that h∞ is independent of y. h∞ is

also in ΛsSU(2) for s > |α|, and ∂λhL′′,α converges to ∂λh∞.

Since ∂x

(
1−e−2(x+iy−fα)Xα

1+e−2(x+iy−fα)Xα

)
and ∂y

(
1−e−2(x+iy−fα)Xα

1+e−2(x+iy−fα)Xα

)
converge to 0 as x →

∞, ∂x(B/A), ∂x(B∗/A), ∂x(A∗/A), ∂y(B/A), ∂y(B∗/A) and ∂y(A∗/A) converge to
∂xP , ∂xP2, ∂xP3, ∂yP , ∂yP2 and ∂yP3 as x → ∞, respectively. Then we have
limx→∞ ‖ α − αD ‖= 0, where α = (hL,αGh−1

L′,α)−1d(hL,αGh−1
L′,α) and αD =

(hL,αUFDh−1
∞ )−1d(hL,αUFDh−1

∞ ).
Let αD =

∑
j∈Z

αD,jλ
j be a Fourier expansion of αD along S1, where αD,j

are sl(2, C)-valued 1-forms. Since the entries of αD are periodic functions and
limx→∞ ‖ α−αD ‖= 0, αD,j = 0 for j ≤ −2 and j ≥ 2. The periodic property of αD

and limx→∞ ‖ α−αD ‖= 0 also imply that αD has the form as in (2.4). Therefore
hL,αUFDh−1

∞ defines the extended framing of some conformal cmc immersion.
We denote fD as the Sym-Bobenko formula produced by hL,αUFDh−1

∞ . From
the above arguments, we have

lim
x→∞

‖ f̃ − fD ‖λ=λ0= 0 .

Finally, we show that fD is a Delaunay surface. We show only the R3 case.
(The S3 and H3 cases can be argued similarly.) We consider the translation of the
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domain

x + iy → x + i(y + θ), with θ ∈ R .

Because h∞ depends only on x, the following transformation occurs:

U−1
(
fD + 2iH−1(hU)λ(hU)−1

)
U

→ [exp(iθA)U−1(fD + 2iH−1(hU)λ(hU)−1)U exp(−iθA)

− i(∂λ(exp(iθA))) exp(−iθA)]λ=1 .

Clearly U−1(fD + i(hU)λ(hU)−1)U defines a Delaunay surface, and therefore fD is
also a Delaunay surface. �

Remark 3.2. The condition A in (3.7) is not a restriction for applications. For many
cases, if the cmc surface with bubbletons has the same topology as the original cmc

surface, then the condition A is automatically satisfied.

4. Examples

4.1. Asymptotics of Delaunay surfaces with bubbletons. Let FD be a De-
launay extended framing as in (2.10). From [6], we now choose α as follows:

(4.1) α =

(
δ + 2 −

√
δ(δ + 4)

2

)sign(ab)

with δ =
1
ab

(
k2 − 1

4
+ Υ

)
,

where k2 ≥ max{−16ab−4Υ+1,−4Υ+1, 4} and k ∈ N, and a, b and Υ are defined
as in (2.8) and (2.9), respectively. We note that sign(ab) is +1 (resp. −1) if the
end is embedded, i.e. ab > 0 (resp. non-embedded, i.e. ab < 0).

From [6], we have the following existence of the Delaunay surfaces with bubble-
tons for which the topology is preserved:

Theorem 4.1 ([6]). Let M be R3 (resp. S3, H3), and let UFD be the Delaunay
extended framing of some Delaunay surface fD : S2 \ {p1, p2} → M , where U is a
z-independent ΛrSU(2) matrix and FD is defined in (2.10). Let f̃D be the Delaunay
surface with bubbletons defined by hL,αFDh−1

L′,α, where α satisfies (4.1). Then the
Delaunay surface with bubbletons f̃D preserves the topology, i.e. f̃D is well defined
on S2 \ {p1, p2}.

We now set α as in (4.1). Clearly α ∈ (−1, 1) and 1/4 − Υ + α−1ab(1 − α)2

equals k2/4, and thus the second condition of A in (3.7) is satisfied. And we can
also show that b/(aα) > 1, thus the conditions of A in (3.7) are satisfied.

Example 4.1. We retain the assumptions in Theorem 4.1. Then both ends of f̃D

again converge to Delaunay surfaces.

In Figure 2, the left (resp. middle, right) image is a cylinder, which has two flat
ends, with bubbletons in R3 (resp. S3, H3). Here, we use the stereographic projec-
tion and the Poincare ball model for visualizing surfaces in S3 and H3, respectively.
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Figure 2. Cylinders with bubbletons in R3, S3 and H3. Images
are created by Nick Schmitt using CMCLab [7].

4.2. Asymptotics of trinoids with bubbletons. n-noids (n ≥ 3) are conformal
cmc-immersions from n-punctured Riemann spheres into any of the three space
forms (see [3]). Recently in [4], by using our main result here (Theorem 3.1), it was
shown that the cmc n-noids (n = 3) in the three space forms have Delaunay ends.

In [5], the existences of n-noids with bubbletons which preserve the topology of
n-noids in R3 were shown. In this subsection, we investigate the asymptotics of the
ends of such n-noids with bubbletons in the case n = 3 in R

3.
We introduce Definition 3.5 in [5]. Let µwk

be as follows:

(4.2) µwk
=

1
2

√
1 + wk(1 − λ)2/(4λ),

where k ∈ {0, 1,∞}, wk ⊂ (−∞, 1] \ {0}, and we write µk = µwk
. We set

(4.3) Λw0,w1,w∞ = {λ ∈ {0 < |λ| < 1} | 1/2 ± µ0 ± µ1 ± µ∞ ∈ Z≤0,

for some choice of signs} .

We have the following existence theorem for trinoids with bubbletons:

Theorem 4.2 ([5], [4]). Let f : S2 \ {0, 1,∞} → R3 be a trinoid with Delaunay
ends. Let f̃ be its surface with bubbletons defined by the Sym-Bobenko formula (2.5)
using hL,αFDh−1

L′,α, where α ∈ Λw0,w1,w∞ is defined as in (4.3). Then there exists
the trinoid with bubbletons for which the topology is preserved, i.e. f̃ is defined on
S2 \ {0, 1,∞}.

A direct computation shows that, for some α, the conditions (4.1) and (3.7) are
compatible. Therefore we obtain the following:

Example 4.2. We retain the assumptions in Theorem 4.2. Further we assume that
the α satisfies the condition in (3.7). Then each end of f̃ converges to a Delaunay
surface.

In Figure 1, the left (resp. middle, right) image is a triunduloid, which is an
immersion from a 3-punctured sphere and has three embedded Delaunay ends (un-
duloid type), with bubbletons in R

3 (resp. S3, H3). Here, we again use the stere-
ographic projection and the Poincare ball model for visualizing surfaces in S3 and
H3, respectively.
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