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ABSTRACT. We prove isoperimetric inequality on a Riemannian manifold, as-
suming that the Cheeger constant for balls satisfies a certain estimation.

1. INTRODUCTION AND THE MAIN RESULT

The isoperimetric property of a ball, which maximizes the volume for a given
surface area, was well known to the ancient Greeks. Nowadays, isoperimetric in-
equalities have also become a part of Analysis, due to seminal contributions of Lord
Rayleigh [12], Faber [4], Krahn [7], Pélya and Szegé [I1] et al. For a recent account
of isoperimetric inequalities in relation to Analysis, see Chavel [2].

Let M be a Riemannian manifold of dimension n and let 2 C M be an open set
with smooth boundary. Denote by V (£2) the n-dimensional Riemannian volume of
2, and by A (99) the (n — 1)-dimensional Riemannian area of 9. Let p(p, q) be
a distance on M, and let p,(g) be the C? distance function from the point p € M,
such that |Vp,| < 1forallp € M.

Denote by B,.(p) the open ball centered at p € M of radius > 0. The Cheeger
constant h (B) of a ball B = B,(p) is defined by

.. A(0Q)
inf ——~
QcB V(Q)’
where inf is taken over all open sets 2 C B with smooth boundaries and compact

closure. We say that a function h(r) on an interval (0, 74z ) is a Cheeger function
if it is positive, decreasing, and for any p € M and r € (0, Tmaz),

(1.2) h(Br(p)) = h(r).

Here r,,4. is either a positive number or 4+ co. Our main result is as follows.

(1.1) h(B) =

Theorem 1.1. Let M be a Riemannian manifold. Assume that M admits a

Cheeger function,

(1.3) h(r) = = = ho(r),
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where ho(r) > 0 is a continuous function on (0, Tymaz), such that
(1.4) J = / ho(r)dr < oo.
0

Then, for any open set Q C M with smooth boundary and compact closure, such
that V (Q) < Upaz, the following inequality takes place:

(1.5) AOQ) > CV(Q)
where C = 4" (%wn) " exp (— %) and Vpmae 1S given by
(16) Umaz = ;wnr%aa: exXp (_ J)7

where wy, 18 the volume of the unit ball in R™.

Remark 1.2. The case when M admits a Cheeger function h(r) = % was considered
by Chung, Grigor’yan and Yau [3]. They proved the isoperimetric inequality (L)
using the method of Michael and Simon [9]; our proof is based on the same approach.

2. THE PROOF
Proof. The proof is divided into three steps.

First step. Fix a open set 2 C M with smooth boundary and compact closure,
a point p € M and define two functions

(2.1) m(r) = V(QnNB,),

‘ s(ry = A0Q N By).
where B, = B,.(p).

Set Q,. = Q N B, and observe that
(2.2) 00, = (2N IB,) U (02 N B,).
Since €2, C B,., we have by definition of a Cheeger function,
(2.3) B V(9,) < AD9,).
Clearly,

(2.4 A(89,) i A(Q N dB,) + A(OQ N B,)

m'(r) + s(r),
where m/(r) is the derivative with respect to r. From (23) and ([24]) we obtain

(2.5) h(rym(r) < s(r) + m/(r)
(2.6) — (m/(r) = h(r)m(r)) < s(r).

Fix some a € (0, rmqz) and set

(2.7) H(r) = / h(t)dt.
Note that the function H(r) is a differentiable and increasing function defined
on [0, T"maz] onto [Hpmin, Hmaz|, where
—00 < H(0) = Hpin < H(a) =0 < H(rmaz) = Hmax < 00.

We prove this as follows: we already know that h(r) is a continuous function,
so that H'(r) = h(r) # 0 for all r € (0, riqee), and therefore by the Inverse
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Function Theorem there exists an inverse function denoted by H~ !(s) where s €
[Hpmin, Himaz). Moreover H™1(s) is a differentiable function in (H,nipn, Honaz), with
derivative given by
1 1
H- Y (s5) = -
)0 = )~ W)
therefore H~1(s) is also an increasing function.
Multiplying by the factor F(r) := exp (— H(r)) gives the differential inequality
d
- (
Second step. In the sequel we will use the following lemma, which was proved in

(2.8) F(r)ym(r)) < F(r)s(r).

Lemma 2.1. Let f(r) be an absolutely continuous positive function on (0, co).
Suppose that for some ro € (0, 00) and all v € (0, rg) the inequality is satisfied:

d 1
2. - — — f(4r).
(29) 210 < 1)
Then
7
(2.10) sup f < - sup f.
(0,70) 3 (ro,a70)

Assuming that V () < ez, We obtain

7 _

(2.11) In <3V(Q)w 1> < Humaz = H("maaz),
where w 1= a"w, exp (— foa ho(r)dr). Indeed we have
(2.12) Hpow = / ’ /h(r)dr =nln (M) — / N ho(r)dr,

a a a
whence

7

(2.13) wexp (Hpmaz) = wnTiaeexp(—J) = 3Vmaz -

Therefore V (Q) < Upqe implies
3
(2.14) V(Q) < 7w exp (Hmaz) ;

hence (2.I1]) follows. Therefore %V (Q)w™ ! € [Hmin, Hnaz), and we can set

(2.15) ro = H ! <ln GV(Q)w—l)).

We will prove that there exists r € (0, rg) such that

1 F(4r)
2.16 > —m(4 .
(2.16) s(r) = - mar) 2

Assume on the contrary that (2.I6) is false. That means for all » € (0 ro),

(2.17) F(r)s(r) < % Fdr)ym(4r),



4448 JOEL GARCIA LEON
which implies by (23]
d 1
a0 (F(r)m(r)) < RF(M) m(4r).
Applying Lemma 2Tl to f(r) = F(r)m(
<

(2.18)
we conclude that
(2.19) sup F'(r)m(r)
(0,70)
By definition of F' and H, we have

(2.20) Fir) = (4)" exp (— / ' ho(r)dr) .

Noting that m(r) ~ w,r™ as r — 0, we obtain from (220

sup F(r)m(r).

(ro,410)

r)
7
3

(2.21) rliinOF(r)m(r) = wpa" exp (— /Oa ho(r)dr> = w.
Hence, by (2.19) and 221)),
(2.22) w < 7£up)F(r)m(r).
On the other hand, F(r) is decreasing and m(r) < V (), which implies
(2.23) sup F(r)m(r) < F(ro)V ().

(r0,470)

Combining the above two lines, we obtain

(2.24) w < ;F(To)V(Q).
However, by the choice of rg,

(2.25) F(ro) = exp(~ Hiro)) = 2V () 'w,
whence IV (Q) F(ro) = w, contradicting (224)).

Third step. In the previous step we proved that there exists » € (0, ro) such that

1 [ F(4r)
(2.26) AOQNB,) > - ( ) ) V(Q N Byy).

Since h(r) < 2 it follows that

A

(2.27) 1;((? = exp (— / Mh(r)dr) >4,

Then by ([226]) and (Z21) we obtain

(2.28) A(DQ N B,) > %V(Q N Bu).
0

Next we will use the following lemma, proved in [5] (see also [3] and [§]).

Lemma 2.2. Let (M, d) be a metric space with countable base. Suppose that any
point x from a set Q@ C M is assigned a metric ball B, () of radius r, € (0, rg).
Then there exists an (at most countable) set S C  such that all balls B, (),
x € S, are disjoint, whereas the union of the balls By, (x), x € S, covers all the
set ).
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Let S = {x;} be the countable set given by Lemma [Z2] and set r; = r,,. We

have by ([2.26]):
A(0Q) > > A(0Q N By,)

11
(2.29) > Z 3V (@0 B

11
> ——V(Q).
_7'04n ()

To conclude the proof of the theorem, we need to prove that
(2.30) ro < KV (Q)7,

where K = ()™ wn " exp (£).

Indeed we have by definition of rg (equation (2.I3)),
7 —1 o ro
(2.31) In gV(Q)W = H(ro) = n ln; - ho(r)dr.
a

Therefore,

(2.32) ro < a (;v (Q)w1> ; exp CL /am ho(r)dr> .

Substituting w, we obtain

1
T\ -1 J 1
(2.33) ro < <§) Wn, " exp (E) V(Q)’i ,
which completes the proof. O

3. EXAMPLES

Example 3.1 (Hadamard-Cartan manifolds). A manifold M is called a Hadamard-
Cartan (H-C) manifold, if and only if M is a geodesic complete manifold, simply
connected, noncompact and with nonpositive sectional curvature.

Any H-C manifold (including R™ and H?) admits as a Cheeger function h(r) =
2. We prove this as follows: let M be an H-C manifold. Grigory’an [6] and Garcfa
Leén [5] report that if M is an H-C manifold and p, denotes a C? distance function
from the point p € M such that [Vp,| < 1, then its Laplacian satisfies

n—1
Pp.

Let r, be the geodesic distance from the point p € M. It is well known that
|Vr,| = 1; hence by (B1)),

(3.1) Apy, >

(3.2) Arl =2 (rpArp + |V7“p|2) > 2n.

Let r € (0, rpmaz) and Q@ C B,.(p) be an open set with smooth boundary and
compact closure. Hence by (8:2) we obtain

(3.3) /QArf,dv >2nV(Q).
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On the other hand, by the Green’s formula,

(3.4) 27 A(0Q) > /Q Ar2dV;
thus from equations B3] and (B4) we obtain

— n
(35) BB, ) >

Now let rpee = 0o and ho(r) = 0, Vr > 0. Applying Theorem [T we conclude
that if M is an H-C manifold, then the inequality ([L3)) is satisfied for all open sets
Q with smooth boundary and compact closure.

Example 3.2. If the curvature of M is allowed to be positive, one should expect a
Cheeger function to be smaller than 7. Indeed, S? has a Cheeger function h(r) =
cot (%) , 0 < r < m, which is smaller than %, but the function hg = % — cot (%)
is bounded and hence satisfies our condition (L4]). A similar statement is true for
Sn.

Example 3.3 (Surfaces with bounded mean curvature). Let M be a surface in
R™, let p, ¢ € M and let d(p, ¢) be the extrinsic distance. We know that if p,
denotes the extrinsic distance function, then p, < r,, where r, denotes the geodesic
distance function from the point p € M. Moreover it implies that |Vp,| < 1, Vp €
M.

If we denote by H the mean curvature vector and we assume that

(3.6) sup |[H| < K,

where the sup runs on all points of M, 0 < K < oo is a constant and 7,4, > 0
is an arbitrary and fixed number. Osserman [10] and Grigor’yan [6] proved that: If
pp is the extrinsic distance, shifting 1, ...,z coordinates in RY and taking p as
the origin, then

N N

Api =2 (Z x; H; + Z ’Vx?‘)
z;l 1=1
=2 <Z]Z1H2 + ’I’L> R

i=1

(3.7)

where H; means coordinates of the mean curvature vector, and by computation we
obtain that it is true that Zi\f: 1 |Vx22’ = n. By Schwarz inequality it is obtained
that

N

(3.8) > wiH; < py |H,
i=1

whence

N
(3.9) Apﬁ > 2 (n - Z z; Hi>

i=1

>2(n — p, |H]).
We already know that |H| < K, where K > 0 is constant. By (3], we obtain

(3.10) Aps>2(n— Kpp).
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Let us define (r) by
p(r)y=n—Kr, 0<7r < aq,

where we take n

Tmax — E > 0.

We will construct a continuous function hg : (0, 7maee) — R such that
e ho(r) > 0,¥r € (0, rmaz), and

. formam ho(r)dr < J, for all p € M, where 0 < J < oo is a constant.

Note that the function ¢(r) is in fact a decreasing and continuous function. Let
r € (0, "maz), p € M and let Q C B,(P) be an open set with smooth boundary
and compact closure. Hence integrating B.I0) on 2, and by the fact that ¢(r) is a
decreasing function,

/ AppdV > 2 / e(pp)dV
Q Q

> 2p(r)V ().
On the other hand, by the Green’s formula,

(3.11)

(3.12) 21 A(09Q) > /QApZdV.

Hence by (311) and BI2)), for all open sets with smooth boundary and compact
closure, it is satisfied that

A@9) _ r)

1
(3.13) Ve S
We conclude by definition of Cheeger’s constant on the ball that
— r n
(3.14) ) > 2 -

Let hg : (0, rpaz) — R be the constant function hg(r) = K > 0. Thus
estimating its integral on (0, rp4z),

(3.15) / ho(r)dr = Krpae = n = J < 0.
0

Now by Theorem [T}, if V () < vmaz, then
(3.16) A(BQ) > CV Q) T,
where

c - et
(3.17)

v = 22K
Remark 3.4. On minimal manifolds we already know that |[H| = 0, and in this
case we obtain that 7,42 = Umaes = 00. Therefore if M is a minimal manifold,

then M satisfies the isoperimetric property.
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