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HYPERGEOMETRIC FUNCTIONS OVER F, AND RELATIONS
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ABSTRACT. For primes p = 1 (mod 12), we present an explicit relation be-
tween the traces of Frobenius on a family of elliptic curves with j-invariant
@ and values of a particular o F'-hypergeometric function over F,. We also
give a formula for traces of Hecke operators on spaces of cusp forms of weight
k and level 1 in terms of the same traces of Frobenius. This leads to formulas
for Ramanujan’s T-function in terms of hypergeometric functions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

—

Let p be a prime and let F, denote the group of all multiplicative characters

on . We extend x € Fj to all of F), by setting x(0) = 0. For A, B € Fy, let
J(A, B) denote the usual Jacobi symbol and define

(1) <A) = B(_l)J(A,E) = @ > A(x)B(1 - ).

B p z€F,

Greene [§] defined hypergeometric functions over F, in the following way:
Definition 1.1 ([§], Defn. 3.10). If n is a positive integer, z € F,, and A, A1,
...y Ap,B1,Ba, ..., B, € Fy, then define

Ag, Ay, ... A P Aox\ [A1x Apx
ik (e ) 2 (W) () ()
i ( B B p—lz,; X Bix B,x x(@)

1.+ Pn
Xx€Fp

Greene explored the properties of these functions and showed that they satisfy
many transformations analogous to those enjoyed by their classical counterparts.
Recently, Ahlgren, Frechette, Ono, and Papanikolas [T} 2 [, [6, 14] have proved
results linking these hypergeometric functions to modular forms and elliptic curves.
The main results given here continue this line of inquiry.

Throughout, we consider a family of elliptic curves having j-invariant
Specifically, for ¢ € F,\{0,1}, we let

1728
s

2 2
(2) Et:y2:4x3——7x——7.
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Let a(t,p) denote the trace of the Frobenius endomorphism on E;. In particular,
for t # 0,1, we have

a(t7p) = p+ 1- #Et(Fp)a
where #FE;(F,) counts the number of solutions to y* = 43 — %x - % (mod p),
including the point at infinity.

Henceforth, we let p be a prime number with p = 1 (mod 12). We let & € Fy
have order 12, and we denote by € and ¢ the trivial and quadratic characters,

respectively. In this setting, our first main result explicitly relates the above trace
of Frobenius and the values of a hypergeometric function over [Fp,.

Theorem 1.2. Suppose p = 1 (mod 12) is prime and £ € F) has order 12. If
t € F,\{0,1}, then

P2y (5’555’75) = ¥(t)alt, p),
where Y(t) = —(2)E3(1 — ).

After discussing preliminaries in Section 2l Theorem is proved in Section Bl
The second main result utilizes the same family of elliptic curves to obtain a trace
formula for Hecke operators on spaces of cusp forms of level 1.

Let T' = SLo(Z), and let My, and Sy denote the spaces of modular forms and
cusp forms of weight k for T', respectively. Further, let Try(I", p) denote the trace
of the Hecke operator Tk (p) on Si. Then the following completely describes these
traces Try (T, p), for a certain class of primes p.

Theorem 1.3. Suppose p = 1 (mod 12) is prime. Let a,b € Z be such that
p=a?>+b® and a+bi = 1(2+ 26) in Z[i]. Also, let c,d € 7 be such that
p=c—cd+d?® and c+dw = 2 (3) in Zw], where w = €2™/3. Then for even k > 4,

Tre(T,p) = 1~ Ah,p) — 3 Gilalt, ). ),

where
1 1
Ak,p) = §[Gk(2<l7p) + G (20, p)] + g[Gk(C +d,p) + Gr(2c — d,p) + Gr(c — 2d,p)]

and

ol

Grls.p) = 3 (~1) (k —2- j)pjsk2j2.

i=0 J

Theorem [[3] is proved in Section Bl Combining Theorems and gives a
way of writing the traces Tri (T, p) in terms of hypergeometric functions. Formulas
for Ramanujan’s 7-function follow by taking ¥ = 12 in Theorem [[L3] and these
results are discussed in Section [

Finally, Theorem [[3] gives rise to an inductive formula for the traces Try (T, p) in
terms of hypergeometric functions. To state it, we utilize the notation for Gi(s, p)
and A(k,p) given in Theorem [[L3l We prove this theorem in Section [6l
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Theorem 1.4. Suppose p = 1 (mod 12) is prime. Let k > 4 be even, and define
m= % — 1. Then

p—1 2m
5
Tro(mi1) (T p) = =1 = A(2m+2,p)+bo(p — 2) — Zp27”¢m(1—t)2}71 (fafg ‘t)
t=2
m—1 m—1
=) b1+ A2i+2,p) — Y bTraia(I',p),
=1 i=1

where b; = p™m " [(iﬁ) - (miT—l):| :

2. RELATIONS TO ELLIPTIC CURVES: HISTORY AND PRELIMINARIES

Relationships between hypergeometric functions over F, and elliptic curves are
perhaps not surprising since classical hypergeometric series have many known con-
nections to elliptic curves. For example, Beukers [4] gave identifications between
periods of families of elliptic curves and values of a particular classical o F-function.

Following Greene’s introduction of hypergeometric functions over F,, results
emerged linking their values to counting points on varieties over IF,,. For example,
Koike [IT] explicitly related the number of points on the Legendre family of elliptic

curves over [F), to o F} ¢ ?’t), while Ono [I3] gave a formula relating the number

of points on y* = (z — 1)(z* + t) over F, to a particular 3Fs-function. Later,
Ahlgren and Ono [3] related the values of a 4F3-function to the number of points
over I, on a Calabi-Yau 3-fold. Theorem is similar in spirit, linking the values
of our o Fy-function to #E;(F,). We now fix notation and recall some basic facts
regarding Gauss sums.

Throughout, let p =1 (mod 12) be prime. If A € F,’, let G(A) = > zew, Al@)C"
denote the Gauss sum, with { = e2™/?. Since F is cyclic, let T denote a fixed
generator of the character group and define G,, := G(T™). In particular, recall the
following (see [10]):

Lemma 2.1. G(e) = Gg = —1 and G(¢) = Goor =pifp=1 (mod 4).

We now define an additive character 6 : F,, — C by 0(«) = (%, and notice that
G(A) = > er, A(2)0(2). In addition, the following lemma describing ¢ in terms
of Gauss sums is straightforward to prove via orthogonality.

Lemma 2.2. Let o € IB‘;. Then

0(a) = p%l S G T (a).
m=0

We also require a few properties of hypergeometric functions over F, from [§].
The first provides a formula for the multiplicative inverse of a Gauss sum, while
the second expresses the o Fi-function as a character sum.

Lemma 2.3 ([§8], Eqn. 1.12). Ifk € Z and T* # ¢, then GG _ = pT*(-1).
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Theorem 2.4 ([§], Defn. 3.5). If A,B,C € ﬁ; and x© € Fy,, then

oI (A’g

We now give one of Greene’s many transformation identities followed by a clas-
sical relation on characters. This relation has been rewritten using (II).

x):E ZB YBC(1 —y)A(1 — zy).

Theorem 2.5 ([8], Theorem 4.4). If A,B,C € IE; and x € F,\{0,1}, then

A, B

Lemma 2.6. If T " # ¢, then

T\ GG ,T"(—1)
Im B Gmfn P .

The final character relation we need is the Hasse-Davenport relation. We require
only two special cases, but the general version can be found in [12].

Lemma 2.7. If p=1 (mod 4) and k € Z, then G,kG_%q_k = \/EG,%T’“(ZL).
Lemma 2.8. If k € Z and p is a prime with p =1 (mod 3), then
- p=1
GkaJrLgleJrz(pB_l) =pT k(27)T 5 (—=1)Gag.

3. PROOF OF THEOREM

The proof of Theorem requires two main steps. First, we derive a formula
for a(t, p) in terms of Gauss sums, and then we do the same for our hypergeometric
function. The result follows by comparing the two formulas. Throughout this
section, let s = 2= and define P(z,y) = y? — 42° + 2Lz + 2%,

Recall the additive character 6 deﬁned in the previous section. Note that if
(z,y) € F2, then ZZGF 0(zP(z,y)) is p if P(x,y) = 0 and 0 otherwise. So we have

p - (#E(F Z Z 0(zP(z,y)) Z 1+ Z Z 0(zP(z,y))
z€lF, z,yclF, z,y,€F, ze]F;f z,y€lfp

Then, by separating the sums according to whether = and y are 0 and applying the

additivity of 6, we have
27

p- (#E«(F, p+29< ) ZZsz ( t>

2€F}) yeFy

27 27
— Qo3 =
+ Z Z 0(—4zx°)0 (zx1t>9<z1t)
2€F, z€F)
+ Y 0(=P(x,y)
x,y,2€F )
=p°+A+B+C+D,

where A, B, C, and D are set to be the four sums appearing in the previous line.
These four sums are computed using the orthogonality relations for characters, and
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Lemmas 2.1 and repeatedly. We provide the computation for C' here as an
example. We begin with three applications of Lemma and find that

R >y Z G_jG_1,G_ T (—Aza )Tk<zx12_7t>Tm<z%)

2€FY eJFXka 0

T E e ()

e]FXjkm 0

LT (12—7t> Z Tj+’“+m(z),

2€F)

by collecting all T'(z) terms into a single sum. Note that the final sum is only
nonzero when m = —j — k, by orthogonality. Making this substitution and rear-
ranging gives

1 =2 . 27 4
= G G T (=T [ — )T~ T3k (g
C (p_ 1)2 j;OG ]G kG]+kT ( ) (1 —t) <1 —t) Z

z€Fy

1 =2 , (o1
- > GGG g TV (—4) T (—) :

‘ 1—-t
=0

The last equality follows by substituting k& = —3j and applying orthogonality.

By a similar analysis, one can compute that A = -1, B =1+ p¢ and

lt7

D=1 pia G TH(—)T ™ (22} | =G ap + /B Gsars  ——
_p_lkzo —-kG3k 1-¢ —2k PGes—2k 11—/
Combining our calculations for A, B, C, and D, we see that

p- (#E(Fp) = 1) =p* +po <1i—t>
VP 5 S k _k 27
+ ]:(15 (ﬁ) I;)Gka?,kG@S,ng (—4)T (ﬁ) .
Now, since a(t,p) = p+ 1 — #E(F,), we have proved:

Proposition 3.1. If p is a prime with p =1 (mod 12) and s = %, then

3 ) p-2
alt.p) = —¢ <1 ?:t) B \Z—g((;__t)l) ZG_st,kGGs—%Tk(—Zl)T*k <%) .
k=0

Now that we have a formula for the trace of Frobenius on E; in terms of Gauss
sums, we write our oF-function in similar terms. Note that in Theorem we
may take the character £ to be T,

Proposition 3.2. Fort € F,\{0,1},

o) TEE - ) S 21
A(SE) =T ) 2 Gt g T (7).
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Proof. Beginning with Theorem and Definition [I1]

p—2
5 s P Terk T5.s+k .
2F1 (g,gg ‘t> =T (_1)HZ( Tk )(Tﬁs—‘rk ™1 -1),
k=0

. < . Ts+k T53+k .
since T" generates F;; . Now we rewrite the product ( Tk ) (T63+k) in terms of Gauss

sums, via Lemma [Z6l As T° = ¢ and T—° = ¢! are not trivial, we have

Ts+k T5S+k 1 .
< Tk ) (T65+k> = EGS+kG—kG5S+kG—63—kT st2k(_q),

since GsG_s = pT°(—1) by Lemma [Z3]l Combining with our initial calculation,

—2
F(&E :MI)ZG G .G TF(1 —t)
241 c — 1) £ s+kU —kUb5s4+ kU —65—k 3

p2(p

because T5T°* = ¢ and T?*(—1) = 1 for all k.
Now we apply Lemma 2.7 and make a substitution for G_;G _gs_5. We obtain

g

p—2
o Fy (fa ¢ t) = M Z GS+kG55+kG72ka(4)Tk(1 —t).

p%(p—l)k 0

Next, we let k — k + 3s and find

F <£, 55 t) — M png G G Tk+38(4)Tk+3s(1 . t)
241 c — 73 4s+kT8s+k' T —2k—6s
b2 (p - 1) k=0
Pp(=1)T*(-1) = | p—- k+3s k435
= B N GoeanGan s T H(21)TH35(4)T — 1),
-1 & 652k Gk (27) (4) (1-1)

by applying Lemma to make a substitution for G4s4xGgs+k, and by noting
that G_o1_6s = G_2r16s- Then, since p = 1 (mod 12) implies ¢(—1)T45(—1) =
T'05(—1) = 1, the result follows. O

We now have the necessary tools to complete the proof of Theorem

Proof of Theorem [[2. By Lemma 23, Proposition 3.2, and the fact that 7—%(—1)
= T*(—1) implies T~*(—1)T*(4) = T*(—4), we have

o (6] = 0=

p—2

k=1
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T35(1 —
Next, we multiply by %

5 t) B ‘¢><3>TTZ(<?—15> [‘pild’ (1:)

1 3\ &2 . a
- ¢ (1 — t> ;GGS—QkGSkG—kT (-4)T (1—t>

pi(p—1)

and rearrange, recalling ¢ = ¢~ 1. We obtain

3
Tt g i v (=)

¢(%) P2 27
—m ’;Gﬁs,ngng,ka(—ﬁl)T k (ﬁ)

M)

3
The last equality follows since the & = 0 term of the final sum is *f)g,iii; By
Proposition B and (@), we have that

paFy (5’ 5; t> = —T3(4)¢(3)T73%(1 — t)a(t, p),
so the proof is complete if 735 (4)¢(3)T3%(1 —t) = ¢(2)€3(1 — ¢). Since T3¢ =¢&3

and T73 = ¢73, we need only show that £3(4)¢(3) = #(2). By multiplicativity,
€3(4) = €5(2) = ¢(2). Further, ¢(3) = (2) = (2) by quadratic reciprocity, since
1

—~
~

p

p=1 (mod 4). Since p=1 (mod 3), ¢(3) = (3) = 1, completing the proof. O

4. RELATIONS TO MODULAR FORMS: HISTORY AND PRELIMINARIES

As with elliptic curves, classical hypergeometric functions have well-known con-
nections to modular forms. We were motivated by work of Stiller [I8], on connec-
tions among classical hypergeometric series, families of elliptic curves, and modular
forms, to choose the family E; and the 5 Fj-function in our main results.

Following Greene’s introduction of hypergeometric functions over finite fields,
results emerged relating them to modular forms. Ahlgren, Ono, Frechette, and
Papanikolas [Il [2, [6] produced formulas for traces of Hecke operators on certain
spaces of cusp forms. These were given in terms of counting points on related
varieties over finite fields. Papanikolas [14] used these to obtain a formula for
Ramanujan’s 7-function as well as a congruence for 7(p) modulo 11.

Let £ > 2 be an even integer, and define Fj(z,y) = % Then letting
x+y = s and zy = p gives rise to polynomials G(s,p) = Fi(x,y). These poly-

nomials can be written alternatively as

51 .
@) Gulsun) = Y (17 (73T Y
=0 J
In the proof of Theorem [[.3] we work with traces of Hecke operators on spaces
of cusp forms of level 1. We apply similar techniques to those used by Ahlgren and
Ono [2] for level 8, Ahlgren [I] for level 4, and Frechette, Ono, and Papanikolas
[6] for level 2. First, we use Hasse’s classical bound on the number of points on



116 JENNY G. FUSELIER

an elliptic curve defined over a finite field [I7]. We also use a theorem of Schoof
together with Hijikata’s version of the Eichler-Selberg trace formula, which require
some notation. We follow the treatment given in [6]. If d < 0, d = 0,1 (mod 4), let
O(d) denote the unique imaginary quadratic order in Q(v/d) having discriminant d.
Let h(d) = h(O(d)) be the order of the class group of O(d), and let w(d) = w(O(d))
be half the cardinality of the unit group of O(d). We then let h*(d) = h(d)/w(d).
Further, if d is the discriminant of an imaginary quadratic order O, let

(5) Hd) = Y  hO),

OCO’'COmax

where the sum is over all orders O between O and the maximal order Opax. A
complete treatment of the theory of orders in imaginary quadratic fields can be
found in section 7 of [5].

Additionally, if K is a perfect field, we define Ellx :={[F]k: Eis defined over K},
where [E]x denotes the isomorphism class of E over K and [E;|x = [F2]k if there
exists an isomorphism §: Fy — FE5 over K. Now if p is an odd prime, define

(6) I(s,p) :={[Elr, € Ellp, : #E(F,) = p+ 1+ s}.
Schoof proved the following theorem which connects (B and ().

Theorem 4.1 ([I6], Thm. 4.6). If p is an odd prime and s is an integer with
0 < s <2p, then #I(s,p) = 2H(s* — 4p).

The final key ingredient to the proof of Theorem [[3]is the Eichler-Selberg trace
formula, which provides a starting point for calculating Try (T, p). We use Hijikata’s
version of this formula [9] and state the level 1 formulation in terms of the polyno-
mials G(s,p).

Theorem 4.2 ([9], Thm. 2.2). Let k > 2 be an even integer, and let p = 1
(mod 12) be prime. Then

T (T,p) = —h*(—dp)(—p)d P —1— 3 Gk<s,p>zh*(s ‘4p)+a<k>,

72
0<s<2\/p fle

where (k) = p+ 1 if k =2 and 0 otherwise, and where we classify integers s with
52 —4p < 0 by some positive integer { and square-free integer m via

R Pm, 0>m=1 (mod4),
P= P4m, 0>m=2,3 (mod 4).

We end this section by recalling the following result on elliptic curves. The proof
may be found in Section X.5 of [I7].

Lemma 4.3. Let p > 5 be prime, and define 1) : Ellg, — Ellg by [E]r, — [Elg, .
If [Elg, € Ellg and E is defined over Fy,. Then

2 ifj #0,1728,
) =<4 ifj=1728,
6 ifj=0.

#n ' ([Elg

p
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5. PROOF oF THEOREM

Among isomorphism classes of elliptic curves over F,,, we begin with those having
Jj-invariant 1728 or 0. If E is any elliptic curve defined over F,,, we let a(E) be given
by a(E) = p+ 1 — #E(F,). The following two lemmas compute formulas for the
sums of a(FE)™ over all such curves.

Lemma 5.1 ([7], Lemma IV.3.3). Letp =1 (mod 12) and let a,b € Z be such that
p=a®+0b% and a+bi =1(2+2i) in Z[i]. Then for n > 2 even,

> aEB)r =2 (a" +b").
[Elr, €EllR,
j(E)=1728

Lemma 5.2 ([7], Lemma IV.3.5). Let p =1 (mod 12) and let ¢,d € Z be such that
p=c?—cd+d? and c+dw = 2(3) in Zw], where w = €>™/3. Then forn > 2 even,

> aE)"=2[(c+d)" + (2c—d)" + (c— 2d)"].
[E]FPEE”]FP
J(E)=0

We omit the proofs of Lemmas 5.1l and They are not difficult, but require
checking dozens of cases. Complete details can be found in [7]. Now we proceed
toward the proof of Theorem [[3] beginning with a lemma relating h to h*. In
the following two results, we classify integers s with s> — 4p < 0 by some positive
integer ¢ and square-free integer m via

) 2 4p= {E2m, 0>m=1 (mod4),

P4m, 0>m=2,3 (mod 4).
Lemma 5.3. If p=1 (mod 12) is prime, then for n > 2 even,

o ) 2 ()

0<s<2,/p fle 0<s5<2,/p fle

1 n 1 n
+t1 > B+ Y a®)"
[Elr, €Ellz, [Els, €Ells,
J(E)=1728 J(E)=0
Proof. First, notice that A and h* agree unless the argument 52;4” = —3 or —4,
since in all other cases w(d) = 1. When 82;24” = —4, we have the maximal order
Z[i) and h*(—4) = M= = 1 50 h(—4) = h*(~4) + 1. On the other hand,
when 52;24” = —3, we have the maximal order Z[w] and h*(—3) = % =1, s0

h(—3) = h*(—3) + 2. Thus,

(8) Z SnZh<S224p> Z anh* <32 24}’))
0<s<2y/p fle f 0<s5<2,/p fle f
1 n 2 n
+ B Z s Z 1 + 3 Z s Z 1.
0<s<2,/p fle 0<s<2\/p fle

s“—4 2_4 P
f2P774 Sf2P273
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To complete the proof, we must verify two identities:

(9) Yo Y =g Y e

0<5<2,/D fle [Elr, € Elly,
s?—ap__4 J(E)=1728
f2
n 1 n
(10) oot > 1= > aE)"
O<s<2\/f) f‘e [E]]F:UEE”FP
S2op_ 3 3(B)=0

f

First, we consider ([@). Using known formulas for a(E) in the case of curves with
j-invariant 1728 (see Chapter 18 of [10]), one can show that a(E) = £+2a, +2b for all

E appearing in [@)). Also, it is easy to verify that s = |2al, |2b| satisfy 32;24” =—4

(with £ = |b|,|al, respectively). Now, suppose 0 < s < 2,/p satisfies 32;24” = —4.
Then s2 — 4p = —4¢% implies s is even, so we have (%)2 + 2 = p. Thus, it must be
that £ = |al, |b], since Z[i] is a UFD and p = a*+b?. Since n is even, (2a)" = (—2a)"
and (2b)™ = (—2b)", so (@) follows.

One may complete the proof by showing (I0) in a similar manner, first verifying
that a(E) = +(c+ d), £(2¢c — d), £(c — 2d) for all E appearing in the right-hand

sum. Details of this proof may be found in [7]. O

Proposition 5.4. Let p =1 (mod 12) be prime and notation as above. Then for
n > 2 even,

Saur= 5 o5e(“5Y

t= 0<s<2\/p fle

— o L(g" 4 p) — é[(c +d)" + (2c = d)" + (c—2d)"].

Proof. Notice that since j(E;) = 17%, each FE; represents a distinct isomorphism

class of elliptic curves in Ellﬁp as t ranges from 2 to p — 1. Moreover, since j(E})

gives an automorphism of P!, every j-invariant other than 0 and 1728 is represented
precisely once. Thus, for even n > 2, we have

|
—

p
atp)= 3 aB)"
Els, €5, ; B/F,
§(E)#0,1728

~+
I|
V]

For elliptic curves £ with j(E) # 0,1728, each class [E] € Ellg gives rise to
two distinct classes in Ellr, (see Lemma [A3)), represented by E and its quadratic
twist E™™. For such curves, a(E) and a(E™) differ only by a sign, and so a(E)" =
a(E™)", since n is even. Therefore, we have

I
—

p

n n 1 n

alt,p)" = > aB)y =5 Y. alBE)"
[Els, €Blg,; E/Fp [Elr, €Ellz,
J(E)#0,1728 J(E)#0,1728

~
||
N
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Then, if we add and subtract the contributions from the classes [E]r, € Ellp, with
§(E) =0,1728, we have

p—1

) Y=g Y owE - Y aBE' - Y @)

t=2 [Ele, €Ellg, [Ele, €Ellx,, [Ele, €Ellx,,
J(B)=1728 J(E)=0

Now we look more closely at the first sum on the right. By Hasse’s theorem,
Ellp, is the disjoint union over 0 < s < 2,/p of I(s,p), where I(s,p) is defined as
in (@). Then since n > 2 is even, we may write

> aB)y= X > = D> #sp)st
(Els, € Ells,, 0<s<2\F  |Els, €I(s.p) 0<s<2/P

since s = 0 makes no contribution. Substituting this into ([[I]) gives

1

p

1 1 1
a(t,p)" = 3 Z #I(s,p)s" — 5 Z a(E)" — 5 Z a(E)".
t=2 0<s<2/p [Elr, €Ellr, [Elr, € Elly,,
J(E)=1728 J(E)=0

Now we may apply Theorem [£.1] to obtain

p—1
1 1
atpy = Y HE st Y aE oL Y e
t=2 0<S<2\/fl [E]FPEE”]F:U [E]]F:UEE”]FZJ
j(E)=1728 j(E)=0

Using (1) to define ¢, () implies H(s* —4p) =34, h (52;—24’7) , which gives

" " s2 —4p 1 n 1 n
alt,p)"= > s Zh( 7 )5 > aB) -5 > aE)n
t=2 0<s<2,/p fle [Elr, €Ellr, [Elr, €Elg,
J(E)=1728 j(E)=0

p—1

To complete the proof, we apply Lemma [5.3] to the right side to replace h by h*.
We finish by collecting terms and applying Lemmas [5.] and O

Proposition [5.4] and Theorem give us the tools necessary to complete the
proof of our second main theorem:

Proof of Theorem [[3l By Theorem 2] we have for k > 4 even,

2 —
Tl) = —1 = 0 ()0 - (i Y e (S5

2
0<s<2F  f f
2 _
8k72j72zh* (5 f24p> 7
f

after substituting in the definition of Gi(s,p). Now, note that taking k = 2 in
Theorem provides

SNy (52;241’) —p— %h*(—élp).

0<s<2\p f

-2

- (1)j(k2.j>pj >

j=0 J 0<s<2,/p

[N
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We apply this together with Proposition [5.4] and obtain

k
k9

Trp(D,p) = =1+ (—p)> 1+ (=p) — Y (—1)? (k - 23)# Z_:a t,p)hH2
0

Jj= t=

-3 (1 (k E _J)pﬂ‘ [(2a)"~272 4 (20)* 7]
§=0

ey (k i j)pﬂ' [(c+ )72 4 (20 — d) =272
j=0

(e — 2d)=272]
Now, we notice the simple fact that
k_ E_ 1 b 1 E_
DE ) =~ -2 -2 (5n ) -3 ().

—1

Splitting up the factors of (—p)% in this Way gives that

Try(T,p) = —1— A(k,p) — > _(-p Z -(k—;—j)pja(t’p>k_2j_2
t=2 t=2 j 0
p—1
=—1-Ak,p) = )_Gula(t,p),p).

t

[
N

Remark 5.5. Note that using Theorem [[L2] we may reformulate Theorem in
5
terms of the hypergeometric function o F} (5’ 56 ’t)

6. PROOF OF THEOREM [[L4]

Theorem [[4] is proved by combining Theorems and with an inverse pair
given in [I5]. First, recalling (@), let m = % —1and Hy,(z) :==>1" (mﬂ)x Then

=0
—g2
(12) Guts.p) = (0"t ().
Now, we make use of the inverse pair [I5 p. 67] given by
(13)
B " (n+k o = )k 2n 2n
pn(w—;(n_k) -3 1 Y SR IPE)

Applied to the definition of H,,, thlS gives
- . 2m 2m
m o _ -1 i+m _ . X
=2 sz) (mz 1)] Hi(z)
=0
By taking z = _TSZ, together with (I2), we have

(14) s*m = ipm*i Km%f Z) - (m _27_ 1)} Gaita(s,p) Zb Gait2(s,p);

=0 1=0
where b; is as defined in the statement of Theorem [I.4]
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Proof of Theorem [[L4. By (I4]), we have

m m—1
(15) s7™ =Y " biGaiya(s,p) = Gamya(s,0) + Y biGaiya(s,p),
i=0 1=0

since b,, = 1. Now, for m > 1, Theorem [[3] coupled with (IH]) implies

Trg(erl)(F,p) =—-1- )\(2m + 2,p) - i( (t p Z b; GQH_Q( (t p) ))

t=2 =0

p—1 p—1
=—1-A2m+2,p) = > a(t,p)*™ +bo Y _ Ga(a(t,p),p)

t=2 t=2

m—1 p—1
+ Z b; Z G2i+2(a(t,p),p)
=1 t=2

3
L

= —1-A2m+2,p) - > _a(t,p)*™ +bo(p - 2)
t=2

m—1

i=1

since Gy = 1. The proof is completed by rearranging and noting that Theorem
implies a(t,p)?™ = p*™¢™(1 — t)2 Fy <§’ fg

5 2m
t) | O

7. 7(p) COROLLARIES

Specializing to various values of k in Theorem [[L3] we arrive at more explicit
formulas. In particular, by taking kK = 12 we obtain a formula for Ramanujan’s
7-function. Recall that we define 7(n) by

( 12A Hl_q :Z

Also, recall that A(z) generates the one-dimensional space S12, and thus Trio(T, p)

= 7(p) for primes p. We conclude with results that stem from the case k = 12.
Throughout, we let a,b € Z be such that p = a® + b? and a + bi = 1 (2 + 2i) in

Z[i]. Further, let ¢,d € Z satisfy p = ¢* — cd + d? and ¢ + dw = 2 (3) in Z[w], where

w = e2™/3_ The first corollary follows easily from Theorem 3l

Corollary 7.1. Let a,b,c, and d be as defined above, and set x = a*b? and y = cd.
If p is a prime, p = 1(12), then
p—
7(p) = —1 — 8p° + 80p°x — 256pa” + 27y°p” — 27y°p” = Y Gra(alt,p), p)

where Ga(s,p) = 510 — 9ps® + 28p%s5 — 35p3st + 15ps? — p°.
By combining Corollary [[.T] with Theorems 2l and [[L3], we can inductively arrive

i

at a formula for 7(p) in terms of only 10th powers of o F <§7 i_
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Corollary 7.2. Let p =1 (mod 12) be prime and let a, b, ¢, and d be defined as

above. Let € be an element of order 12 in F) . Then

7(p) = 42p° — 90p* — T5p* — 35p> — 9p — 1 — 2°(a'" 4+ 1'7)
1 pl 51\ 10
-3 ((c+d)'°+ (2c— d)' + (c —2d)"°) — z;ploqb(l — ) F) <§7 fE ’t)
t=

Proof. We sketch the proof here, but refer the reader to [7] for complete details.
One must begin with explicit computations for Gi(s,p) and A(k,p), for even k =
2,...,12. The formula is built by using these, together with Theorem [[.3] and the
fact that Try,(I',p) = 0 for even k = 2,...,10. For example, since G4(s,p) = s> —p
and A\(4,p) = 2p, Theorem [[3] implies

p—1
0="Try(T,p)=-1—-2p+p(p—2) Za
t=2

and so
p—1

(16) O:p2—4p—1—2a(t,p)2.
t=2

We use this to derive a formula for Y F_, a(t,p)4. For k = 6, we have Gg(s,p) =
s* —3ps? + p? and again Trg(T, p) = 0. After computing A(6,p), Theorem [[J gives

0= Trg(I',p) = =1 +4p” — 2%(a* + b*) — Z p)* = 3pa(t,p)” + p?).
t=2

Using ([I6) and simplifying, we get

3
L

(17) 0=2p® —6p*> —3p—2%(a* +b*) — 1Y alt,p)
t

[
N

We continue this process, using successive formulas for G (s, p) and A(k,p) to
derive formulas for sums of a(t, p)* for even k = 2, ..., 8. Using the technique a final
time, we combine these with the fact that Tri2(T', p) = 7(p) to arrive at a formula
for 7(p) in terms of 10th powers of a(t, p). The end result is then achieved by using
Theorem to convert from a(t,p) to the desired hypergeometric function. O

We close with one final formula for 7(p).
Corollary 7.3. Let p =1 (mod 12) be prime and let a, b, ¢, and d be defined as
above. Let € be an element of order 12 in F) . Then

7(p) = 12p°® — 27p* — 25p> — 14 LR 21( +b'?)
p) = 4P p T 1p 1lp

15 5
C+d)12 ( c— d)12 + (C— 2d)12) _ HZpll 2F1 (gvi
t=2

12
) -

Proof. The proof follows as in Corollary [[2] but by taking k = 14. First, we have

~ 33,

G1a(s,p) = 2 — 11ps'® + 45p%s® — 84p3s5 + 70ptst — 21p°s? + pb.
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Then, since Tr14(T", p) = 0, Theorem [[.3] implies

0=-1-— )\(14,])) — i G14(a(tap)ap)'

Now, one applies the formulas for f;; a(t,p)* derived for even k = 2, ..., 10,
together with a formula for A(14, p), to complete the proof. O
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