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Abstract. A Lorentzian torus which admits a timelike conformal vector field
and with no conjugate points on its timelike and spacelike geodesics is proved
to be flat. If only the absence of conjugate points on timelike geodesics is
assumed, a counterexample is shown.

1. Introduction

A Lorentzian manifold which admits a timelike conformal (resp. Killing) vector
field is called conformally stationary (CS) (resp. stationary). In [9] it is shown that
a compact CS Lorentzian manifold is geodesically complete (a compact Lorentzian
manifold may be geodesically incomplete; see for instance [7], [8] to get many exam-
ples of incomplete Lorentzian tori). Any CS Lorentzian torus (T2, g) is (globally)
conformally flat; in fact, the metric

(
1/(−g(K, K))

)
g, where K is a timelike con-

formal vector field on (T2, g), is flat. Conversely, a conformally flat Lorentzian
torus admits a timelike conformal vector field [8]. Thus, to the contrary of the
Riemannian case, a Lorentzian torus may be non-conformally flat.

A remarkable theorem by E. Hopf in 1948 showed that a Riemannian 2-torus with
no conjugate points is flat [6] (the result remains true for higher dimensions [2]).
The technique used by Hopf cannot be adapted to the Lorentzian case. However,
several integral inequalities, involving the Ricci tensor, for a compact CS Lorentzian
manifold have been proved and shown to be useful for studying conjugate points
on null geodesics [4], [5]. These inequalities have been obtained by making use
of a new technique based on the geometry of the Lorentzian manifold called the
null congruence manifold [4]. Starting from an arbitrary time-orientable Lorentzian
manifold and one of its timelike vector fields, the null congruence is constructed re-
stricting the Sasaki metric on certain codimension-two submanifolds of the tangent
bundle. When the timelike vector field is conformal, the null congruence manifold
possesses several crucial properties, which makes it useful to analyze the behavior
of conjugate points on null geodesics in the subfamily of compact CS Lorentzian
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manifolds [4], [5]; in particular, even another proof of the classical Hopf theorem
was given [5].

In the 2-dimensional case, there exists no conjugate point on a null geodesic [1,
Lemma 10.45], and the null congruence technique does not work. However, in [5]
we introduced a procedure to deal with conjugate points on non-null geodesics of
Lorentzian surfaces that we will use also in this paper (see proof of Theorem 3.1).
Both the previously explained nice properties of CS Lorentzian tori and clear tech-
nical reasons lead one to conjecture a natural extension of the Hopf theorem to
the family of CS Lorentzian tori. Thus, the main aim of this paper is to prove the
following result (Theorem 3.5):

If a CS Lorentzian torus has no conjugate
points along its geodesics, then it is flat.

Moreover, in Counterexample 3.6, a CS Lorentzian torus with no conjugate points
on its timelike (or spacelike) geodesics which is non-flat is constructed. Therefore,
Theorem 3.5 cannot be generalized under a weaker assumption.

2. Preliminaries

Let (M, g) be an n(≥ 2)-dimensional Lorentzian manifold, that is, a (connected)
smooth manifold M endowed with a non-degenerate metric tensor g with signature
(−, +, . . . , +). We shall write ∇ for its Levi-Civita connection, Ric for its Ricci
tensor, S for its scalar curvature and dV for the canonical measure defined by
g. Recall that the vector field K is said to be conformal when LKg = 2ρg with
ρ ∈ C∞(M). If ρ = 0, K is said to be Killing. If (M, g) is a CS Lorentzian manifold
and K is a timelike conformal vector field K, we put h = 1/

√
−g(K, K) and write

U = hK for the normalized vector field obtained from K.
Conjugate points on null geodesics of a compact CS Lorentzian manifold have

been studied in [4], [5]. In particular, the absence of such conjugate points provides
the following integral inequality [5, Corollary 4.3].

If an n(≥ 3)-dimensional compact CS Lorentzian manifold (M, g)
has no conjugate points on its null geodesics, then

(1)
∫

M

[nRic(U, U) + S] hn dV ≤ 0,

where K is the timelike conformal vector field and U = h K. More-
over, equality holds if and only if (M, g) has constant sectional cur-
vature c ≤ 0.

3. Main results

Theorem 3.1. If a CS Lorentzian torus (T2, g) possesses no conjugate points along
its timelike geodesics, then for any integer m ≥ 3 we have

(2)
∫

T2
Ghm dA ≥ 0,

where G denotes the Gauss curvature and dA the area element of (T2, g). Moreover,
if the equality holds for some m, then (T2, g) must be flat.

Proof. Let Nk be a k(≥ 1)-dimensional compact flat Riemannian manifold. Using
the form of the geodesics in a semi-Riemannian product we conclude that the
Lorentzian manifold T

2 × Nk has no conjugate points along its null geodesics. On
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the other hand, K induces a timelike conformal vector field on this semi-Riemannian
product. Taking into account the expressions for the Ricci tensor and the scalar
curvature of T

2 ×Nk, the integral inequality (1) gives
∫

T2 G h2+kdA ≥ 0, for every
k ≥ 1. The equality holds if and only if T

2 × Nk has constant sectional curvature,
that is, if and only if (T2, g) is flat. �

An alternative expression for (2) can be obtained from the following result.

Proposition 3.2. On any CS Lorentzian torus (T 2, g) we have

(3)
∫

T2
Ghm dA = −m

∫
T2

hm+4 g(∇KK,∇KK) dA,

where m is any non-zero integer.

Proof. Since the metric h2g is flat, we know G = � log h, where � denotes the
D’Alembertian operator of g. Therefore the divergence theorem shows that

(4)
∫

T2
GhmdA = −

∫
T2

g(∇hm,∇ log h) dA.

The gradients in the right-hand member can be expressed as

∇hm = mhm+2(2ρK −∇KK) and ∇ log h = h2(2ρK −∇KK),

and so the result easily follows. �

Let (Σ, g) be an oriented and time-oriented Lorentzian surface and K be an
arbitrary timelike vector field. There is a unique spacelike vector field E such that
g(E, K) = 0, g(E, E) = −g(K, K) and {Kp, Ep} is an oriented basis at every p ∈ Σ.

Lemma 3.3. Let (Σ, g) be an oriented Lorentzian surface. Assume K and E are
vector fields on Σ as above. Then K is conformal if and only if E is conformal.

Proof. Consider the function φ = g(∇KE, K)/g(K, K). It is not difficult to com-
pute that φ = g(∇EE, E)/g(E, E) and then (LEg)(X, Y ) = 2φg(X, Y ) for every
X, Y ∈ X(Σ). Replacing g by −g the converse follows. �

Remark 3.4. It should be noted that the correspondence stated in Lemma 3.3
cannot be restricted to Killing vector fields. In fact, for a warped product metric
−dt2 + f(t)2dx2 on I × R, with f non-constant, the proper conformal vector field
K = f(t)∂t gives E = ∂x, which is Killing.

Now, we are ready to prove the main result of this paper.

Theorem 3.5. If a CS Lorentzian torus (T2, g) has no conjugate points along its
geodesics, then (T2, g) is flat.

Proof. Both Lorentzian metrics g and −g have no conjugate points along their
timelike geodesics. Making use of Lemma 3.3 we arrive then at the equality in (2).
Therefore, the result follows from Theorem 3.1. �

Counterexample 3.6. A CS Lorentzian torus with no conjugate points along its
timelike geodesics is not necessarily flat. In fact, choose a (non-constant) positive
periodic function f : R → R, and construct the corresponding CS Lorentzian torus
from the warped metric g = −dt2 + f(t)2dx2 on R

2. As shown in [3], this torus has
no conjugate points along its timelike geodesics. The Gauss curvature of this torus
at the point defined by (t, x) is f ′′(t)/f(t); therefore this torus is not flat. On the
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other hand, if f ′(t0) = 0 and f ′′(t0) > 0, then the spacelike geodesic on the torus
obtained by projection of γ(s) = (t0, s) has conjugate points. Finally, replacing g
by its opposite, we get a non-flat stationary torus with no conjugate point on its
spacelike geodesics and with conjugate points on some of its timelike geodesics.

Under the stronger assumption that K is Killing we get

Theorem 3.7. If a stationary Lorentzian torus (T2, g) has no conjugate points
along its timelike geodesics, then it must be flat.

Proof. Since K is Killing, g(∇KK, K) = 0 and therefore ∇KK is spacelike. The
equality in (2) is now achieved using Proposition 3.2, and this ends the proof. �
Remark 3.8. (a) In [10] all Lorentzian tori with a non-trivial Killing vector field
are characterized and explicitly obtained. (b) Theorem 3.7 was already obtained in
[5]. Now, we give here a different proof.
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