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NONABELIAN THETA FUNCTIONS OF POSITIVE GENUS

ARZU BOYSAL

(Communicated by Ted Chinburg)

Abstract. Let Cg be a smooth projective irreducible curve over C of genus
g ≥ 1 and let {p1, . . . , ps} be a set of distinct points on Cg . We fix a nonnega-

tive integer � and denote by Mg(p, λ) the moduli space of parabolic semistable
vector bundles of rank r on Cg with trivial determinant and fixed parabolic
structure of type λ = (λ1, . . . , λs) at p = (p1, . . . , ps), where each weight λi

is in P�(SL(r)). On Mg(p, λ) there is a canonical line bundle L(λ, �), whose

global sections are called generalized parabolic SL(r)-theta functions of order
�. In this paper we prove the existence of such nonzero nonabelian theta func-
tions, thus establishing a part of higher genus generalizations of the celebrated
saturation conjectures.

1. Introduction

Let Cg be a smooth projective irreducible curve over C of genus g ≥ 1 and let
{p1, p2, . . . , ps} be a set of distinct points on Cg.

We fix a nonnegative integer � and denote by M
SL(r)
Cg

(p, λ) (for short Mg(p, λ))
the moduli space of parabolic semistable vector bundles of rank r on Cg, with
trivial determinant and fixed parabolic structure of type λ = (λ1, . . . , λs) at p =
(p1, . . . , ps) (see [18] or [16] for definitions), where each weight λi is in P�(SL(r));
that is, each λi is dominant integral and λi(Hθ) ≤ � (cf. section 2.2).

On Mg(p, λ) there is a natural line bundle L(λ, �) whose global sections can
be seen as parabolic generalizations of the nonabelian version of classical theta
functions on the Jacobian of Cg, and are often called generalized parabolic SL(r)-
theta functions (for short nonabelian theta functions) of order �.

One of the motivations for our work comes from the Knutson–Tao saturation
theorem [13] and its generalizations (see Fulton [10] for a survey). Recall that if
Vλ1 , . . . , Vλs

are irreducible representations of SL(r) such that
∑s

1 λi lies in the
root lattice (for simplicity also assume that each λi is strictly dominant), then
one can interpret (Vλ1 ⊗ · · · ⊗ Vλs

)SL(r) as H0((SL(r)/B)s// SL(r), L), where L is
the descent via GIT of the line bundle C−λ1 ⊗ · · · ⊗ C−λs

to the GIT quotient
(SL(r)/B)s// SL(r). Let M be the GIT quotient. According to the Knutson–Tao
saturation theorem, for any positive integer N ,

H0(M, LN ) �= 0 if and only if H0(M, L) �= 0.
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Now L is ample on M , so the above statement can be rewritten as

M �= ∅ if and only if H0(M, L) �= 0.

One can view M as a ‘classical limit’ of the moduli of parabolic bundles (ac-
tually the limiting case for large level, g = 0) and H0(M, L) as the classical limit
of nonabelian theta functions. Therefore the Knutson–Tao theorem leads to the
expectation that whenever moduli spaces M (of type A) are nonempty, nonzero
sections of suitable line bundles on them exist. For g = 0 this is established by
works of Belkale on quantum horn and saturation conjectures [3]. We will verify
this saturation principle in higher genus. Here M is the moduli of parabolic bun-
dles Mg(p, λ), which is never empty for g ≥ 1 (cf. section 2.4), so the expectation is
that nonzero theta functions should exist, which we prove. Our paper should there-
fore be seen as a higher genus saturation theorem. In fact, we give the following
nontrivial lower bound for their rank:

Theorem 1.1. Let Cg be a smooth projective irreducible curve over C of genus
g ≥ 1 and let {p1, p2, . . . , ps} be a set of distinct points on Cg. Fix a nonnegative
integer �, and let Mg(p, λ) be the moduli space of parabolic semistable SL(r)-bundles
of type λ = (λ1, λ2, . . . , λs) at p = (p1, p2, . . . , ps) with each λi ∈ P�(SL(r)).

If
∑s

1 λi lies in the root lattice of SL(r), then

dimH0(Mg(p, λ),L(λ, �)) ≥ (�P�(SL(r)))g−1,

where �P�(SL(r)) = (� + r − 1)!/(�!(r − 1)!).

In the proof of this main result we make essential use of the canonical identifi-
cation of sections of L(λ, �) with the space of conformal blocks (see Sorger [20] for
a survey).

The outline of the proof of the above main theorem is as follows: under the
above-mentioned correspondence, the dimension of H0(Mg(p, λ),L(λ, �)) obeys the
‘factorization rule’ and has the ‘propagation of vacua’ property as given by [22]
(cf. Proposition 3.2). Using these, we reduce the problem of determining nontrivial
lower bounds for the dimension of sections of L(λ, �) to the case of genus g = 1
(cf. Lemma 4.1).

For g = 1, we first prove the existence of a nonzero section for the particular
case of one marking (i.e. s = 1) using a Parthasarathy-Ranga Rao-Varadarajan
(PRV) type result for the fusion product of SL(r) representations given by Belkale.
We show that for any λ ∈ P�(SL(r)) that is also in the root lattice, there exists a
PRV weight µ ∈ P�(SL(r)) such that spaces of genus zero parabolic theta functions
of type (λ, µ, µ∗) are nonzero (cf. Proposition 4.2). We then reduce the case of
an arbitrary number of markings to this case (cf. Proposition 4.3). By these two
propositions, we have H0(M1(p, λ),L(λ, �)) �= 0 (which is precisely the claim in
Theorem 1.1 for g = 1). Then, by virtue of the above-mentioned reduction to
genus 1, Theorem 1.1 follows.

2. Preliminaries

We set up the notation and recall basic definitions and concepts. The main
reference for sections 2.1 and 2.2 is [6]. Sections 2.3 onwards contain results on
moduli spaces of parabolic bundles pertinent to this paper.
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2.1. Let G be a connected, simply connected, simple affine algebraic group over C.
This will be our assumption on G unless otherwise stated. We fix a Borel subgroup
B of G and a maximal torus T ⊂ B. Let h,b and g denote the Lie algebra of T ,
B and G respectively. Let R = R(h, g) ⊂ h∗ be the root system; there is the root
space decomposition g = h ⊕ (

⊕
α∈R gα). We fix a basis ∆ = {α1, . . . , αr} of R,

where r is the rank of G. Let hR denote the real span of elements of h dual to ∆.
For each root α, denote by Hα the unique element of [gα, g−α] such that α(Hα) = 2;
we denote by Q̌ the lattice spanned by Hα. We also choose elements Eα ∈ gα and
Fα ∈ g−α that span, together with Hα, a Lie subalgebra of g isomorphic to sl2.
Let {ωi}1≤i≤r be the set of fundamental weights, defined as the basis of h∗ dual
to {Hαi

}1≤i≤r. Define the weight lattice P = {λ ∈ h∗ : λ(Hα) ∈ Z, ∀α ∈ R}; we
denote the set of dominant weights by P+.

Let ( | ) denote the Killing form on g normalized such that (Hθ|Hθ) = 2, where
θ is the highest root of G. We will use the same notation for the restricted form
on h and the induced form on h∗. We introduce the Weyl group W := NG(T )/T .
The Killing form is positive definite on hR, thus induces the following canonical
isomorphism:

F : h
∗
R
→ hR ; α �→ (2/(Hα|Hα))Hα

with F−1(Hα) = (2/(α|α))α. Under the above identification, W is generated by
elements wα for α ∈ ∆ acting on h∗

R
as wαβ = β − β(Hα)α. Thus, given a weight

β ∈ P that is also in the root lattice, wβ − β is again in the root lattice for any
w ∈ W . Let w0 denote the longest element in the Weyl group. Then for any λ ∈ P ,
the dual of λ denoted by λ∗ is −w0λ.

2.2. For a positive integer �, define the set P�(G) := {λ ∈ P+ : λ(Hθ) ≤ �};
it is finite and stable under taking the dual. In particular, for G = SL(r) and
λ =

∑r−1
i=1 aiωi, P�(SL(r)) = {ai ∈ Z≥0 :

∑r−1
i=1 ai ≤ �}.

Let A = {h ∈ h+ : θ(h) ≤ 1} denote the (closed) fundamental alcove. A is a
fundamental domain for the action on hR of the affine Weyl group Waff, which is
the semidirect product of W and Q̌. By virtue of the normalization in the Killing
form, for any λ ∈ P�(G),

θ(F (λ)) = λ(F (θ)) = λ(Hθ).

Thus, λ/� determines a unique element F (λ/�) in A. Often we shall implicitly
identify a weight in P�(G) with the corresponding element in A and hence with an
orbit of hR/Waff.

2.3. Let Cg be a smooth projective irreducible curve over C of genus g ≥ 1 and let
p = (pi)1≤i≤s be distinct points on Cg labeled by weights λ = (λi)1≤i≤s, with each
λi in P�(G). Then one can construct (see [16]) the (algebraic) moduli stack of quasi-
parabolic G-bundles associated to this data, denoted by MG

g (p, λ). There exists a
(coarse) moduli space for MG

g (p, λ) which is a projective variety and its points are
equivalence classes of parabolic semistable G-bundles of fixed topological type and
fixed parabolic structure ([5], Theorem II). We denote this space by MG

g (p, λ).

2.4. We recall that the real analytic space underlying MG
g (p, λ) admits a descrip-

tion as the space of representations of the fundamental group π1(Cg\{p1, . . . , ps}, b)
into a fixed compact form K of G, up to conjugation ([5], Proposition 2.3, or
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[21]; for G = SL(r) see [18], Theorem 4.1). As is well known, the set of con-
jugacy classes of K is in bijective correspondence with hR/Waff. For a collec-
tion of weights λ = (λ1, . . . , λs) in P�(G), we denote by Ci the conjugacy class
of exp(2π

√
−1F (λi/�)) for 1 ≤ i ≤ s. Then we have the following well known

isomorphism as real analytic spaces:

(∗)
MG

g (p, λ) �{(k1, . . . , k2g, h1, . . . , hs) ∈ K2g+s :
g∏

i=1

[ki, ki+g] =
s∏

j=1

hj , hi ∈ Ci}/AdK,

where /AdK refers to the quotient under the diagonal adjoint action of K on K2g+s.
For g ≥ 1, under the above identification (∗) and using a theorem of Gotô [11], which
states that the image of the commutator map K × K → K; (k1, k2) �→ [k1, k2] is
surjective, the moduli space MG

g (p, λ) is nonempty for any collection of weights λ
in P�(G).

2.5. There is a natural line bundle L(λ, �) on the moduli stack (see [16], section 8.9,
for the construction). It is known that for G = SL(r), L(λ, �) descends to the moduli
space Mg(p, λ) ([7], [19]). Moreover,

H0(MSL(r)
g (p, λ),L(λ, �)) � H0(MSL(r)

g (p, λ),L(λ, �)).

For proof of the above canonical identification of sections we refer to [19], Proposi-
tion 5.2; the nonparabolic case is proved in [2], Propositions 8.3 and 8.4.

We will make essential use of the following canonical identification:

H0(MG
g (p, λ),L(λ, �)) � V G

Cg
(p, λ),

where the space on the right-hand side is called the space of conformal blocks and
will be defined in the next section. The above isomorphism is proved for the
nonparabolic case independently by Beauville–Laszlo [2], Faltings [8] and Kumar–
Narasimhan–Ramanathan [15]; parabolic variants are given by Pauly [19] and
Laszlo–Sorger [16].

Finally, by the above list of identifications, we have

(∗∗) H0(MSL(r)
g (p, λ),L(λ, �)) � V

SL(r)
Cg

(p, λ).

3. Conformal blocks, their degeneration properties,

fusion product and PRV components

We recall the definition of the space of conformal blocks as given by Tsuchiya–
Ueno–Yamada [22]. This space is identified with generalized parabolic G-theta
functions of level � as recalled in section 2.5.

Let g̃ = g⊗C((z))⊕CC denote the (untwisted) affine lie algebra associated to g

over C((z)), with the lie bracket given by [x⊗f, y⊗g] = [x, y]⊗fg+((x|y)Res(gdf))·
C and [g, C] = 0 for x, y ∈ g and f, g ∈ C((z)).

We fix a positive integer �, called the level. It is well known from representation
theory of affine Lie algebras that for each λ ∈ P�(G) there exists a unique (up to
isomorphism) left g̃-module Hλ, called the integrable highest weight g̃-module, with
the central element C acting as � · Id (see e.g. [12]).
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Definition 3.1. The space of conformal blocks on Cg with marked points (p1, . . . ,
pk) and weights (λ1, · · · , λk) attached to them (each λi ∈ P�(G)) with central
charge � is

V G
Cg

(p, λ) := [Hλ1 ⊗Hλ2 ⊗ · · · ⊗ Hλk
]g⊗O(Cg\{p1,...,pk}),

where O(Cg\{p1, . . . , pk}) denotes the ring of algebraic functions on the punctured
curve Cg\{p1, . . . , pk}, and the notation [ ]g⊗O(Cg\{p1,...,pk}) denotes taking coin-
variants with respect to the Lie algebra in the subscript. (See [22] or [1] for details
of the action used in taking coinvariants.)

These vector spaces form a projectively flat vector bundle over the moduli space
of curves with marked points ([22], [9]); hence the rank of the vector space V G

Cg
(p, λ)

depends only on the genus g and on weights λ. Denote this common rank by ng(λ),
that is, ng(λ) = dimV G

Cg
(p, λ). Its value is given by the Verlinde formula ([2], [8],

[23]).
Below, we state the principle of ‘propagation of vacua’ and the ‘factorization

rule’ for conformal blocks only in terms of their dimensions, as we will not need
explicit isomorphisms.

Proposition 3.2. For any collection of weights λ in P�(G):

(a) (Propogation of vacua, [22, Proposition 2.2.3]) ng(λ, 0) = ng(λ).
(b) (Factorization rule, [22, Proposition 2.2.6])

ng(λ) =
∑

ν∈P�(G)

ng−1(λ, ν, ν∗).

Let R(g) denote the Grothendieck ring of finite dimensional representations of
g. There is a bijection of P+ onto R(g) where a dominant weight λ is associated
to the isomorphism class of the simple g-module Vλ containing a highest weight
vector with weight λ. The multiplicative structure in R(g) is induced from the
tensor product of two representations.

The fusion ring associated to g and the nonnegative integer �, R�(g), is a free
Z-module with basis {Vλ, λ ∈ P�(G)}. The ring structure is defined as

Vλ ⊗F Vµ :=
⊕

ν∈P�(G)

nλ,µ(ν∗)Vν ,

where nλ,µ(ν∗) := dim[Hλ⊗Hµ⊗H∗
ν ]g⊗O(P1−{3 points}) = n0(λ, µ, ν∗). The product

⊗F is clearly commutative; it is also associative by virtue of the ‘factorization rule’.
For completeness, we will outline the necessity of the assumption ‘

∑s
1 λi lies

in the root lattice of SL(r)’ in Theorem 1.1: V G
P1 (p, λ) is isomorphic to the largest

quotient of Vλ1 ⊗ · · · ⊗ Vλs
on which g and (Eθ ⊗ z−1)�+1 act trivially (see the

Appendix in [8], or [1]). Therefore V G
P1 (p, λ) is empty if

∑s
1 λi fails to lie in the

root lattice. Then, inductively by Proposition 3.2(b), V G
Cg

(p, λ) is also empty for
any g ≥ 1.

We now recall (a version of) the Parthasarathy-Ranga Rao-Varadarajan (PRV)
conjecture (already proven) for the tensor product of two simple g-modules. Let
Vλ1 and Vλ2 be two finite dimensional irreducible g-modules with highest weights
λ1 and λ2 respectively. Then for any w ∈ W the irreducible g-module Vλ1+wλ2

occurs with multiplicity at least one in Vλ1 ⊗ Vλ2 , where λ1 + wλ2 denotes the
unique dominant element in the W -orbit of λ1 + wλ2 ([14], [17]). Weights of this



4206 ARZU BOYSAL

form are called PRV-weights. An analogous theorem for the fusion product of sl(r)
representations is given by Belkale. Before stating this theorem we observe the
following.

Given any λ1, λ2 ∈ P�(G) and w ∈ Waff, there exists w̃ ∈ Waff such that
w̃(F (λ1/�) + wF (λ2/�)) ∈ A is the unique element in the Waff-orbit of F (λ1/�) +
wF (λ2/�) (see section 2.2). Clearly,

F−1(w̃(F (λ1/�) + wF (λ2/�))) = w̃(λ1/� + wλ2/�).

Moreover, �(w̃(λ1/� + wλ2/�)) is in P�(G) by construction and is of the form
w̃′(λ1 + wλ2) for some w̃′ ∈ Waff such that w̃′ ≡ w̃ (mod �Q̌). We denote this
element in P�(G) (uniquely determined by the triple λ1, λ2 and w) by λ1 + wλ2

F
.

Theorem 3.3 ([3], Proposition 3.5). With notation as before,

M
SL(r)
0 (p, λ) �= ∅ if and only if n0(λ) �= 0.

Theorem 3.4 (PRV for fusion product, [4]). Let Vλ1 and Vλ2 be finite dimensional
irreducible sl(r)-modules with highest weights λ1 and λ2 respectively, with λ1, λ2 ∈
P�(SL(r)). Then, for any w ∈ Waff, the irreducible sl(r)-module V

λ1+wλ2
F occurs

with multiplicity at least one in Vλ1 ⊗F Vλ2 .

Proof. (P. Belkale informed me that he learned of the following derivation of PRV
from Proposition 3.5 in [3] from C. Woodward.) Let µi = F (λi/�) for i = 1, 2, and
µ3 = w̃F (λ1/� + wλ2/�) = w̃(µ1 + wµ2), where w̃(µ1 + wµ2) ∈ A is the unique ele-
ment in the Waff-orbit of µ1 + wµ2. Clearly, there exist elements w1, w2, and w3 ∈
Waff such that w1µ1+w2µ2+w3µ

∗
3 = 0, where µ∗

3 denotes the dual of µ3 as in section
2.1. Thus, under the identification (∗) of section 2.4, M

SL(r)
0 (p, λ1, λ2, (λ1+wλ2

F
)∗)

�= ∅. Then it follows from Theorem 3.3 that n0(λ1, λ2, (λ1 + wλ2
F
)∗) �= 0; equiva-

lently V
λ1+wλ2

F ⊂ Vλ1 ⊗F Vλ2 by the definition of the fusion product. �

4. Proof of Theorem 1.1

In this section we restrict ourselves to G = SL(r). Recall that under the identi-
fication (∗∗) of section 2.5,

(1) dim H0(MSL(r)
g (p, λ),L(λ, �)) = dim V

SL(r)
Cg

(p, λ) = ng(λ).

Lemma 4.1. It suffices to show that Theorem 1.1 holds for g = 1.

Proof. Using the ‘factorization rule’, Proposition 3.2(b), for any collection of weights
λ in P�(SL(r)),

ng(λ) =
∑

ν∈P�(SL(r))

ng−1(λ, ν, ν∗)

= ng−1(λ, 0, 0) +
∑

ν∈P�(SL(r)), ν �=0

ng−1(λ, ν, ν∗).

By ‘propagation of vacua’, Proposition 3.2(a), ng−1(λ, 0, 0) = ng−1(λ). Hence,

(2) ng(λ) ≥ ng−1(λ).

Now suppose n1(λ) > 0. Clearly, by inequality (2), ng(λ) > 0 for any g ≥ 1.
Moreover, since ν+ν∗ is in the root lattice for any ν ∈ P , we get the lower bound as
claimed in Theorem 1.1 (under identification (1)) inductively by Proposition 3.2(b).

�
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Proposition 4.2. Theorem 1.1 holds for the case of one marking on C1 (i.e. for
the particular case g = 1 and s = 1).

Proof. We will show that for any λ ∈ P�(SL(r)) that is also in the root lattice,
there exists a special PRV-weight µ ∈ P�(SL(r)) such that Vµ ⊂ Vλ ⊗F Vµ. This
will imply by the ‘factorization rule’ that n1(λ) > 0.

Given λ =
∑r−1

i=1 aiωi that lies in the root lattice, by change of basis λ =∑r−1
i=1 niαi for some ni ∈ Z. For any w ∈ Waff, consider the equation

(3) λ = µ′ − wµ′.

There exists a µ′ ∈ P satisfying (3) if and only if λ lies in the root lattice. The
latter granted, we choose w = wαr−1wαr−2 · · ·wα2wα1 ∈ W . It is trivial to see that,
for this particular choice of w, µ′ =

∑r−1
i=1 (ni−ni−1)ωi (with n0 = 0) is the solution

in P . Let w̃ ∈ Waff such that µ := w̃−1µ′ is in P�(SL(r)). Then we have

λ = w̃µ − ww̃µ,

that is, λ + ww̃µ
F

= µ. Thus, by Theorem 3.4, Vµ ⊂ Vλ ⊗F Vµ; equivalently
n0(λ, µ, µ∗) > 0. Then it follows from Proposition 3.2(b) that n1(λ) > 0. Hence
the claim follows by equality (1). �

Proposition 4.3. Theorem 1.1 holds for an arbitrary number of markings on C1.

Proof. We will show that n1(λ) > 0 whenever
∑s

i=1 λi lies in the root lattice of
SL(r).

Recall that for any λ1, λ2 ∈ P�(SL(r)) and w ∈ Waff, there exists w̃′ ∈ Waff

such that w̃′(λ1 + wλ2) is in P�(SL(r)). Moreover, by Theorem 3.4, the sl(r)
representation with highest weight w̃′(λ1 + wλ2) appears in Vλ1 ⊗F Vλ2 . Clearly,
w̃′(λ1 + wλ2) = λ1 + λ2 + (w̃′λ1 − λ1) + (w̃′wλ2 − λ2). Thus, if λ1 + λ2 is in the
root lattice, so is w̃′(λ1 + wλ2) (see section 2.1).

We now repeat the above construction. Given weights λ1, . . . , λs ∈ P�(SL(r))
with

∑s
i=1 λi in the root lattice, and w1 ∈ Waff, there exists wi in Waff (which we

find inductively) for 2 ≤ i ≤ s such that wi(λi + wi−1(λi−1 + · · ·+ w2(λ2 + w1λ1)))
is in P�(SL(r)). The last weight,

λ̃ := ws(λs + ws−1(λs−1 + ws−2(λs−2 + · · · + w2(λ2 + w1λ1)))),

is also in the root lattice. Moreover, by a repeated application of Theorem 3.4, we
have Vλ1 ⊗F Vλ2 ⊗F · · · ⊗F Vλs

⊃ Vλ̃.
Since Vλ1 ⊗F Vλ2 ⊗F · · · ⊗F Vλs

decomposes with positive structure coefficients
and the fusion product is associative, for any ν ∈ P�(SL(r))

(Vλ1 ⊗F · · · ⊗F Vλs
) ⊗F Vν = Vλ1 ⊗F · · · ⊗F Vλs

⊗F Vν ⊃ Vλ̃ ⊗F Vν .

In particular,

(4) n0(λ, ν, ν∗) ≥ n0(λ̃, ν, ν∗)

where λ = (λ1, . . . , λs).
Using Proposition 3.2(b),

(5) n1(λ) =
∑

ν∈P�(SL(r))

n0(λ, ν, ν∗) ≥
∑

ν∈P�(SL(r))

n0(λ̃, ν, ν∗),
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where the inequality in (5) holds by (4) term by term. Using Proposition 3.2(b)
one more time, we get

(6)
∑

ν∈P�(SL(r))

n0(λ̃, ν, ν∗) = n1(λ̃).

By construction λ̃ is in root lattice and in P�(SL(r)). Thus, by Proposition 4.2,
n1(λ̃) > 0. Then it follows from (5) and (6) that n1(λ) > 0. Hence the claim, under
the identification (1). �

By the virtue of Lemma 4.1 and Proposition 4.3, Theorem 1.1 holds.
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semi-stables sur les courbes algébriques. Invent. Math. (1989) 97: 53–94. MR999313
(90d:14008)

[8] G. Faltings. A proof for the Verlinde formula. J. Alg. Geom. (1994) 3: 347–374. MR1257326
(95j:14013)

[9] G. Faltings. Stable G-bundles and projective connections. J. Alg. Geom. (1993) 2: 507–568.
MR1211997 (94i:14015)

[10] W. Fulton. Eigenvalues, invariant factors, highest weights, and Schubert calculus.
Bull. Amer. Math. Soc. (N.S.) (2000) 37: 209–249. MR1754641 (2001g:15023)
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