
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 136, Number 6, June 2008, Pages 2217–2224
S 0002-9939(08)09266-6
Article electronically published on February 7, 2008

STRONG PERIODICITY OF LINKS
AND THE COEFFICIENTS OF THE CONWAY POLYNOMIAL

NAFAA CHBILI

(Communicated by Daniel Ruberman)

Abstract. Przytycki and Sokolov proved that a three-manifold admits a semi-
free action of the finite cyclic group of order p with a circle as the set of fixed
points if and only if M is obtained from the three-sphere by surgery along
a strongly p-periodic link L. Moreover, if the quotient three-manifold is an
integral homology sphere, then we may assume that L is orbitally separated.
This paper studies the behavior of the coefficients of the Conway polynomial
of such a link. Namely, we prove that if L is a strongly p-periodic orbitally
separated link and p is an odd prime, then the coefficient a2i(L) is congruent
to zero modulo p for all i such that 2i < p − 1.

1. Introduction

Strongly periodic links have been introduced by Przytycki and Sokolov [18] as a
class of links providing equivariant surgery presentations of cyclic covers branched
along knots, i.e., periodic three-manifolds. This equivariant surgery presentation
plays a key role in the study of the Casson-Walker-Lescop invariant as well as the
quantum invariants of periodic three-manifolds [3, 4, 5, 6, 8]. Let p ≥ 2 be an inte-
ger. A link L in S3 is said to be p-periodic if there exists a periodic transformation
h of order p such that fix(h) ∼= S1, h(L) = L and fix(h) ∩ L = ∅. By the positive
solution of the Smith conjecture [1] we may assume that h is a rotation by a 2π/p
angle around the z-axis. A p-periodic link is said to be strongly p-periodic if and
only if every component of the quotient link L has linking number zero modulo p
with the axis of the rotation. The link L is said to be orbitally separated (we write
OS for short) if the quotient link is algebraically split. Przytycki and Sokolov [18]
proved that a three-manifold is periodic with prime period p if and only if M is
obtained from S3 by surgery along a strongly p-periodic link L. Moreover, It can
be easily seen that if the quotient manifold M is an integral homology sphere, then
we may assume that L is orbitally separated.

Murasugi [16] established a congruence formula for the Alexander polynomial
of periodic knots. Later, different approaches have been used to give alternative
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proofs to Murasugi’s result [2, 7, 10]. In [15] and [19], similar results have been
proved for the multi-variable Alexander polynomial of periodic links.

The Conway polynomial is a renormalization of the Alexander polynomial. If L is
a link with n components, then the Conway polynomial of L is of the form ∇L(z) =
zn−1(a0(L)+a2(L)z2 + · · ·+a2m(L)z2m), where the coefficients ai(L) are integers.
We know that the coefficient a0(L) depends only on the linking matrix of L. The
second coefficient a2(L) is related to the Casson-Walker-Lescop invariant by the
global surgery formula introduced by Lescop [13]. The study of the coefficients of
the Conway polynomial is of interest partially because they are Vassiliev invariants
of suitable orders.

Let p be an odd prime and let L be an OS strongly p-periodic link. In [5] we
proved that the coefficient a2(L) is congruent to zero modulo p. Using this fact
and Lescop’s surgery formula we have been able to prove that the Casson-Walker-
Lescop invariant of a periodic three-manifold is equal, modulo p, to the product of
the signature of the surgery presentation by the order of the first homology group
over 8.

The purpose of this paper is to extend the result proved in [5] for the coefficient
a2 to other coefficients of the Conway polynomial. Here is our Main Theorem

Main theorem. Let p be an odd prime and let L be an OS strongly p-periodic link.
Then a2i(L) is congruent to zero modulo p for all i such that 2i < p − 1.

The Main Theorem does not hold for p = 2. A counterexample is given by
considering the Hopf link H. Obviously, H is an OS strongly 2-periodic link. The
Conway polynomial of H is ∇H(z) = z. This means that the coefficient a0(H) = 1;
hence it is not null modulo 2.

Here is an outline of the paper. Section 2 introduces strongly periodic links
and discusses the notion of equivariant crossing changes. Section 3 reviews some
properties of the Conway polynomial needed in the sequel. Finally, Section 4 is
devoted to the proof of the Main Theorem.

2. Strongly periodic links and equivariant crossing changes

In this section, we first define strongly periodic links. Then we introduce some
of their properties. We close the section with a list discussing the different types of
equivariant crossing changes.

Definition 2.1. Let p ≥ 2 be an integer. A link L of S3 is said to be p-periodic if
and only if there exists an orientation-preserving auto-diffeomorphism h of S3 such
that:

1) fix(h) is homeomorphic to the circle S1,
2) the link L is disjoint from fix(h),
3) h is of order p,
4) h(L) = L.

If L is periodic we will denote the quotient link by L.
The standard example of such a diffeomorphism is given as follows. Let us

consider S3 as the submanifold of C2 defined by S3 = {(z1, z2) ∈ C2; |z1|2 + |z2|2 =
1} and ϕp the following diffeomorphism:

ϕp : S3 −→ S3

(z1, z2) �−→ (e
2iπ

p z1, z2).
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The set of fixed points for ϕp is the circle ∆ = {(0, z2) ∈ C2 : |z2|2 = 1}. If we
identify S3 with R3 ∪∞, ∆ may be seen as the standard z-axis.

Recall here that if the quotient link L is a knot, then the link L may have more
than one component. In general, the number of components of L depends on the
linking numbers of the components of L with the axis of the rotation.

Recently, Przytycki and Sokolov [18] introduced the notion of strongly periodic
links as follows.

Definition 2.2. Let p ≥ 2 be an integer. A p-periodic link L is said to be strongly
p-periodic if and only if one of the following equivalent conditions holds:

(i) The linking number of each component of L with the axis ∆ is 0 modulo p.
(ii) The group Z/pZ acts freely on the set of components of L.
(iii) The number of components of L is p times greater than the number of

components of L.

Remark 2.1. According to condition (iii) in the previous definition, a strongly p-
periodic link L has pα components, where α is the number of components of the
quotient link L. These pα components are divided into α orbits with respect to the
free action of Z/pZ (condition (i)).

Assume that L = l1 ∪ · · · ∪ lα. There is a natural cyclic order on each orbit of
components of L, namely,

L = l11 ∪ · · · ∪ lp1 ∪ l12 ∪ · · · ∪ lp2 ∪ · · · ∪ l1α ∪ · · · ∪ lpα

where ϕp(lti) = lt+1
i ∀1 ≤ t ≤ p − 1 and ϕp(l

p
i ) = l1i for all 1 ≤ i ≤ α.

Definition 2.3. A link L in the three-sphere is said to be algebraically split if and
only if the linking number of any two components of L is null.

Definition 2.4. Let p ≥ 2 be an integer. A strongly p-periodic link is said to be
orbitally separated if and only if the quotient link is algebraically split.

Remark 2.2. A three-manifold M is said to be p-periodic if the finite cyclic group
of order p acts semi-freely on M with a circle as the set of fixed points. By [18]
and [20], we know that a three-manifold is p-periodic if and only if M is obtained
from S3 by surgery along a strongly p-periodic link. If the quotient manifold is an
integral homology sphere, then we may choose the link L to be orbitally separated.
This is a consequence of the fact that the quotient manifold may be obtained by
surgery along an algebraically split link.

Remark 2.3. For short, we shall use the term OS link to refer to an orbitally
separated link. If L is a strongly p-periodic OS link, then for all s and i = j we
have

∑p
t=1 lk(lsi , l

t
j) = 0.

Definition 2.5. Let m be a positive integer. A p-periodic link L is said to be of
type m if L = K1 ∪ K ′

1 ∪ · · · ∪ Km ∪ K ′
m ∪ L′ such that

(i) Ki and K ′
i are fixed by ϕp for all i, and L′ is an OS strongly p-periodic

link,
(ii) Lk(Ki, ∆) ≡ −Lk(K ′

i, ∆) modulo p,
(iii) Lk(Ki, l) = −Lk(K ′

i, l) for all components l of the quotient link L′.

By convention a p-periodic link of type 0 is a strongly p-periodic OS link.
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Figure 1

Let L be a p-periodic link in the three-sphere. Let L be the factor link, so here
we have L = π−1(L), where π is the canonical surjection corresponding to the
action of the rotation on the three-sphere. Let L+, L− and L0 denote the three
links which are identical to L except near one crossing where they are as shown in
Figure 1. Now, let Lp+ := π−1(L+), Lp− := π−1(L−) and Lp0 := π−1(L0). We
define an equivariant crossing change as a change from Lp+ to Lp− or vice versa. If
this crossing change involves two different components of the quotient link, then we
call it a mixed equivariant crossing change. Otherwise, it is called a self-equivariant
crossing change.

Lemma 2.1. Let L = K1 ∪K ′
1 ∪ · · ·∪Km ∪K ′

m ∪L′ be a p-periodic link of type m.
1. If we change a crossing between Ki and K ′

i, then Lp0 has (�L + p − 2)
components.

2. If we change a crossing between Ki or K ′
i and Kj for i = j, then Lp0 has

either (�L + p − 2) or (�L − 1) components.
3. If we change a crossing between Ki or K ′

i and a component of L′, then Lp0

is of type m having (�L − p) components.
4. If we change a crossing between two components of L′, then Lp0 is of type m

having (�L − p) components.
5. If we change a self-crossing in L′, then Lp0 is either of type (m + 1) having

(�L − p + 2) components or a periodic link having (�L + p) components.

Proof. The proof is straightforward by analyzing the linking numbers of the com-
ponents of Lp0 with the axis of the rotation. �

3. The Conway polynomial

The Conway polynomial ∇ is an invariant of ambient isotopy of oriented links
which can be defined uniquely by the following:

(i) ∇©(z) = 1,
(ii) ∇L+(z) −∇L−(z) = z∇L0(z),

where © is the trivial knot, and L+, L− and L0 are three oriented links which are
identical except near one crossing where they appear as in Figure 1.

It is well known that if L is a link with n components, then the Conway polyno-
mial of L is of the form ∇L(z) = zn−1(a0(L) + a2(L)z2 + · · ·+ a2m(L)z2m), where
the coefficients ai(L) are integers.

Now, we shall recall some properties of the Conway polynomial needed in the
sequel.

Let L = l1 ∪ · · · ∪ ln be an oriented n-component link in the three-sphere. Let
lij = Lk(li, lj) if i = j and define lii = −

∑n
j=1,j �=i lij . Define the linking matrix L

as L = (lij). The matrix L is symmetric and each row sums to zero. Hence, every
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cofactor of this matrix is the same. We refer the reader to [9], [11] and [12] for
details about the linking matrix.

Theorem 3.1 ([12]). Let L be an oriented link with n components. Then a0(L) =
Lij, where Lij is any cofactor of the linking matrix L.

It follows from this theorem that if L is algebraically split, then the first coeffi-
cient of the Conway polynomial is zero. Levine [14] proved that the coefficient of
zi is null, for all i ≤ 2n − 3, and he gave an explicit formula for the coefficient of
z2n−2.

Proposition 3.2 ([14]). If L is algebraically split with n components, then ∇L(z)
is divisible by z2n−2.

4. Proof of the Main Theorem

The idea of the proof is to use equivariant crossing changes to reduce strongly
periodic OS links to algebraically split links without changing the first coefficients
of the Conway polynomial modulo p. We first introduce the following lemma, which
plays a crucial role in the proof.

Lemma 4.1. Let p be a prime. Then we have the following congruence modulo p:

∇Lp+(z) −∇Lp−(z) ≡ zp∇Lp0(z).

Proof. See [5]. �
Remark 4.1. Let k be the number of components of Lp+. Obviously, the link Lp−
has k components as well. Let s be the number of components of Lp0. According
to Lemma 4.1, we have the following congruence modulo p:

zk−1(a0(Lp+) + a2(Lp+)z2 + . . . ) − zk−1(a0(Lp−) + a2(Lp−)z2 + . . . )
≡ zp+s−1(a0(Lp0) + a2(Lp0)z2 + . . . ).

Consequently, if s ≥ k − 1, then a2i(Lp+) ≡ a2i(Lp−) modulo p for all i such that
2i < p − 1.

Lemma 4.2. Let L be a p-periodic link of type m. If L is algebraically split, then
a2i(L) is congruent to zero modulo p for all i such that 2i < p − 1.

Proof. We know that L has 2m + pα components. If α > 0, then the number of
components of L is greater than or equal to p. Using Levine’s theorem we should
be able to conclude that a2i is zero modulo p for all i such that 2i < p − 1.

If α = 0, then L = K1 ∪ K ′
1 ∪ · · · ∪ Km ∪ K ′

m. The idea here is to make equi-
variant crossing changes until getting a split link, without changing the coefficient
a2i modulo p. We shall focus on equivariant crossing changes involving K1 and the
other components. If we change a crossing between K1 and K

′
1, then the link Lp0

has 2(m−1)+p components. However, if we change a crossing between K1 and Kj

(resp. K
′
j) for 1 = j, then the number of components of Lp0 is either 2(m− 1) + p

or 2(m− 1) + 1. A simple computation shows that in all cases, Remark 4.1 implies
that a2i(Lp+) is congruent to a2i(Lp−) modulo p for 2i < p−1. It can be easily seen
that using these crossing changes we can put K1 over the rest of the components of
L to get a split link. Since L has the same coefficient a2i modulo p as a split link,
then a2i(L) is null modulo p for all i such that 2i < p− 1. This ends the proof. �
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Lemma 4.3. If L is of type m > 0, then a0(L) is null modulo p.

Proof. The coefficient a0(L) is computed using the Hoste formula. Recall that L
can be written as follows:

L = K1 ∪ K ′
1 ∪ · · · ∪ Km ∪ K ′

m ∪ l11 ∪ · · · ∪ lp1 ∪ · · · ∪ l1α ∪ · · · ∪ lpα.

It is easy to see that the linking number of any couple of two invariant components
of L is null modulo p. Moreover for such a component K we have:

Lk(K, l1j ) = Lk(K, l2j ) = · · · = Lk(K, lpj ) ∀1 ≤ j ≤ α.

By Definition 2.5, (iii) we have Lk(Ki, l) = −Lk(K ′
i, l) for all components l of the

quotient link L′, where L′ is the strongly periodic part of L. Thus,
∑p

t=1 Lk(Ki, l
t
j))

= −
∑p

t=1 Lk(K ′
i, l

t
j)) for all 1 ≤ i ≤ m and 1 ≤ j ≤ α. Notice that in each of

the two summations above the p terms are equal. This implies that Lk(Ki, l
t
j) =

−Lk(K ′
i, l

t
j) for all 1 ≤ j ≤ α and 1 ≤ t ≤ p.

Consequently the linking matrix of L is of the form (here coefficients are consid-
ered modulo p)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 . . . 0 t12 t22 . . . tpα
0 0 . . . 0 −t12 −t22 . . . −tpα
0 0 . . . 0 . . . . . .
0 0 . . . 0 . . . . . .
t12 −t22 . . . . . . . . . .
t22 −t22 . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
tpα −tpα . . . . . . . . . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

It is well known that the rows of this linking matrix sum to zero. In addition, the
first row and the second row of our matrix are dependent. Hence, all the cofactors
of the matrix are null. This concludes that a0 is null modulo p. �

Proposition 4.1. If all the links of type m have a2i−2 null modulo p, where 2i <
p − 1, then all links of type m − 1 have a2i null modulo p.

Proof. Assume that for all links L′′ of type m, we have a2i−2(L′′) ≡ 0 modulo
p, where 2i < p − 1. Let L be a link of type m − 1. By definition we have
L = K1 ∪ K ′

1 ∪ · · · ∪ Km−1 ∪ K ′
m−1 ∪ L′, where L′ is a strongly periodic OS link.

We start by proving the following lemma. �

Lemma 4.4. If Lp+ and Lp− are two p-periodic links of type m−1 such that their
quotients differ only by a self-crossing change in L′, then a2i(Lp+) ≡ a2i(Lp−)
modulo p.

Proof. If we change a self-crossing in the quotient link L′, then according to Lemma
2.1, the link Lp0 is either of type m having (�L − p + 2) components or a periodic
link having (�L + p) components. In the second case Remark 4.1 implies that
a2i(Lp+) ≡ a2i(Lp−) modulo p. However in the first case, we get a2i(Lp+) −
a2i(Lp−) ≡ a2i−2(Lp0) modulo p. Since Lp0 is of type m, then a2i−2(Lp0) is null
modulo p. This ends the proof of Lemma 4.4. �
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Lemma 4.5. Let i be an integer such that 2i < p − 1. If a2i(L) ≡ 0 modulo p for
links of type m − 1 with algebraically split orbits, then a2i(L) ≡ 0 for links of type
m − 1.

Proof. The idea of the proof is to use self-crossing changes to split the orbits of
our link. The algorithm can be described as follows. We start by changing the
crossings of l11 and l21, until their linking number becomes zero. Of course, at the
same time we get lk(ϕi

p(l
1
1), ϕ

i
p(l

2
1)) = 0, for all 1 ≤ i ≤ p−1. In the second step we

do the same for l11 and l31 and so on. We apply the same procedure for each orbit
of components until we get all orbits to be algebraically split. �

Return now to the proof of Proposition 4.1. According to Lemma 4.5, it will
be enough to prove the proposition in the case where L has only algebraically
split orbits. The proof is done by induction on α. Remember that the number of
components of L is 2(m − 1) + pα. If α = 0, then a2i is zero modulo p due to
Lemma 4.2.

Now assume that the result is true for links of type m− 1 with less than 2(m−
1)+pα components. Assume that L is a link of type m−1 with orbits algebraically
split such that L has 2(m − 1) + pα components.

Since the orbits of L are algebraically split we can use mixed equivariant cross-
ing changes to transform our link into an algebraically split link. According to
Lemma 2.1, there are 4 types of mixed equivariant crossing changes:

In the first and the second case of Lemma 2.1, Remark 4.1 implies that a2i(Lp+)−
a2i(Lp−) ≡ 0 modulo p.

In the third and the fourth case, Lemma 4.1 implies that a2i(Lp+)− a2i(Lp−) ≡
a2i(Lp0) modulo p. Since the link Lp0 is of type m − 1 having fewer components
than the original link L, we can use the induction hypothesis to conclude that
a2i(Lp+) − a2i(Lp−) ≡ 0 modulo p.

In conclusion, mixed equivariant crossing changes do not affect the coefficient
a2i modulo p. Using these changes we should be able to transform our link into
an algebraically split link having a2i null modulo p. This completes the proof of
Proposition 4.1. �

The rest of the proof of the Main Theorem is a matter of induction. According
to Lemma 4.3, a link of type (p − 1)/2 has a0 null modulo p. Starting from this
fact, an easy induction using Proposition 4.1 shows that a link of type zero (which
is a strongly periodic OS link) has a2i null modulo p for all i such that 2i < p − 1.
This completes the proof of the Main Theorem. �
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