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AN OPEN MAPPING THEOREM FOR YOUNG MEASURES

HIROSHI TATEISHI

(Communicated by Richard C. Bradley)

Abstract. Ditor and Eifler consider the open mapping theorem for the prob-
ability spaces. Here we attempt to generalize the theorem to the spaces of
Young measures.

1. Introduction

The classical open mapping theorem states that a bounded linear operator de-
fined on some Banach space onto another Banach space is an open mapping. It
is well recognized that this property does not necessarily hold if we restrict the
domain and the range of the operator as the following example illuminates:

Example 1 (Ditor and Eifler [4]). Let X = [0, 1]×{0, 1}, Y = [0, 1] and ϕ : X −→
Y be defined by ϕ(t, i) = t. Then ϕ is a continuous, onto and open mapping. We
consider a map π : M b(X) −→ M b(Y ) defined by

π(µ)(g) = µ(g ◦ ϕ) : g ∈ C([0, 1]),

where M b(X) and M b(Y ) denote the spaces of bounded measures on X and Y ,
respectively, and C([0, 1]) denotes the space of real-valued continuous functions
defined on [0, 1]. Let U(X) and U(Y ) be the unit balls of M b(X) and M b(Y ),
respectively. Then, the map π restricted on U(X) is not an open mapping with
respect to the weak∗ topologies for both M b(X) and M b(Y ). Indeed, let µ0 =
1
2 (δ(1,1)−δ(1,0)), δa denote a Dirac measure, the probability of which is concentrated
at a. Then π(µ0) = 0. Also, the following convergence holds true:

νn =
1
2
(δ0 − δ1/n) −→ 0 weakly∗ in U(Y ).

Since the support of the measure µn ∈ U(X) with π(µn) = νn must be included in
ϕ−1({0, 1/n}), such a sequence µn never converges weakly∗ to µ0.

Recall that the proof of the open mapping theorem rests on the Baire category
theorem and the completeness of the range of π is crucial to establish the openness
of π. In the above example, the set of bounded measures with total variation 1 is
not complete with respect to the weak∗ topology, and this fact induces the failure
of the theorem. Also, it is conjectured that if the domain and the range of π are
restricted to the set of probability measures or the set of sub-probability measures,
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π would be an open map. Ditor and Eifler [4] consider these cases. Let S, T be
compact metric spaces and denote by P (S), P (T) the spaces of Borel probability
measures on S and T respectively. A continuous mapping ϕ defined on S onto T

is assumed to be given. For each probability measure µ ∈ P (S), we can define a
probability measure π(µ) on T by the relation

π(µ)(g) = µ(g ◦ ϕ) : g ∈ C(T),

where C(T) denotes the space of continuous real-valued functions defined on T.
Ditor and Eifler demonstrate that when ϕ is continuous, onto and open, the map
π : P (S) −→P (T) is also a continuous, onto and open mapping with respect to the
weak∗ topologies for both P (S) and P (T). Subsequently the open mapping theorem
of Ditor and Eifler is generalized to Polish spaces by Eifler [5] and to Souslin spaces
by Schief [7].

It is our object in the present paper to generalize the open mapping theorem on
probability spaces derived by Ditor and Eifler to the spaces of Young measures on
compact metric spaces. The notion of Young measures is introduced, first, by L.
C. Young [9] to represent the “generalized solutions” in the relaxation problem of
optimal control and the calculus of variation. It generalizes the notion of functions
and describes the limit oscillation behavior of a sequence of functions. This notion
is also known as a transition probability, a stochastic kernel, or a parametrized
measure and is applied in a wide range of research. The theory of Young measures
is also crucial to mathematical economics (see, e.g., Balder [2], Milgrom-Weber [6]).

Following the “Preliminaries” section, we demonstrate, in Section 3, that the
open mapping theorem holds on the spaces of Young measures on compact metric
spaces.

2. Preliminaries

Let (Ω,F , µ) be a complete finite positive measure space and let S be a Polish
space with its Borel σ-algebra B(S). Denote by P (S) the space of probability
measures on (S,B(S)). P (S) is endowed with the weak∗ topology, that is, the
coarsest topology which makes the maps continuous:

ν �−→ ν(ψ) =
∫

S

ψdν : ψ ∈ Cb(S),

where Cb(S) denotes the set of continuous bounded real-valued functions defined
on S. A Young measure is a measure on (Ω × S,F ⊗ B(S)) whose projection on Ω
is equal to µ. By the theorem of disintegration of measures, there corresponds, for
each Young measure λ, a function ν : Ω × B(S) −→[0, 1], called a disintegration of
measure λ, which satisfies the following conditions:

(i) ν(ω, ·) is a probability measure for each ω ∈ Ω,
(ii) ν(·, A) is measurable for each A ∈ B(S),
(iii) λ(A) =

∫
Ω

[∫
S
χA(ω, s)νω(ds)

]
µ(dω) for each A ∈ F ⊗ B(S),

where χA is a characteristic function of A. Note that condition (ii) is equivalent to
the condition that the map ω �−→ νω(·) : Ω −→ P (S) is measurable with respect
to the Borel σ-algebra generated by the weak∗ topology on P (S). Note also that
for each Young measure there correspond many disintegrations. However, there is
exactly one one-to-one correspondence between the space of Young measures and
the equivalence classes of µ-a.e. equal disintegrations. We shall identify hereafter a
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Young measure with its disintegrations. We denote by Y(Ω; S) the set of all Young
measures on Ω × S.

A real-valued function ψ defined on Ω×S is said to be a Carathéodory integrand
if the following conditions hold:

(i) ψ is F ⊗ B(S)-measurable,
(ii) for each ω ∈ Ω, the map s �−→ ψ(ω, s) is continuous and bounded,
(iii) the map ω �−→ ‖ψ(ω, ·)‖∞ is µ-integrable,

where ‖·‖∞ stands for the sup-norm. The set of all Carathéodory integrands on
Ω × S is denoted by GC(Ω; S). The space Y(Ω; S) of Young measures is endowed
with the coarsest topology which makes the maps continuous:

ν �−→ ν(ψ) =
∫

Ω×S

ψdν =
∫

Ω

[∫
S

ψ(ω, s)νω(ds)
]

µ(dω) : ψ ∈ GC(Ω; S).

This topology on Y(Ω; S) is called the narrow topology.
If S is a compact metric space, the set GC(Ω; S) is isometrically isomorphic to the

space L1(Ω, C(S)) of Bochner integrable functions defined on Ω into the space C(S)
of continuous real-valued functions defined on S. The dual of L1(Ω, C(S)) is the
linear space L∞(Ω, M b(S)) of equivalence classes of scalarly measurable functions
defined on Ω into the space M b(S) of bounded measures. We can consider the space
Y(Ω; S) of Young measures as a subset of L∞(Ω, M b(S)). Then the narrow topology
on Y(Ω; S) is equal to the relative topology of the topology on L∞(Ω, M b(S)) defined
by the duality σ(L∞, L1).

Let L0(Ω, S) denote the set of measurable functions defined on Ω into S. To each
f ∈ L0(Ω, S) we associate a degenerate Young measure δf defined by δf

ω = δf(ω),
where δa denotes a Dirac measure the probability of which is concentrated at a.
Remark that when S is a compact metric space, the set Y(Ω; S) endowed with the
narrow topology is compact and metrizable. Furthermore, if (Ω,F , µ) is nonatomic,
the set of all degenerate Young measures is dense in the set of Young measures
Y(Ω; S) (see, e.g., Warga [8], Theorem IV, 2.6).

Let (X, d) be a compact metric space and let 2X be the set of all closed subsets
of X. We denote by h(A, B) the Hausdorff metric on 2X defined by

h(A, B) = max{sup
x∈A

d(x, B), sup
y∈B

d(y, A)}.

Note that 2X endowed with the Hausdorff metric is a compact metric space.

3. An open mapping theorem for Young measures

Let (Ω,F , µ) be a nonatomic complete finite positive measure space and let
S, T be compact metric spaces. Let ϕ be a continuous map defined on S onto T.
We consider the map π : P (S) −→ P (T) defined by

π(µ)(g) = µ(g ◦ ϕ) : g ∈ C(T)

and the map Π : Y(Ω; S) −→Y(Ω; T) defined by the relation: for all g ∈ GC(Ω; T),

(3.1)
∫

Ω

[∫
T

g(ω, t)Π(ν)ω(dt)
]

µ(dω) =
∫

Ω

[∫
S

g(ω, ϕ(s))νω(ds)
]

µ(dω).

First of all, let us make clear the meaning of equation (3.1) and confirm that the
mapping Π is well-defined. Recall that the space of all Carathéodory integrands
GC(Ω; T) is isometrically isomorphic to the space L1(Ω, C(T)) of Bochner integrable
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functions defined on Ω into C(T). We identify the two spaces and define, for each
fixed ν ∈ Y(Ω, S), a bounded linear functional Λν defined on L1(Ω, C(T)) by

Λν(g) =
∫

Ω

[∫
S

g(ω, ϕ(s))νω(ds)
]

µ(dω).

Since the dual space of L1(Ω, C(T)) is the space L∞(Ω, M b(T)), we deduce the
existence of Π(ν) ∈ L∞(Ω, M b(T)) satisfying

Λν(g) =
∫

Ω

[∫
T

g(ω, t)Π(ν)ω(dt)
]

µ(dω).

Furthermore, the Π(ν) defined in this way constitutes a Young measure, as the
following lemma indicates.

Lemma 1. Π(ν) ∈ Y(Ω, T) for ν ∈ Y(Ω, S).

Proof. Assume to the contrary that Π(ν) �∈ Y(Ω, T). Then since Y(Ω, T) is a com-
pact convex set in L∞(Ω, M b(T)) with respect to the topology σ(L∞, L1), there
exists, by the separation theorem, ψ ∈ GC(Ω; T) and ε > 0 such that for all
λ ∈ Y(Ω, T),∫

Ω

[∫
T

ψ(ω, t)Π(ν)ω(dt)
]

µ(dω) � ε +
∫

Ω

[∫
T

ψ(ω, t)λω(dt)
]

µ(dω) .

On the other hand, let us set λ∗
ω = π(νω) for all ω ∈ Ω. Then, since π is easily seen

to be continuous with respect to the weak∗ topologies for both P (S) and P (T),
λ∗ ∈ Y(Ω, T), and so, by (3.1),∫

Ω

[∫
T

ψ(ω, t)Π(ν)ω(dt)
]

µ(dω) =
∫

Ω

[∫
S

ψ(ω, ϕ(s))νω(ds)
]

µ(dω)

=
∫

Ω

[∫
T

ψ(ω, t)λ∗
ω(dt)

]
µ(dω).

This is a contradiction. �
Let us now state the main theorem of the paper:

Theorem 1. Let (Ω,F , µ) be a nonatomic complete finite positive measure space,
and let S, T be compact metric spaces. Assume that ϕ : S −→ T is a continuous,
onto and open mapping. Then Π : Y(Ω; S) −→Y(Ω; T) is also a continuous, onto
and open mapping.

Proof. The continuity of Π is immediate from the relation (3.1). So, we shall begin
by demonstrating that Π is onto.

We have to show that for each λ ∈ Y(Ω; T), there exists ν ∈ Y(Ω; S) such that
λ = Π(ν). First, remark that since the map π : P (S) −→P (T) defined by the
relation

π(µ)(g) = µ(g ◦ ϕ) : g ∈ C(T)
is easily seen to be continuous, it has a measurable graph. Further, the inverse
(multi-valued) map π−1 : P (T) −→→ P (S) is certainly closed-valued. It follows that
π−1 is a closed-valued measurable correspondence (see, e.g., Aubin-Frankowska [1],
Theorem 8.14) and hence admits a measurable selection π̂ thanks to the measurable
selection theorem (see, e.g., Aubin-Frankowska [1], Theorem 8.1.3). We define, for
each ω ∈ Ω, νω ∈ P (S) by νω = π̂(λω). Then, since both the maps ω �−→ λω(·)
and π̂ are measurable, the map ω �−→ νω(·) is also measurable. Thus, we conclude
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that ν ∈ Y(Ω; S). Also, for each g ∈ GC(Ω; T) and ω ∈ Ω, we have, by the relation
π(νω) = λω, that ∫

T

g(ω, t)λω(dt) =
∫

S

g(ω, ϕ(s))νω(ds).

By integrating both sides of the above equality on Ω and taking into account relation
(3.1), we obtain λ = Π(ν), and this completes the proof that Π is onto.

Now we show the remaining property of Π; that is, Π is open! Since Y(Ω; S)
is compact and metrizable, we have only to show that for every ν ∈ Y(Ω; S) and
every compact neighborhood U of ν, the image Π(U) is a neighborhood of λ = Π(ν)
in Y(Ω; T). We assume contrarily that for some ν0 ∈ Y(Ω; S) and some compact
neighborhood U of ν0, the set Π(U) is not a neighborhood of λ0 = Π(ν0). Re-
mark that since Π is continuous, Π(U) is closed. Furthermore, by virtue of the
nonatomicity of (Ω,F , µ), the space L0(Ω, T) of measurable functions defined on Ω
into T is dense in Y(Ω; T). Hence, there exists a sequence {fn} ⊂ L0(Ω, T) with
δfn /∈ Π(U) such that δfn −→ λ0 with respect to the narrow topology on Y(Ω; T).
Set An = Π−1(δfn). Then, since Y(Ω; S) is compact and An is compact and convex,
there exists a subsequence An′ of An and a nonempty compact set A ⊂ Y(Ω; S) such
that h(An′ , A) −→ 0 as n′ −→ ∞, where h denotes the Hausdorff metric defined
by any metric compatible with the narrow topology of Y(Ω; S).

We have now to show that the set A is convex with ν0 /∈ A. As for the convexity
of A, remark that Y(Ω; S) can be considered as a closed subset of a locally convex
topological vector space L∞(Ω, M b(S)), the topology of which is generated by a
family of seminorms: ν �−→ |ν(ψ)| , where ψ ∈ GC(Ω; S). Thus, the convexity of A
is a direct consequence of Theorem II.13 of Castaing-Valadier [3].

The relation ν0 /∈ A can also be easily checked as follows. Assume to the contrary
that ν0 ∈ A. Then, since ν0 is an interior point of U and An −→ A with respect
to the Hausdorff metric h, the set An for all sufficiently large n also contains an
interior point of U. This is a contradiction to the definition of An.

Thus, by the separation theorem, we deduce the existence of ψ ∈ GC(Ω, S) and
ε > 0 such that

(3.2)
∫

Ω×S

ψdν0 � ε +
∫

Ω×S

ψdν for all ν ∈ A.

Let us now define a function ψ∗ : Ω × T −→ R by

ψ∗(ω, t) = sup{ψ(ω, s) : s ∈ ϕ−1(t)}.

Then, since ϕ is continuous and open by assumption, the correspondence ϕ−1(·)
is continuous. Further, since S is compact, ϕ−1(·) is compact-valued. Hence, the
continuity of ψ(ω, ·) implies, by Berge’s maximum theorem, that ψ∗ is continuous
in t. Also, ψ∗ is easily seen to be measurable in ω (see, e.g., Aubin-Frankowska
[1], Theorem 8.2.11). Moreover, since ‖ψ∗(ω, ·)‖∞ � ‖ψ(ω, ·)‖∞ holds and ψ is a
Carathéodory integrand, the map ω �−→ ‖ψ∗(ω, ·)‖∞ is µ-integrable. Consequently,
the map ψ∗ is a Carathéodory integrand.

The map Ψn : Ω −→→ S defined by

Ψn(ω) = {s ∈ ϕ−1(fn(ω)) : ψ∗(ω, fn(ω)) = ψ(ω, s)}

is closed-valued and measurable. By having recourse to the measurable selection
theorem again, we have a measurable map gn : Ω −→ S satisfying the following
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conditions:
gn(ω) ∈ ϕ−1(fn(ω)), ψ(ω, gn(ω)) = ψ∗(ω, fn(ω)).

By the first relation, we have Π(δgn) = δfn . Furthermore, by integrating the
second, we have

(3.3)
∫

Ω

ψ(ω, gn(ω))µ(dω) =
∫

Ω

ψ∗(ω, fn(ω))µ(dω).

Now, since Y(Ω; S) is compact, we have a limit point ν∗ of δgn . Further, since
δgn ∈ An for all n, we have ν∗ ∈ A. By taking limits in both sides of (3.3), we
obtain the following estimates:∫

Ω×S

ψdν∗ =
∫

Ω×T

ψ∗dλ0

=
∫

Ω

[∫
S

ψ∗(ω, ϕ(s))ν0
ω(ds)

]
µ(dω)

�
∫

Ω×S

ψdν0,

which contradicts (3.2) and completes the proof of the theorem. �
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