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EXTREME POINTS, EXPOSED POINTS,
DIFFERENTIABILITY POINTS IN CL-SPACES

LI-XIN CHENG AND MIN LI

(Communicated by N. Tomczak-Jaegermann)

Abstract. This paper presents a property of geometric and topological nature
of Gateaux differentiability points and Fréchet differentiability points of almost
CL-spaces. More precisely, if we denote by M a maximal convex set of the unit
sphere of a CL-space X, and by CM the cone generated by M , then all Gateaux
differentiability points of X are just

⋃
n-s(CM ), and all Fréchet differentiability

points of X are
⋃

int(CM ) (where n-s(CM ) denotes the non-support points set
of CM ).

1. Introduction

Speaking of the classification of Banach spaces by convexity, we should mention
here that there are two extreme classes: One is the well-known class of uniformly
convex spaces, the other is that of “flat spaces” (CL-spaces). The theoretical re-
search of uniformly convex spaces has continued for over 70 years since Clarkson
[3] introduced the notion of uniformly convex Banach spaces (see, for instance,
[2, 4, 5, 6, 7, 9, 12, 13]). The study of various properties of CL-spaces has also
brought mathematicians great attention (see, for instance, [1, 10, 15, 16, 17, 18, 22]).

The notion of a CL-space was first introduced by R. Fullerton [8] in 1960, and a
generalized notion of a CL-space (i.e., almost CL-space) was introduced by A. Lima
in 1978 [14]. A Banach space is called a (an almost) CL-space provided its closed
unit ball is the (closed) absolutely convex hull of each maximal convex set of the
unit sphere.

In this note, the letter X will always be a real Banach space and X∗ its dual.
We denote by BX and SX , the closed unit ball of X and the unit sphere of X,
respectively. For a convex set K ⊂ X, CK stands for the cone generated by K,
that is, CK =

⋃
λ>0 λK. n-s(K) and int(K) will represent the set of all non-support

points of K and the interior of K, respectively. The aim of this note is to study the
differentiability property of the norms of almost CL-spaces. As a result, it mainly
shows the following theorems.

Theorem 1.1. Suppose that X is a real almost CL-space, and that � is the set of
all maximal convex sets of SX . Then
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i) The set of all Gateaux differentiability points of the norm is precisely⋃
M∈�n-s(CM );
ii) The set of all Fréchet differentiability points of the norm is precisely⋃

M∈� int(CM ).

Corollary. The set of all Fréchet differentiability points of a real almost CL-space
is open.

Theorem 1.2. Suppose that X is a real almost CL-space. Then every extreme
point of BX is an extreme point of BX∗∗ .

Theorem 1.3. Suppose that X is a separable almost CL-space. Then
i) x∗ ∈ SX∗ is a w∗-exposed point of BX if and only if M ≡ {x ∈ BX : 〈x∗, x〉 =

1} is a maximal convex set of SX . If, in addition, X is a CL-space and BX is the
closed convex hull of its extreme points, then

ii) every extreme point of BX∗ is a w∗-exposed point of BX∗ .

2. Notions and preliminaries

To begin this section, we recall a sequence of definitions which will be used in
what follows.

Definition 2.1 ([20]). Suppose that X is a Banach space and C is a non-empty
convex set of X.

i) A point x ∈ X is said to be a support point of C if there exists x∗ ∈ X∗ with
x∗ �= 0 such that

〈x∗, x〉 = supy∈C〈x∗, y〉 ≡ supCx∗.

In this case, x∗ is called a support functional of C. We denote by n-s(C) the set of
all non-support points of C.

ii) x ∈ C is called an extreme point of C if C\{x} is again a convex set.

Definition 2.2 ([20]). Suppose that X is a Banach space and C is a non-empty
convex set of X.

i) x0 ∈ C is said to be an exposed point of C provided that there exists x∗ ∈
X∗\{0} such that 〈x∗, x0〉 > 〈x∗, y〉 for all y �= x0 in C. In this case, the functional
x∗ is called an exposing functional of C and exposing C at x0.

ii) We say that x0 ∈ C is a strongly exposed point of C if there is an x∗ ∈ X∗\{0}
such that 〈x∗, xn〉 → supCx∗ implies xn → x0 whenever {xn} is a sequence in C. In
this case, x∗ is said to be a strongly exposing functional of C and strongly exposing
C at x0.

iii) In particular, if C ⊂ X∗, we can analogously define a w∗-exposed point and
a w∗-strongly exposed point of C, respectively, with the functional x∗ coming from
X rather than X∗∗ in i) and ii), respectively.

Definition 2.3 ([20]). Suppose that f is a continuous convex function on a non-
empty convex open set D of a Banach space X.

i) The subdifferential mapping ∂f : D → 2X∗
is defined by ∂f(x) = {x∗ ∈ X∗ :

f(y) − f(x) ≥ 〈x∗, y − x〉, for all y ∈ D}.
ii) We say that f is Gateaux differentiable at x if ∂f is single-valued at x, i.e.,

∂f ≡ x∗ is a singleton. In this case, we call the functional x∗ the Gateaux derivative
of f at x, and we denote it by dGf(x) = x∗.
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iii) We say that f is Fréchet differentiable at x if ∂f is single-valued and norm-
to-norm upper semi-continuous at x. In this case, we call ∂f ≡ x∗ the Fréchet
derivative of f at x and denote it by dF f(x) = x∗.

The following properties are classical (see, for instance, [20]).

Proposition 2.4. Suppose that f is a continuous convex function defined on a
non-empty open subset of a Banach space X. Then the following statements are
equivalent.

i) f is Fréchet differentiable at x ∈ D.
ii) There exists a selection ϕ for ∂f which is norm-to-norm continuous at x.
iii) Every selection of ∂f is norm-to-norm continuous at x.

Proposition 2.5. Suppose that X is a Banach space and x ∈ X. Then
i) ∂‖ x ‖ = {x∗ ∈ BX∗ : 〈x∗, x〉 = ‖ x ‖}.
ii) The norm ‖ . ‖ is Gateaux differentiable at x with dGf(x) = x∗ if and only if

x∗ is a w∗-exposed point of BX∗ and is exposed by x.
iii) The norm ‖ . ‖ is Fréchet differentiable at x with dF f(x) = x∗ if and only if

x∗ is a w∗-strongly exposed point of BX∗ and is strongly exposed by x.

Proposition 2.6 ([24]). Suppose that C is a closed convex set with n-s(C) �= ∅ of
a Bananch space X. Then for every continuous convex function f defined on an
open convex set D with D ⊃ C,

i) ∂f(x) = ∂(fC)(x) for every x ∈n-s(C);
ii) fC is Gateaux differentiable at x ∈n-s(C) if and only if there exists a selection

ϕ of ∂fC which is norm-to-∗ continuous at x, where fC denotes the function f
restricted to C.

Proposition 2.7 ([11]). Suppose that X is a separable space, and D is a non-empty
closed convex set of X. Then n-s(D) �= ∅ if and only if D is not contained in a
closed hyperplane.

Proposition 2.8 ([21]). Let X be a Banach space and let x0 ∈ BX be such that
|x∗(x0)| = 1 for all x∗ ∈ extBX∗ . The |τ (x0)| = 1 for all τ ∈ extBX∗∗ .

3. Proof of the theorems

Now, we are ready to prove the theorems presented in section 1, and we also
restate and renumber them as follows.

Theorem 3.1. Suppose that X is a real almost CL-space, and that � is the set of
all maximal convex sets of SX . Then

i) The set of all Gateaux differentiability points of the norm is precisely
⋃

M∈�n-
s(CM ).

ii)The set of all Fréchet differentiability points of the norm is precisely⋃
M∈� int(CM ).

Proof. Note that every point x ∈ X with x �= 0 is lying in a cone CM generated by
some maximal convex set M of SX . Then, it suffices to characterize the Gateaux
(Fréchet) differentiability points contained in CM for every maximal convex set M
of SX . So, let us fix a maximal convex set M of SX . We observe that by the
Hahn-Banach and Krein-Milman theorems, there is an extreme point x∗

0 ∈ BX∗

such that M = {x ∈ BX : 〈x∗
0, x〉 = 1}, and thus, 〈x∗

0, x〉 = ‖x‖ for every x ∈ CM .
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This implies that ϕ : CM −→ X∗ defined by ϕ(x) = x∗
0 for every x ∈ CM , is a

selection for ∂‖·‖ restricted to CM , which is clearly norm-to-norm continuous.
i) Suppose that x0 ∈ n-s(CM ). Then, it follows from Proposition 2.6 that x0 is

a Gateaux differentiability point of the norm.
Conversely, suppose that x0 ∈ CM is a Gateaux differentiability point. We can

assume ‖ x0 ‖ = 1. Let x∗
0 = dG ‖ x0 ‖. Then it is a w∗-exposed point of BX∗ and

exposed by x0. Now we assert that M = {x ∈ BX : 〈x∗
0, x〉 = 1}. Otherwise, there

is an extreme point e∗ of BX∗ with e∗ �= x∗
0 such that 〈e∗, x〉 = 1 for all x ∈ M .

Therefore e∗ ∈ ∂‖ x0 ‖ = x∗
0. If x0 /∈ n-s(CM ), then there exists x∗ ∈ SX∗ such that

〈x∗, x0〉 = supCM
x∗. Note that CM is a cone and note both 0 and 2x0 are in CM .

We obtain that 〈x∗, x0〉 = 0 and 〈x∗, x〉 ≤ 0 for all x ∈ CM . Thus ‖ x∗
0 + λx∗ ‖ > 1

for all λ > 0. (Otherwise,

1 ≥ ‖ x∗
0 + λx∗ ‖ ≥ 〈x∗

0 + λx∗, x0〉 = 1,

which in turn tells us x∗
0 + λx∗ ∈ ∂‖ x0 ‖ = x∗

0.) Now, fix 0 < λ < 1. The
density of co(M ∪−M) in BX further says that there exists z ∈ M ∪ −M such that
〈x∗

0 + λx∗, z〉 > 1. But this is impossible since

〈x∗
0 + λx∗, z〉 ≤ 〈x0, z〉 ≤ 1 if z ∈ M

and

〈x∗
0 + λx∗, z〉 ≤ −1 + λ < 0 if z ∈ −M.

ii) By Proposition 2.5, it is easy to show that all points in int(CM ) are Fréchet
differentiability points of the norm since ϕ is norm-to-norm continuous.

Conversely, if x0 /∈ CM\int(CM ), we want to show x0 is not a Fréchet differentia-
bility point of the norm. We can again assume ‖ x0 ‖ = 1. For every r > 0, we can
find xr ∈ B(x0, r) ∩ SX with xr /∈ M . Let xr ∈ Mr for some maximal convex set Mr

of SX and x∗
r be an extreme point of BX∗ such that Mr = {x ∈ SX : 〈x∗

r , x〉 = 1}.
Then we have ‖ x∗

0 − x∗
r ‖ = 2 for all r > 0. Let ϕ be a selection of ∂‖ . ‖ such that

ϕ(xr) = x∗
r for all r > 0. It is clear that ϕ is not norm-to-norm continuous at x0,

and hence x0 is not a Fréchet differentiability point. �

Corollary. The set of all Fréchet differentiability points of a real almost CL-space
is open.

Theorem 3.2. Suppose that X is a real CL-space. Then every extreme point of
BX is an extreme point of BX∗∗ .

Proof. Let x0 be an extreme point of BX . Let E be the set of those extreme points
x∗ ∈ BX∗ satisfying that the convex set {x ∈ BX : 〈x∗, x〉 = 1} is maximal in SX .
By the definition of a CL-space, it is clear that x0 ∈ M ∪ −M for every maximal
convex subset M of SX and, therefore, |〈x∗, x0〉| = 1 for every x∗ ∈ E. On the
other hand, BX∗ is the w∗-closed convex hull of E, and the reversed Krein-Milman
theorem gives us that the set of all extreme points of BX∗ is contained in the
w∗-closed hull of E. Therefore, one has |〈x∗, x0〉| = 1 for every extreme point x∗

of BX∗ . Now, Proposition 2.8 gives us that |〈x∗∗∗, x0〉| = 1 for every extreme point
x∗∗∗ of BX∗∗∗ . It clearly follows that x0 is an extreme point of BX∗∗ . �
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Theorem 3.3. Suppose that X is a separable almost CL-space. Then
i) x∗ ∈ X∗ is a w∗-exposed point of BX∗ if and only if M ≡ {x ∈ BX : 〈x∗, x〉 =

1} is a maximal convex set of SX . If, in addition, X is a CL-space and BX is the
closed convex hull of its extreme points, then

ii) every extreme point of BX∗ is a w∗-exposed point.

Proof. i) Suppose that M is a maximal convex set of SX . Since co(M ∪ −M) is
dense in BX , the closed convex set D ≡ co(M ∪ {0}) = co(M ∪ {0}) cannot be
contained in a closed hyperplane. Since X is separable, n-s(D) �= ∅. Theorem 3.1
explains that x∗ ∈ BX∗ satisfying M = {x ∈ BX : 〈x∗, x〉 = 1} is a w∗-exposed
point of BX∗ .

Conversely, suppose that x∗
0 is a w∗-exposed point of BX∗ and exposed by x0 ∈

SX . Then by Proposition 2.6, dG‖ x0 ‖ = x∗
0. Let M = {x ∈ BX : 〈x∗, x〉 = 1}.

We extend M to be a maximal convex set M̃ of SX and let x∗ ∈ BX∗ such that
M̃ = {x ∈ BX : 〈x∗, x〉 = 1}. Then x∗ ∈ ∂‖ x0 ‖ = {dG‖ x0 ‖}, i.e., x∗ = x∗

0 and
M̃ = M .

ii) By Theorem 3.1 i), it suffices to show that for every extreme point x∗ of BX∗ ,
C ≡

⋃
λ>0 λM has at least one non-support point , where M = {x ∈ BX : 〈x∗, x〉

= 1}. By Theorem 3.2, every extreme point of BX is an extreme point of BX∗∗ .
Thus, | 〈x∗, x〉 | = 1 for every extreme point of BX . Let E± = {x is an extreme
of point BX : 〈x∗, x〉 = ±1}. Then co(E+ ∪ E−) is dense in BX . Therefore,
co(M ∪ −M) is dense in BX . Thus the closed cone CM cannot be contained in a
closed hyperplane. Separability of X implies n-s(CM ) �= ∅. �

4. Final remarks

Remark 4.1. Without a separability assumption on X, Theorem 3.3 no longer
holds. For example, for any uncountable set Γ, �1(Γ) is a CL-space and with
the RNP (hence the KMP ), but for every maximal convex set M of S�1(Γ), n-
s(CM ) = ∅, since there are no w∗-exposed points of B�∞(Γ).

Remark 4.2. Assume X is a (an almost) CL-space. Applying the results of this
note, maximal convex sets of SX and differentiability points of X can be easily
obtained. Now we give some examples as follows.

Example 4.2.1. It is well known that {±δt : t ∈ [a, b]} is just the set of all w∗-
exposed points of X∗ for X = C[a, b]. Thus every maximal convex set M of SX

has the following form:

M ≡ Mt = {x ∈ BX : x(t) = 1}
or

M ≡ Mt = {x ∈ BX : x(t) = −1}
for some t ∈ [a, b]. Therefore

n-s(CMt
) =

⋃
λ>0

λ{x ∈ SX : 1 = x(t) > x(s), for all s �= t}

or

n-s(CMt
) =

⋃
λ>0

λ{x ∈ SX : 1 = x(t) < x(s), for all s �= t}.

Since int(CMt
) = ∅, C[a,b] does not admit a Fréchet differentiability point.
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Example 4.2.2. Assume X = �1. Then all w∗-exposed points of BX∗ are just
{(σi)∞i=1 : σi = ±1}. Thus, for every maximal convex set M of SX ,

n-s(CM ) =
⋃
λ>0

λ{x ∈ M : x(i) �= 0, for all i ∈ N}

Example 4.2.3. Assume X = c0. Then {±en}∞n=1 is the set of all w∗-exposed
points of BX∗ . Note c0 is an Asplund space. There exists a w∗-strongly exposed
point of BX∗ (of course, contained in {±en}), which implies that {±en} are w∗-
strongly exposed points of BX∗ . Therefore, every Gateaux differentiability point is
a Fréchet differentiability point in c0, and they form a dense open set.

Remark 4.3. Some questions are have arisen naturally. Theorem 3.2 explains that
every extreme point of BX is an extreme point of BX∗∗ if X is a CL-space.

Problem 4.4.1. Is this true for every almost CL-space?

Theorem 3.3 tells us that if X is a separable CL-space and BX is the closed
convex hull of its extreme points, then every extreme point of BX∗ is a w∗-exposed
point.

Problem 4.4.2. Whether Theorem 3.3 still holds without the assumption that
BX is the closed convex hull of its extreme points.

Problem 4.4.3. Whether every w∗-exposed point of BX is a w∗-strongly exposed
point in an Asplund CL-space.

Problem 4.4.4. Assume X is an almost CL-space or a CL-space. If X is an
Asplund space, whether every extreme point of BX∗ is an exposed point, a w∗-
exposed point, a strongly exposed point or a w∗-strongly exposed point.

Problem 4.4.5. Assume X is a (an almost) CL-space.Whether every extreme
point of BX is an exposed point or a strongly exposed point if X has the RNP .
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[15] G. López, M. Martin and R. Payá, Real Banach spaces with numerical index 1, Bull. London
Math. Soc. 31 (1999), 207-212. MR1664125 (99k:46024)

[16] M. Martin, A survey on the numerical index of a Banach space, Extracta Math. 15 (1991),
265-276. MR1823892 (2002b:46027)

[17] M. Martin, Banach spaces having the Radon-Nikodým property and numerical index 1, Proc.
Amer. Math. Soc. 131 (2003), 3407-3410. MR1990629 (2004e:46023)
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