PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 138, Number 1, January 2010, Pages 47-59
S 0002-9939(09)10006-0

Article electronically published on August 20, 2009

QUIVERS WITH RELATIONS OF HARADA ALGEBRAS

KOTA YAMAURA

(Communicated by Birge Huisgen-Zimmermann)

ABSTRACT. For a finite dimensional algebra R, we give an explicit descrip-
tion of quivers with relations of block extensions of R. As an application,
we describe quivers with relations of Harada algebras by using those of the
corresponding quasi-Frobenius algebras.

1. INTRODUCTION

Two classes of artinian rings have been studied for a long time. One is Nakayama
rings, and the other is quasi-Frobenius rings (QF-rings). In the 1980s, Harada
introduced the new class of artinian rings, called Harada rings nowadays, which
give a common generalization of Nakayama rings and QF-rings. Many authors have
studied the structure of Harada rings (e.g. [5] [6 [0, 10, A1 12, 03], 14]). Among
others, Oshiro [I14] gave a structure theorem of Harada rings as upper staircase
factor rings of block extensions of QF-rings. This plays an important role in the
theory of Harada rings.

In [I6], Thrall paid attention to three properties of QF-algebras, called
QF-1, QF-2, and QF-3. Harada algebras satisfy the property QF-3, which is the
condition that the injective hull of the algebra is projective. This property is often
called 1-Gorenstein [7] [3] or dominant dimension at least one [I5], and often plays
an important role in representation theory. Harada algebras give a class of QF-3
algebras, and their indecomposable projective modules have “nice” structure (see
Definition 2:2)).

In this paper, we study Harada algebras by using the method of representation
theory of algebras. In the 1970s, Gabriel introduced quivers with relations in the
representation theory of algebras. This gives a powerful tool to calculate modules
over algebras (see [2, 4]). The aim of this paper is to describe the quivers with
relations of Harada algebras by using those of the corresponding QF-algebras. More
generally, we give a description of quivers with relations of block extensions of
arbitrary finite dimensional algebras.

This paper is organized as follows. In section 2, we recall basic results on Harada
algebras, especially their structure theorem in terms of block extensions and upper
staircase factor algebras. In section 3, we state our main theorems that describe
the quivers with relations of block extensions of arbitrary algebras. We prove them
in section 4. In section 5, we describe quivers with relations of Harada algebras by
studying those of upper staircase factor algebras.
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Throughout this paper, an algebra means a finite dimensional associative algebra
over an algebraically closed field K. We always deal with right R-modules. We
denote by J(M) the Jacobson radical of an R-module M and by S(M) the socle of
M. We denote by (z);; the matrix with the (7, j)-entry = and other entries 0.

2. BLOCK EXTENSION AND HARADA ALGEBRAS

In this section, we recall definitions and basic facts on Harada algebras, in par-
ticular block extensions, upper staircase factor algebras, and the structure theorem
of Harada algebras. These are due to Oshiro in [12], [13], [I4].

We start with giving a definition of a left Harada algebra from its structural
point of view.

Definition 2.1. Let R be a basic algebra and Pi(R) be a complete set of orthogonal
primitive idempotents of R. We call R a left Harada algebra if Pi(R) can be arranged

such that Pi(R) = {e;;}/;,72, where

(1) e;1 R is an injective R-module for any i = 1,--- ,m,
(2) eijR~e;j1J(R) foranyi=1,--- ,m,j=2,-- ,n,.

In the rest of this section, we recall the structure theorem of Harada algebras.
First we have to recall block extensions.

Definition 2.2. Let R be a basic algebra and let Pi(R) = {e1, - , e, }. Then R
can be represented as the following matrix form:

etRey e Res --- e1Rep,

easRey esRes ---  esRe,,
R =

enRe1 enRes -+ enRep,

We put @; = e;Re; and A;; = e;Re;. Then Q; is the subalgebra of R with an
identity element e;, and A;; is a (Q;, Q;)-bimodule.

Let ny,n9,- - ,nmy € N be natural numbers. For 1 <i,s < m,1 < j <n; and
1 <t < ng, we define P;j 4 as follows:

Qi (i=s,5<t)
Pij,st = J(Ql) (Z = S,j > t)
Ajj (i # 5)

and define n; x ng matrices P(i,s) as

Qi - Qi
Pisi Pase - Pisn, (i=s)
Pi.s) = Pﬂ:,sl Pi2:,52 Pi2:,sns _ iés@z) ) AiSQi
Pin.i,sl Pin.i,SQ e Pini.,sns : : (i # 3).
Aje - Ay
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We define the block extension P of R for {ny, -+ ,nn,} as

P(2,1) P(2,2) --- P(2.m)
P=R(ny, - ,ny) = . : . .
P(m,1) P(m,2) - P(m,m)

Clearly using the usual matrix multiplication, P forms a ring.

We can see that P is a basic finite dimensional K-algebra with a complete set of
orthogonal primitive idempotents { f;; | 1 <i <m,1 < j < n;}, where fi; = (1)i;,i;-
It is known that any block extension of a basic QF-algebra is a basic left Harada
algebra (see [12]).

Example 2.3. For example, let m = 2 and consider the case n; = 3,n9 = 2. Then

Q1 Q1 Q1| Az A

J(Q1) @ Q1| A Ap

R(3,2) =] J(Q1) J(Q1) Qi | Ain  Ap
Az Asy Aa | Qo Q2

Ay Ay A | J(Q2) Q2

This is a Harada algebra if R is a QF-algebra.

Next we recall upper staircase factor algebras of block extensions.

Definition 2.4. Let R be a basic QF-algebra over a field K with Nakayama per-
mutation o and let P = R(nq,--- ,n,m) be a block extension in Definition2:21 Then
P is a basic left Harada algebra. First we define a (P(¢,1), P(o (i), 0(%)))-submodule
S(i,0(i)) of P(i,0(i)) as follows.

(I) Case i = o(i). We take a sequence
1<cii<cio<- - <cin, <Ny

of natural numbers. We define a subset S(i,4) of P(i,1) as follows:

S"'t: 0 (1§t§cij),
h S(Qi) (cij <t <mny),
Sitin Sz 0 Siling
Sioin Siza2 o Sizing

P(i,i) D S(i,i) =

Singit Singi2 0 Singing

We note that S(Q;) is a left simple and a right simple @;-module. We
can see that S(¢,7) is a (P(4,4), P(4,%))-submodule of P(i,7). It has the
following form:

0---0 S(Qq)
S(i,i) =
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(IT) Case i # o(i). We take a sequence
1< Scip <o < ciny S gy
of natural numbers. We define a subset S(i, (%)) of P(i,0(i)) as follows:

. o (1<t <ey),
PO S (i) (e << g,

Site@1  Sie®2 0 Sile(i)new

o o Sizo@i1 S22 T Di2e(i)ng
P(i,0(i)) D S(i,0(i)) = ) ) ) .

Sini,cr(i)l Sini,a(i)2 T Sini,a(i)n,,(i)

We note that S(A;4(;)) is a left simple Q;-module and a right simple Q,(;)-
module. We can see that S(¢,0(7)) is a (P(4,4), P(o(i),0(i)))-submodule
of P(i,0(i)). It has the following form:

0---0 S(Aigi)
S(i,o(i) =

0
Next we define a subset X of P by putting

P(i,s) D X(i,s) = {g(i’a(i)) Ez ; ZEE;)’
X(1,1)  X(1,2) X(1,m)
X(2,1)  X(2.2) X(2,m)
X - . . .. .
X(m,1) X(m,2) --- X(m,m)

Then X is an ideal of P. We define an upper staircase factor algebra P of P by
P=P/X =R(ni, - ,nm)/X.

It is known that any upper staircase factor algebra of a block extension of a basic
QF-algebra is a basic left Harada algebra (see [14]). Conversely all left Harada
algebras are constructed by these operations. In fact, the following well-known
result holds.

Theorem 2.5 (Structure Theorem of Harada algebras [I4]). For any basic left
Harada algebra T, there exists a basic QF-algebra R such that T is isomorphic to
an upper staircase factor algebra of a block extension of R.

We call the above R the frame QF-algebra of T.
The above theorem motivates us to consider the following question:

Question. Is the quiver with relations of a Harada algebra described by using
those of the frame QF-algebra?

The answer is “yes”. We describe the quivers with relations of block extensions
of arbitrary (not necessarily QF) algebras R by using those of R in sections 3 and
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4. Moreover for the case that R is QF, we describe the quivers with relations of
upper staircase factor algebras in section 5.

Example 2.6. We consider P = R(3,2) of Example 231 We assume that R is a
basic QF-algebra with Nakayama permutation identity. For example, we take the
following sequence:

c11 =1,c12 =2,¢c13 = 2,¢c91 = 1,00 = 2.

Then X defined above is as follows:

0 S(@Q) S@)]0 0
0 0 S@)]|o o
X=|0 0 SQ)|o o0
0 0 0 |0 S(Qy)
0 0 0 |0 0

The factor algebra P/X is a left Harada algebra.

3. MAIN THEOREM

In this section, we first recall basic definitions on presentations of algebras by
using quivers with relations (we refer to [2, Chapter II] for the details). Next we
state the main result of this paper, which describes quivers with relations of block
extensions of algebras R by using those of R.

Let R be a basic finite dimensional algebra over an algebraically closed field K.
We use the notation in Definition The Jacobson radical of R is given by

J(@) A - A
Agr J(Q2) - Aap
J(R) = ) : ) .
(see [1]). Hence we have
Xll o le
(3.1) JRZ=| N
Xml T Xmm
where
X, = J(Qi)? +Zk7§i AikAki (i =7),
’ J(Qi)Aij + Aij J(Q5) + Xopij AinAry (1 # ).

We put

dimp A;j /X (i # 7).
Then the quiver @ of R is defined as follows:
(a) The set of vertices of Q is {1,2,--- ,m}.
2 d;; . .
§ir s’} from i to .
We define the path algebra of Q). Let K@ be a K-vector space with the basis
consisting of all paths in Q. We define multiplication of K@ as follows: For any

4y = {dimK @)/ % (=3,

(b) There are d;; arrows {aj;,
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paths o = oy -+ a5, 8 = B1 -+ - B¢ (g, B are arrows), we let ¢ be the end vertex of
ay and let j be the starting vertex of 5. Then we define

af = a1 asBr e B (Z:]),

0 (i # )
We extend the multiplication linearly to K@. Then we have a K-algebra K@ called
the path algebra of Q. We call p € KQ basic if all paths appearing in p have the

same source and target.
We fix a basis {xj;, 27, - -- 249} of K-vector spaces J(Qi)/ X and A;;/X,;. By

1) > ig
the universal property of path algebras, we can define a K-algebra homomorphism

v: KQ — R by
KQ>i — (1) €R,
KQ>aj; — (z(;)i €R.
Then ¢ is surjective. Consequently, we have a K-algebra isomorphism,
KQ/Kerp ~ R.

We fix a set of generators {p1,--- , pw} of the two-sided ideal Ker ¢ of R. We can
assume that p; is basic for any 1.

Now we state our main results, which give a quiver with relations of a block
extension algebra of R.

Theorem 3.1. Let ny,--- ,ny, € N and put P = R(ny, -+ ,Nm). The quiver Q' of
P is given as follows:
(a) The set of vertices of Q' is {(i,7) | 1 <i<m,1<j<n}.
(b) We have the following two kinds of arrows:
o An arrow 0;; from (i,j) to (1,7 +1).
o d;, arrows {BL, B2, - ,Bf;s} from (i,mn;) to (s,1).

To describe relations for P, we have to define the extension map.

Definition 3.2. Let KQ (respectively, KQ' ) be a K-subspace of KQ (respec-
tively, K Q') generated by all paths of length > 1. Using d;; defined in Theorem [B.1]
we put

0; = 61652+ Oin,—1 € KQ'.

We define a K-linear map e : KQ. — KQ',, called the extension map, as
follows: Any path

ty ¢ tr
b= aiiizaiiis T i;ik+1
of K@ corresponds to the path
t t th— t
e(p) = Billi25izﬁi22i3 T 51‘:_11%5%51':@“
of KQ'. Clearly e is an injection.

Then we can describe relations for P.

Theorem 3.3. Under the hypotheses of Theorem Bl we have a K -algebra iso-
morphism,

P~ KQ /(e(pr),- v e(pu)).
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Example 3.4. Let R be a K-algebra given by the following quiver with relations:

3 _
a7 = (12021,

@12
[ —— —
aii C l—/——=2 ananz =0,
@21
Qo111 = 0.

Then R can be represented as the following matrix form:

R= ( K[a}%fnf K[omale]?tinal?y )

For example, R(3,2) can be represented as the matrix form

Kla11]/(a11)*  Klea]/(e11)*  Klaii]/(e11)? Kaja Kaja
(e11)/(a11)*  Klan]/(e11) Kloq1]/(a11)? Kaiz Kaiz
(o11)/(a11) (11)/(e11) Klai1]/(x11) Kal2 Kal2

Kagy Kag Kag ‘ Klagiai2]/(az1012)®  Klagiaia]/(az1a12)?
Kas Kasg Kasg (a21012)/(az1e12)?  Klaziais]/(es1012)

The quiver with relations of R(3,2) is given by the following:

(1,2)

611 512
(11— 13
BQIT lﬁlz

E (2,1)

(2,2)
6(0?1) = [11011012611011012811 = P12021821 = e(a201),

6(0411&12) = 511511512512 =0,
e(ag1a11) = B210110125811 = 0.

4. PROOF OF MAIN THEOREM

In this section, we keep the notation of the previous section. We prove Theo-

rems B1] and B3]
Let P be a block extension R(ny,--- ,n.,). The Jacobson radical of P is given
by
J(1,1)  J(1,2) J(1,m)
J(2,1)  J(2,2) J(2,m)
J(P) = . )
J(m,1) J(m,2) --- J(m,m)

J(Qi) (i=sj+1>1),
Ais (z#s),

Pij st D Jij st =
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where we use the notation in Definition Then

Jinst 0 Jiten,
P(i,s) D J(i,s) = : :
Jini,sl e Jim,sns
J(Qi) Qi - Qi
: (i=s),
J(Qi) J(Q:)
Ais e Ais
: : (i # )
A'L's e A'L's

Now let us calculate J(P)?. We denote by Y;; s the (ij, st)-entry of J(P)?.
(I) Case i = s.

m  ng
Yiji = szij,kle]kl,it
k=11=1
= ZJZ] zlle it Z ZJZ] Kk ,it
k=1,k£i =1
Qi (G+1<t),

J(Qi)? + 3opey s AnAri = X ((4,1) = (n4, 1)),

where X;; is in (3)).
(IT) Case i # s.

m  ng

2] st E E ng likl st

k=11=1

ZJZJ zlle st+Zijlel st + Z ZJZ] likl st

k=1,k#i,j 1=1

— Ais ((]at) 7é (TLl,l)),
T(Q) s+ AT Qo) + i sy AeAis = Ko ((G21) = (i, 1)),

where X, is in (B1)).
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Therefore
Yvil,sl e Y;l,snS
P(i,s) DY (i,s) =
}/;77,7,751 e }/;77,7,,sns
J(Qi) J(Qi) Qi
DT T(Q)
: (Z = 8),
J(Qi)  J(Qi) J(Qi) J(Qi)
Ais Ais T Ais
- 1 (i #5)
Ais Ais Ais
ng Ais Azs
Y(1,1) Y(1,2) Y(1,m)
Y(2,1) Y(2,2 Y (2,
sppo | YED V@D v
Y(m,1) Y(m,2) - Y(m,m)
Thus we have
0 Qi/J(Qi) 0 0
: 0 Qi/J(Qi) O :
0 0 0 Qi/J(Q:)
J(i,8)/Y(i,8)= J(Q))/ X 0 0
0 0 0
0 0 --- 0
Ais/Xis 0 -+ 0
Consequently the quiver Q' of P is given by Theorem Bl O

Next, we shall prove Theorem B3l Define a K-algebra homomorphism ¢’ :
KQ — P by
KQ 3 (1,4) — Ly € P

KQ 36;; > (1)ijij+1 € P,

KQ' 3B, > (a)in,s1 € P.
Then ¢’ is surjective. Consequently, we have a K-algebra isomorphism,

KQ'/Ker ¢’ ~ P.

We only have to show that the two-sided ideal Ker ¢’ of P is generated by the

e(p1), - ,e(pw). Let us start with giving elementary properties of the extension
map.
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Lemma 4.1. For the extension map e : KQ — KQ',, the following hold:

(1) The two-sided ideal Ker ¢’ of P is generated by elements in Im e.

(2) For any p € KQ, ¢(p) =0 if and only if ¢'(e(p)) = 0.
(3) For any path p € KQ4 ending at j and any path ¢ € KQ4 starting at j,
we have

e(pq) = e(p)d;e(q),
where 6; is defined in Definition B.2L
Proof. (1) We take p’ € Ker ¢’. We can assume that p’ is basic. By the definition
of the quiver Q’, we can write p’ as follows:
P =0ij - 0in,p 0610t (p" €TIme).
We have
') = ¢ (0 Oin,p" 051 Ost)

= ¢ (0i5) ' (in, )" (D7) (051) -+ ¢ (Jst)

= Wijijrr Wini—1,im, " (@) (Dsr,s2 - (Dststr-
We have ¢'(p”) = 0 since ¢'(p’) = 0. Consequently, p” € Ker ¢’ NIm e. Thus the

assertion follows.
(2) We take KQ, > p=a'', o', ---al*, . Then we have

i1is Yinig iking1
op) = <x2i2>i1iz <x§§z’3>i2i3 <$§:z’k+1>ikik+1
= <x2z2x215 e 'xi:ik+1>i1ik+1~
On the other hand, we have
cp’(e(p)) = ‘P/(ﬁflli25izﬁf§i3 ﬁff1k+1)

= ¢'(B1,)e )¢ (Bi2:,) - €' (B,
= (@3, ivniy it (DinLiomey (T2 Viamig st =+ (T3 50, Vinmay inend
= < 212 213 T E:ik+1>ilni17ik+11'

Consequently, for any basic element p € KQ, from i to j, there exists r € e;Re;
such that

ep) = (i
¢'(e(p)) = (M-
Thus ¢(p) = 0 if and only if » = 0 and if and only if ¢'(e(p)) = 0.
(3) This follows from the definition of e. O

Now we complete the proof of Theorem Put I’ = (e(p1), - ,e(pw)). We
shall show I’ = Ker ¢'. We have I’ C Ker ¢’ by Lemma [A.T] (2).

By Lemma (1] (1), we only have to show Ker ¢' NIme C I'. Assume that
p € KQ satisfies e(p) € Ker ¢’'. By Lemma (1] (2), we have p € Ker . We can
write

p=a1p1by + azp2bs + - + awpuwbw  (ai,bi € KQ).
We have
e(p) = e(aip1br) + e(azpabz) + -+ - + e(awpuwbu).

By Lemma [£1] (3), each e(a;p;b;) is contained in I’. Thus p’ € I’. Consequently
I' =Ker ¢'. O
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5. APPLICATION OF MAIN THEOREM TO HARADA ALGEBRAS

In this section, we describe quivers with relations of upper staircase factor alge-
bras. Then we can describe quivers with relations of Harada algebras completely.
We use the notation which was used in previous sections.

We assume that R is a basic QF-algebra with Nakayama permutation o. We put
P = R(n1, -+ ,ny) (see Definition [22). For 1 <i < m , we take a sequence

1<ecn <cio <o < ciny, <.

Then we consider an upper staircase factor algebra P = P/X, where X is defined by
the above sequences (see Definition [Z4]). For 1 < i < m, we define Lo, li1, - , liw,
to satisfy the following conditions:

(1) li() =0 and llul = nN;.

(2) cityy_r41 == ca,, for 1 <j <.

(3) Cil;; < Cily;+1 for 1 <j < w;.

Now let us calculate relations for P. We take a path 6; in Q from i to o(i) such
that ¢(6;) € S(e;R). We put

0; = 0ie(0:)05(i) = i1 -+ Gin,—1€(0:)05(i)1 O (i) my iy —1
for 1 < i < m (see Definition for §; and e). Then we have the following lemma.
Lemma 5.1. For1<i<m, ¢'(0)) € S(fiP).

Proof. By the proofs of Lemma 1] (1) and Lemma 1] (2), we have ¢'(6;) # 0.

Clearly ¢'(0)) € fiiP. To show ¢'(68}) € S(fi1P), we only have to show that

©'(0;)J(P) = 0. For any 1 <t < dy(;)s, we have by definition of the extension map,
0iB5(iys = 0i€(0)30 (i) Biiys = die(0i03)s)-

Since p(0;at ., ) = 0 and by Lemma [£1] (2), we have ¢'(e(f;a’ ., )) = 0. Conse-

o(i)s o(i)s

quently gp’(@z’-)cp’(ﬁg(i)s) = gp’(@z’ﬂg(i)s) = 0. We have ¢/(6})J(P) = 0. O
We put

0! (u, v) — Oy~ - 5ini716(6i)5o‘(i)1 e 5o(z‘)v (I1<u<n-11<v< No(i) — 1),
L 6(91‘)(50(1-)1 e 5U(i)7j (U =n;l<o< No (i) — 1)'

Then the two-sided ideal X of P is generated by
@' (Oi(lij ca;))  (1<i<m,1<j <),

since we can obtain any entry in X (¢, 0(¢)) by multiplying ¢’(5)’s to one of these
elements. Consequently we have the following theorem.

Theorem 5.2. Under the hypotheses as above, we have a K-algebra isomorphism
P~KQ' /I
for an ideal
I'=(e(p1),- - s elpw)) + (05 (lijs cay) [ 1 <i <m,1 < j <)
of KQ'.
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Example 5.3. We consider P = R(3,2) in Example B4l The Nakayama permu-
tation of R is the identity. We use the ideal X in Example

0 (a1)?/(ca1)* (ea1)?/(a1)* | 0 0

0 0 (a11)3/(a11)4 0 0
X=10 0 (011)*/(a11)* | 0 0

0 0 0 0 (az1012)/(a21a12)?

0 0 0 0 0

In this case, 11 = 1,112 = 3,131 = 1,155 = 2. Then the quiver with relations of the
upper staircase factor algebra P/X is given by those in Example B4 with additional
relations

§11012e(a3)d11 =0
e(a%l)énélg =0

(1,2)
V & 5216(0&210&12)521 =0
(1,1) - (1,3)
521T lﬁm

(2,2) (2,1)

021

where e(a$;) = B116116126110110125811 and e(asiai2) = B12611612612-

1]

[2]

[4]

[5]

(8]
[9]
[10]
[11]
[12]
[13]

[14]
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