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ON A PROBLEM OF BORSUK AND ULAM

ALEXANDER Y. GORDON

(Communicated by Alexander N. Dranishnikov)

Abstract. Borsuk and Ulam posed the following problem: For an arbitrary
closed subset C of the d-dimensional sphere, does there exist a sequence of
homeomorphisms of the sphere such that the sequence of images of every point
of the sphere converges to a point of C and each point of C is the limit of such
a sequence? The answer is known to be positive, but the existing proof is
complicated. We give a simple proof that extends to some other manifolds
including the d-dimensional torus.

Among the topological problems that S. Ulam included in his book [5], was the
following question originally posed in [2]:

Given an arbitrary closed subset C �= ∅ of the d-dimensional sphere Sd, does
there exist a sequence of homeomorphisms Hn : Sd → Sd, such that
(a) for any p ∈ Sd, there exists a limit of Hn(p) as n → ∞;
(b) this limit belongs to C;
(c) every point of C is such a limit.

M. K. Fort [4] gave an affirmative answer to this question. He proved the following
statement:

Theorem 1. For any closed set C ⊂ Sd (C �= ∅), there exists a sequence of
homeomorphisms Hn of Sd (n = 1, 2, . . .) such that
(i) Hn(p) = p for any p ∈ C and all n;
(ii) for any p ∈ Sd \ C the sequence Hn(p) converges to some point of C.

However, the proof in [4], based on the concept of an admissible polyhedron and
on an earlier result [3], is not highly intuitive. Below we give an alternative proof
of Theorem 1, which is simpler and gives more (see the discussion following the
proof).

Proof. The stereographic projection R provides a homeomorphism of Sd onto the
one-point compactification Rd of Rd. It suffices, therefore, to solve the problem for
Rd and its compact subset C ′ = R(C). We may assume that the point R−1(∞)
belongs to C, so that ∞ ∈ C ′.

We define a function Q : Rd → Rd by Q(x) = f(x) u, where u is a nonzero
vector in Rd and f(x) = min (dist(x, C ′), 1). Here dist(x, C ′) is the Euclidean
distance from x to the closed subset C ′ ∩ Rd of Rd if that subset is nonempty;
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otherwise dist(x, C ′) = +∞. The Lipschitzian function Q(x) defines a system of
ordinary differential equations

(1)
dx

dt
= Q(x),

to which the existence and uniqueness theorem [1] applies; since Q(x) is bounded,
the solutions x(t) are defined for all t ∈ R. In view of the continuous dependence
of a solution on the initial data [1], the mapping Gt that transforms x(0) into x(t)
is a homeomorphism of Rd onto itself. Moreover, letting Gt(∞) = ∞ we obtain a
homeomorphism of Rd onto itself.

Clearly, every integral curve x(t) of the system (1) lies on a line parallel to the
vector u and, as t → ∞, converges to a limit, which may be infinite or finite; in
both cases it belongs to C ′. Finally, if x ∈ C ′, then Gt(x) = x for all t ∈ R.
Therefore, the sequence of homeomorphisms Gn (n = 1, 2, . . .) of Rd is such that
(i′) Gn(x) = x for any x ∈ C ′ and all n; (ii′) for any x ∈ Rd\C ′ the sequence Gn(x)
converges to some point of C ′. It follows that the sequence of homeomorphisms
Hn = R−1GnR of Sd has properties (i) and (ii). �
Remark 1. It is a by-product of the above construction that the sequence of inverse
homeomorphisms H−1

n also solves the Borsuk–Ulam problem for Sd and C.

Remark 2. Since Gs+t = Gs Gt for all s, t ∈ R, the sequence of homeomorphisms
Hn constructed above consists of powers of the homeomorphism H1.

Remark 3. The construction (and its consequences just indicated) extends naturally
to an arbitrary closed smooth manifold M with the following property:

(A) There exists a locally Lipschitzian vector field V (p) on M\{p∗} (with some
p∗ ∈ M) whose every integral curve p(t) is defined for all t ∈ R and converges to
p∗ as t → ±∞.

It is obvious that the sphere Sd has this property (see above). Another example
of a manifold with property (A) is the d-dimensional torus Td. (Indeed, we can
represent Td as the quotient space Td = Rd/Zd with coordinates x1, x2, . . . , xd (xj

mod 1) and consider the vector field with components Vj(x1, . . . , xd) = sin2(πxj),
j = 1, 2, . . . , d.) Therefore, the Borsuk–Ulam problem for Td has a positive solution.
The same, and for a similar reason, is true for the Klein bottle.

Problem 1. Does there exist a connected closed smooth manifold without prop-
erty (A)?

The following property of a manifold M is formally weaker than (A), but still is
sufficient for the Borsuk–Ulam problem to have a positive solution.

(A+) There exists a locally Lipschitzian vector field V (p) on M\{p∗} (with some
p∗ ∈ M) whose every integral curve p(t) is defined for all t ∈ R and converges to
p∗ as t → +∞.

Problem 2. Are properties (A) and (A+) of a closed smooth manifold equivalent?

Note that a negative answer to Problem 1 would imply a trivial positive answer to
Problem 2.
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