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ABSTRACT. In this paper, we prove some of Rubio de Francia’s extrapolation
results for the class B of weights for which the Hardy operator is bounded on
LP(w) restricted to decreasing functions. Applications to the boundedness of

operators on L (w) are given. We also present an extension to the Boo case

and some connections with classical A, theory.

1. INTRODUCTION

In 1984, J.L. Rubio de Francia [I0] proved that if T is a sublinear operator that is
bounded on L"(w) for every w in the Muckenhoupt class A, (r > 1) with constant
depending only on

_ L RS —1/(r—1>>r_1
lolla. = sup (IQI /Q“’> (IQI J v

where the supremum is taken over all cubes @, then for every 1 < p < oo, T is
bounded on L?(w) for every w € A, with constant depending only on ||w]|4,. Since
then, many results concerning this topic have been published (see [§], [6], [7]). From
these results, it is now known that, in fact, the operator T' plays no role; that is, if
(f,g) are a pair of functions such that for some 1 < py < o0,

/Rn fPo(z)w(x)dx < C gP (x)w(z)dx

R'fl
for every w € A, with C' depending on [[wl|4,,, then for every 1 < p < oo,

fP)w(@)de < C | ¢P(x)w(x)dx
R‘n R’IL
for every w € A, with C' depending on ||wl|4,. The theory has also been generalized
to the case of A,, weights and many interesting consequences have been derived
from it.
The purpose of this paper is to develop a completely parallel theory in the
setting of B, weights. The techniques are different as usually happens with these
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two theories and things are, in some sense, clearer and more natural. We think
that the results in this paper should help to clarify what is happening in the A,
context and we hope to solve that case in a forthcoming paper.

Before presenting the main results of this paper, let us just recall some important
facts concerning B, weights which will be fundamental for our purposes. First of
all, let us recall that a positive and locally integrable function w on (0, 00) is called
a B, weight if the following condition holds:

T o0 t T
||w||g, = inf {C’ > 0;/ w(t)dt + rp/ %dt < C’/ w(t)dt,Vr > 0} < 0.
0 r 0

It is known ([1]) that w € B, with p > 0 if and only if, for every decreasing function

f
/000 (1 /Otf(S)d8>pw(t)dt < c/ooo 2(s)w(s)ds

with C' depending on |[w||p,. Observe also that ||w|[p, > 1 if w is not identically
zZero.

An important property that these classes of weights satisfy (see [4], Chapter 3,
Section 3.3) is that, for every p > 0 and every w € B,, there exists ¢ > 0 such that
w € Bp_.; moreover,

Cllwl|s,

1.1 1—<a?[fulls,
( ) ||wHBP—E -1 —S(Jép”wHBp

where C'and 0 < o < 1 are universal constants and ¢ is such that 1 —ca?||wl|p, > 0.
Since B, C B, for every 0 < p < ¢ < 00, we can define (similarly to A, theory)
the class B, as the collection of weights belonging to some By; that is,

By = U B,.
p>0
Let us also define
lwl|B,. = inf{|[w]|,;w € Bp}.

We shall denote by C' a universal constant depending possibly on p but inde-
pendent of the weight w. Also C might not be the same in all instances. We write
A < B if there exists a universal constant C such that A < CB and A = B if
A< Band B < A.

2. MAIN RESULTS

Our first result is the counterpart in this setting of the new version of Rubio de
Francia’s extrapolation result:

Theorem 2.1. Let ¢ be an increasing function on (0,00), let (f,g) be a pair of
positive decreasing functions defined on (0,00) and let 0 < py < co. Suppose that

for every w € By,
(o] (o]
| ez eliivls,) [ oo,
0 0

Then, for every p >0 and w € By,

o0 o0
A ﬂw§¢mwaA w,
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where
P/Po
N | e Cllwls
llwlls,) = L@() = cZar|ul]
0<e<5arTwlls, ¢ oo @IIBy

with C as in ([II)).
Similarly, in the B, setting:

Theorem 2.2. Let ¢ be an increasing function on (0,00), let (f,g) be a pair of
positive decreasing functions defined on (0,00) and let 0 < pg < co. Suppose that

for every w € By,
o0 o0
| rw<elivlle) [ o
0 0

Then, for every p >0 and w € By,
| o ewplle, [ g
0 0

In order to prove these two results, we shall use the following lemmas.

Lemma 2.3. Let ¢ be an increasing function on (0,00), let (f,g) be a pair of
positive decreasing functions defined on (0,00) and let 0 < py < co. Suppose that

for every w € By,
| fw<eluln,) [ g
0 0

Then, for every 0 < e < py and every t > 0,

t t
/Of(s)spolsds§<p<%)/o g(s)spo*l*sds-

Proof. Let w(t) = v(t)tP°~17¢ with v a decreasing function and let us assume that
w € L{ . Then

loc*

" ° w(t) " °u(t)
P - P
/0 w(t)dt—&—ro/r o dt /Ow(t)dt—i—ro/r i - dt

T 1 r . r
< / w(t) dt + EU(T)TPWE _ / w(t)dt + Mv(r)/ po—e—1 gt
0 0 0

e

r
<P [ wtat,
€ Jo

and hence w € B, with constant less than or equal to po/e.
In particular, taking v(t) = x(o,s)(t) and applying the hypothesis, we obtain that

S po—1l—e
sup fos f(u)u du < <po> < o
s>0 [y glu)uro—1=¢ du €

and the result follows. O

Let ¢ be a positive decreasing locally integrable function defined on (0, 00) and
let ®(z) = [ ¢(t)dt. The generalized Hardy operator associated to ¢ is defined,
for f decreasing, by

Suf(x) = % / " H)s(dt.
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Lemma 2.4. Let 0 < p < co. Then, Sy is bounded on LY, (w) with constant A if
and only if

(2.1) /OT w(zx)dx + ®(r)? /OO ;}((;))p dz < AP /OT w(x)dx, for all T > 0.

Proof. This result has been proved in [5] (Theorem 4.1) for the case p > 1. The
proof also works (and is easier) for p = 1.
Let us now prove the case 0 < p < 1. The necessary condition follows asin | by

taking f = x(0,r)- Conversely, let f be decreasing. Then, f / f@)

for every s > 0 and therefore

(/03 f(t)¢(t)dt>p1 < f(s)PLp(s)P !

Taking this into account,

| set@yrates= [ (ﬁ I f(s)qs(s)ds)pw(x)dx
(2.2) —p /0 h /0 ’ ( /0 " rwewdt) f(s)qs(s)dsg(%)pdx
< ;D/Ooo /Ox f(s)Pp(s)®(s)P~ds (;U((a:x)i)dx.

Since f is decreasing, Corollary 2.2 in [5] gives that the chain of inequalities in (2Z:2])
can be continued as follows:

: p/ooo /Ooo /Oxm,) X(02)(8) () ®(s)7~ " ds dy ;”(%L da

<[ [ /Ommwp(y)’m} )Py 0

:/Oo /Oo @(min{Afp(y),x})pdy;(%ldx
/ / S(min{Ass (y), 1) ;]((;))pdxdy

e ( [ wiarie cavr [T dx) .

<Ap/ /Afp dxdy—Ap/ F)Pwly) dy.

where the last inequality is obtained from the hypothesis. ([l

hS]
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Proof of Theorem 2l Let p > 0, w € B, and 0 < £ < pg. Using the fact that f is
decreasing and Lemma 2.3 we get

00 00 P/Po
P —¢ ypogpo—l=e
/O F) w(t)dtg/o <t2)0 - / F(s)Pospo1- ds) w(t) dt

D p/Po poo po—¢ P/Po
(2.3) S@(?O) / (t(;oa / g(s)posp"_l_sds) w(t) dt
0 0
p/Po o}
—o(2) [ sy uoa,
0

3

where ¢(t) = tP>~17¢. The proof will be finished once we compute A such that

| Gy wasa [ oo,
0 0

and by Lemma [2.4] we only have to compute A such that

r (po—¢) 0 T
/ w(x)dx +r "5 p/ %daz < A/ w(z)dx
0 roppo 0

which is equivalent to saying that w € B<p0 —o with A = ||w\|,3(p o

Now, since w € B, there exists € > 0 so that w € By_z. Then, 1t suffices to take

¢ small enough so that p — & = M to get the result. Moreover, by (I.1]), we
have that

Cllwl|s
A= |wllBy-0, = llwllB,_. < T
(Popos)p p—& 1— Ez%ap”wHBp

Consequently, for every 0 < € <

Po
paP|[wl|p,

[e%e] P/PO [e'e]
Do Cllwl|p /
t)Pw(t)dt < — L t)YPw(t)dt,
/o FOFw(?) _@(E> 1—elar|lw||p, Jo gty ()

and the result follows by taking the infimum of such &’s. O

Proof of Theorem 2.2l By hypothesis we have that

o0 o0
/ 7w < o(][w]]oo) / o,
0 0

for every w € Buo. Then, taking w(t) = x(o,5)(£)t’ with s > 0 and 8 > —1, we
have that w € By and ||w||p,. = 1. Hence

(2.4) / fro()tf dt < go(l)/ g t)tPdt, forallt>0,8> 1.
0 0

Now let p > 0 and let w € By, be arbitrary. Then, by definition of B, there exists
g > 0 such that w € B,. Using again that f is decreasing and inequality (2.4]), we
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obtain that for every f > —1,

/ " pepw < / ) (?Tﬁﬁ /0 d “)msﬂds)p/po v

(25) <oty [7 (G52 [ atopmstas) " ity

< FEIs

— (1) / T (Sag (6 w(t) d

where ¢(t) = t?. To finish the proof we only have to check that S, is bounded in
,p/Po

tee. (w) and this is equivalent to showing that w € Bu+s),. Therefore, it suffices

PO

to choose > —1 such that W;—Oﬁ)p =gq,ie., = % — 1, to get that

/ " fepwlt)dt < o175, / " gt u(tdr.
0 0

Taking the infimum of such ¢’s we are done. O

3. APPLICATION AND EXAMPLES

In this section, we shall present mainly two applications which have interesting
consequences. Both of them are consequences of the following observation:

Remark 3.1. Tt has been implicitly proved that, given 0 < p < oo fixed and a pair
of decreasing functions (f, g),

/O " fwtdt < O /0  gBw()dt

holds for every w € B, with constant C, depending only on ||w||p, if and only if,
for every s > 0 and every —1 < 8 < p—1,

S S
| forascs [ g,
0 0
with C'3 independent of s.
Application I. The above observation is especially useful for characterizing the
boundedness on L (w) of certain operators.

dec
Theorem 3.2. Let T be an operator such that

i) for every decreasing function f, T'f is also a decreasing function whenever it
is well defined;

ii) for every decreasing function g, a function T*g is well defined by

| rrwgtnde= [ rergma  vrl.
0 0

Let 0 < p < oo be fized. Then,

(3.1) T:L?

dec

(w) — L (w)

is bounded for every w € By, with constant depending only on ||w||p, if and only if,
for every r,s > 0 and every —1 < a < 0,

S
(3.2) / Tx (0, (t)t*dt < Comin(r, s)* ",
0

with Cy, independent of r and s.
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Proof. If T satisfies (B.I]), then taking f to be a decreasing function, we can apply
Theorem 2] to the pair (T'f, f) to deduce that

T: LY. (w) — L' (w)

for every w € By, and by the previous remark this is equivalent to having that, for
every s > 0 and every —1 < a <0,

/0 T (0.0 (1)) (£)dt = / TF(tdt < C, / fyedt

0

Now, it is known (see [5]) that the above inequality holds for every decreasing f if
and only if, for every r > 0,

s T min(s,r)
/ TX(O,r) (t)tadt = / T* (UO‘X(O,S) (u))(t)dt 5 Ca / tdt
0 0 0
~ C, min(r, s)**1

as we wanted to show. O

In particular, we can consider integral operators with positive kernel, which have
been intensively studied in [9].

Corollary 3.3. Let
Tf(z) = / F(E)k(, t)dt

with k a positive kernel such that, for every decreasing function f, Tf is also a
decreasing function whenever it is well defined. Then,

T:ILF

dec

(w) — L (w)

is bounded for every w € B, with constant Cy, depending only on ||w||p, if and
only if, for every r,s >0 and every —1 < a <0,

(3.3) / / k(x,t)z*dt dv < Cy min(r, s)* T
0o Jo
with Cy, independent of r and s.
Similarly, in the case of two linear operators:

Corollary 3.4. If 17 and Ty are two linear operators satisfying the hypothesis of
Theorem B2, we have

)
(3.4) / T (TP @Oty < O, / T (PO

for every w € B, and every decreasing function f with C, depending only on ||w||p,
if and only if, for every r,s > 0 and every —1 < a < 0,

S

/ TlX(O,r)(t)tadtSCoz/ TQX(O,r)(t)tadt’
0 0

with Cy, independent of r and s.
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b) If T; are integral operators with positive kernels k; satisfying the hypothesis
of Corollary B3, then [B4) holds for every w € By, if and only if, for everyr,s >0
and every —1 < a <0,

(3.5) //kl(x,t)a:o‘dtda:ﬁCa/ / ka(z,t)x*dt dx,
0o Jo o Jo

with Cy, independent of v and s.

EXAMPLES

Let us now give some examples of well known operators for which boundedness
on LA . (w) is true for every w € B,, and examples in which this condition fails.

Example I. The Calderén operator.
Let A\, B,y > 0 with A > 8~ and let us consider the operator
B

TF(@) = 2 / L (1) dt.
0
Then, T is an integral operator with kernel
k($7 t) = x_AX(O,zﬁ)(t)t’Y_l
and hence using Corollary it is immediate to see the following result:

Theorem 3.5. Let T be the Calderén operator defined above. Then, the following
conditions are equivalent:

(1) There exists 0 < p < oo such that
T:LE (w)— LP(w)

dec

is bounded for every w € B,.
(ii) For every 0 < p < oo,

T:LF

dec

(w) — L (w)

is bounded for every w € B,.
(iii) =1 andy= X > 1.

Example II. The Riemann-Liouville fractional operator is defined by
Raf(e) = o [ =0 poan,
0
with 0 < A < 1.
Theorem 3.6. For every 0 < p < oo, the operator
Ry : LA, (w) — LP(w)
is bounded for every w € B,.

Proof. In this case k(z,t) = 7 x(0,2)(t)(x —t)* 1. We already know that, in order
to prove the result, it is enough to show that for all —1 < a < 0 and all r,s > 0 we
have

(3.6) //k(z:,t)xo‘dtdx,SCamin(r,s)aH.
0o Jo

To see this, suppose first that s < r. Then, for z € (0, s)

/ k(:c,t)dt:/ x*)‘(x—t))‘*ldt:l.
0 0 A
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Therefore,

/ / k(z,t)x“dt de = %/ r%dx = Cs*T = C'min(r, s)*.
o Jo

Suppose now that r < s. Then there are two possible cases: s < 2r and 2r < s. In
the case where s < 2r we have

s T 2r 2r
/ / k(z,t)z*dt dr < / k(x, t)x*dt de < C(2r)*T! = C'min(r, s)* .
If 2r < s, then

s T 2r T s r
/ / k(x, t)x“dt dx :/ / k(m,t)xo‘dtdx—l—/ / k(x,t)z*dt d.
0o Jo o Jo 2r Jo

For the first summand we proceed as in the previous case:

2r  pr 2r  p2r
/ / k(z,t)z*dt do < / / E(x,t)x®dt de < C(2r)*T! = C'min(r, s)*T.
o Jo o Jo

Let us estimate the second one. By the mean value theorem applied to the function
f(u) (x —u)* on the interval [0, 7], we have that there exists ¢ € (0,7) such that
(x —7r)» —2* = =Ar(z — ¢)*~!. Then

2N (g — )N A
/k::ct ((i ) >=x)‘r(x—c))‘1§xAr I

rT—r x—7

Therefore,

s T s r S T
/ / k(z,t)z*dt de < / x® dzx = r/ ot dz.
2r Jo 2r TTT 2r r—r

Since the function g : [27, 5] — R given by g(z) = %
have that

/2/ (z,t) adtdaz<2r< — ()" )w(W)

< C(27")‘1+1 = C'min(r,s)*T,

and (B.0) is proved. O

is decreasing and a < 0, we

Remark 3.7. With the same technique, we can also prove that neither the adjoint
Calderén operator defined by
1

Tf(x):x_)‘/ L (t)dt

s
with A, 3, > 0 nor the Laplace operator

Lf(z) = /000 e tf(t)dt

satisfy the condition of boundedness on LY (w) for every w € B,,.
In the first case the kernel is

k(ﬁ,t) = 1177)\)((1/3,1) (t)tV71
and it is enough to show that it is not true that for each —1 <« <0 and r,s > 0,

S T
/ / E(x,t)x%dt de < min(r, s)* 1.
o Jo
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Let 0 < s <1< 7. Then
T T 1
1
/ k(x,t)dt = / T M (o) (O Nt = x*A/ 7 dt = —a N1 — 2P7).
0 0 xh Y
Hence,

S T 1 S 1 S
/ / k(x,t)x“dt de = —/ M1 = 2P dx > —/ 2 M1 = 77 de
0o Jo 7 Jo 7 Jo

1—gP s

= i / 2% Nz = o0,
Y 0

for any « such that -1 < a < -1+ A.

In the second case the kernel is k(x,t) = e~ **. Let us take 0 < s < r and observe
that

/ e “tdt = rH f(xr),
0

where H denotes the Hardy operator and f(t) = e~t. Then, making the substitution
rr = u, we get

S T S 1 ST
/ xo‘/ k(x,t)dt de = r/ 2 H f(xr)dx = —a/ u®H f(u)du
0 0 0 ™ Jo
1 [ 11—
= — u® ° du.
r* Jo U

If we keep s = 1 and let r tend to infinity, then [ ur =" dy = fol = du is
a positive constant and, as —1 < a < 0, =& — oo while min(r, s)*™! = s*T1 — 0.

Application II. Let g*(¢t) = inf {s > 0: A\j(s) <t} be the decreasing rearrange-
ment of g, where \;(y) = |{x € R™: |g(x)| > y}| is the distribution function of g
with respect to Lebesgue measure, and let f**(t) = %fot f*(s)ds.

In [3] the space S,(w) defined by

1£lls, (w) = (/Ooo(f**(t) - f*(t))pw(t)dt)l/p <0

was studied and it was proved that it coincides with the Lorentz space I',(w) defined
by
1/p

I[fllr, w) = </Ooo(f**(t))pw(t)dt> < 00

if w € RB,; that is, for every r > 0,

/w(s)ds,ﬂr”/ Mds.
0 r sP

To see this, it was proved that if w € RB,, the following inequality holds:

/ )Pt < / T - )P,
0 0

Now, making the change of variable u = 1/t the previous inequality is the same as

(3.7)

[ o) wmGaes [T () () el
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On the other hand, the following hold:

i) w € RB, if and only if up_zw(%) € B,.

i) g(u) = foi f*(s)ds is clearly a decreasing function.

iii) h(u) = %(f**(%) - f*(%)) is also a decreasing function (see [3]).

Therefore, inequality ([B.7) can be read as

/000 g(w)Pv(u)du < /000 h(u)Pv(u)du

for every v € B, with g and h being decreasing functions, and thus it is equivalent
to proving that for every s > 0,

/g(u)uadUS/ h(u)u“du
0 0

for every —1 < aw < 0, which can be seen with an easy computation.

4. FINAL COMMENTS

1) In the context of A, weights developed in [10], [6], [7] and [3], we have a pair of
positive functions (f, g) not necessarily decreasing such that, for some 1 < py < oo
and every w € Ay, there exists a constant C' > 0 depending only on [[w]|a,,

satisfying
o0 oo
/ fpow < O/ gpow.
0 0

Then, it is natural to ask whether it is true that there exists an operator 7' satisfying
[f<Tf, Tf<Ty,

and
T:LP(w) — LP(w)

for every w € A,.
Observe that if this were the case, then for every w € A,,

/ " prw< / T (e < / T(Toprw<c / " w,

and we get the extrapolation result in the aforementioned papers.
Also observe that this is what happens in the B, context since upon taking

t 1/po
15) = (e [ 10 as)

we have that T satisfies the three conditions mentioned above for f a decreasing
function.

2) In the context of the interpolation theory of Banach spaces, we also have
a similar result to the ones developed in [2] (Theorems 3.8 and 5.2): Given two
compatible Banach spaces A and B and a linear operator T such that, for some
0<p<oo,

(41) T: Ap)w;[( — Bp,w;K

is bounded for every w € B, with constant depending only on ||w||p,, we have that
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for every w € B, and every 0 < ¢ < o0,
T: Aq,w;K — Bq,w;K

is bounded with constant depending only on ||w||, .
To see this, observe that by hypothesis,

/OOO (W)pw(t)dt < Cu /OOO <W>pw(t)dt,

and since w is a decreasing function, we can apply our results directly.

Moreover, we have that (£.]) holds for some p and every w € B,, (or equivalently,
for every 0 < p < oo and every w € B,,) if and only if, for every » > 0 and every
-1<a<0,

/ K(t,Tf;B)t* ldt < ca/ K(t, f; At dt,
0 0
with C,, independent of r > 0.
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