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A NOTE ON THE POINCARÉ INEQUALITY

FOR LIPSCHITZ VECTOR FIELDS OF STEP TWO

MARIA MANFREDINI

(Communicated by Matthew J. Gursky)

Abstract. We provide a Poincaré inequality for families of Lipschitz contin-
uous vector fields satisfying a Hörmander-type condition of step two.

1. Introduction

Given a family of vector fields X1, . . . , Xm on R
n, it is well known that the

Poincaré inequality plays a crucial role when dealing with the regularity properties
for operators of the form

∑m
i=1 X

2
i , in the setting of the first order Sobolev space

related to the vector fields. In particular, the Poincaré inequality is the main tool
in the Moser iteration technique for the study of the regularity of the solutions; see
e.g. [4, 14, 5, 9, 3].

If the vector fields are smooth and satisfy the Hörmander condition (see [6])

(1.1) rank (Lie(X1, . . . , Xm))(x) = n, for all x ∈ R
n,

then the problem is quite well understood: the doubling property of the related
control balls and the Poincaré inequality have been proved in [12] and [7] respec-
tively.

The purpose of this paper is to give a contribution in the direction of finding
other and different conditions assuring the Poincaré inequality.

In the non-smooth case: in [2] the authors proved the Poincaré inequality in
a low regularity situation for vector fields of diagonal form, i.e. Xi = λi(x)∂i,
i = 1, . . . , n, and the λi’s were required to satisfy some strong condition (a strong
form of a reverse Hölder inequality involving integral curves of vector fields). In
[8] the authors do not need the smoothness of the vector fields, but they require
that the control balls are representable by a controllable almost exponential maps
introduced in [11]. In the recent paper [10] the Poincaré inequality is proved by
developing the method of [8] for non-smooth and non-diagonal vector fields of step
two, assuming the Lipschitz condition on the vector fields and on their commutators.

The fundamental results of the citated paper [12] about the study of the Carnot-
Carathéodory balls have been generalized to the two-parameter setting in [16] and
to the multi-parameter setting in [15]. These results are relevant for developing a
theory of the multi-parameter singular integrals.
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In many situations the regularity assumptions in [10] on the commutators are
not satisfied, and it does not seem to be enough to get the Poincaré inequality.

Our interest in the question studied in this paper has been motivated by recent
works on the regularity properties of some non-linear elliptic degenerate equations.

Consider, as a first example, the study of the Lipschitz minimal intrinsic graphs
in the Heisenberg group H

n of dimension n > 1; see [1]. In this setting an intrinsic
regular surface can be represented as a graph of a Lipschitz continuous function in
the euclidean sense u : Ω ⊂ R

2n → R. The prescribed mean curvature equation for
intrinsic graphs has the following expression:

(1.2)

2n−1∑
i=1

Xi

(
Xiu√

1 + |∇u|2

)
= f, in Ω ⊂ R

2n,

where

Xi = ∂i, for i = 1, . . . , n− 1,

Xi = ∂i − xi−n+1∂2n, for i = n, . . . , 2n− 2,
(1.3)

X2n−1 = ∂2n−1 + u(x)∂2n,(1.4)

∇u = (X1u, . . . , X2n−1u) and | · | denotes the euclidean norm. In particular, the
vector field X2n−1 is non-linear, since it depends on the function u. We compute
explicitly the commutators (in the distributional sense): if k ≤ n−1 and i = k+n−1
or i ≤ n− 1 and k = i+ n− 1, then

[Xk, Xi] = sign(k − i) ∂2n;

if i = 2n− 1 and k < 2n− 1, then

[Xk, Xi] = Xku ∂2n;

if k = 2n− 1 and i �= 2n− 1, then

[Xk, Xi] = −Xiu ∂2n.

All other commutators vanish. Then, the vector fields X1, . . . , X2n−1 satisfy
Hörmander’s finite rank condition in R

2n of order two; i.e. their commutators
of length at most two span the tangent space at every point. Nevertheless, due to
the minimal regularity of the coefficients (the function u is only a euclidean Lips-
chitz continuous function), the result of [10] cannot be applied in this setting since
the authors required that the commutators be Lipschitz continuous.

As a second example, we consider the situation illustrated in [13], where the
regularity of the solutions of the subelliptic Monge-Ampére equation, det D2u =
k(x, u,∇u), are studied. The authors assume that the function k has the form

k(x, r, ρ) =
∑N

i=1 pi(x, r, ρ)
2, where pi(x, r, ρ) are smooth functions on Ω× R× R

n

locally satisfying pi(x, r, ρ) ≈ |x|2. They introduce an adaptation of the Campanato
methods, due to [17], to apply it to a sum of squares of rough vector fields arising
in the partial transform system. More precisely, after an application of the partial
Legendre trasform, the study of the Monge-Ampére equation is equivalent to the
study of a problem of the type

∑m
i,j=1 X

∗
i (ai,jXju) = f where X1, . . . , Xm is an

enumeration of the vector fields on R
n:

(1.5) X1 = ∂s, X1
β = s ∂tβ , X

α
β = vα(s, t) ∂tβ , 2 ≤ α, β ≤ n, (s, t) ∈ R× R

n−1.

The functions vα(s, t) are only Lipschitz continuous, and {ai,j}mi,j=1 is a suitable
constant matrix. The vector fields and their first order commutators span the
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tangent space Rn at every point in Ω. But the system {X1, . . . , Xm} does not have
the regularity required in [10]; then also in this setting, the result of [10] cannot be
directly applied.

The aim of this paper is to fill this gap. The proof of the Poincaré inequality
(also in the non-smooth setting) is based on Nagel-Stein-Weinger’s lemma, which
asserts, roughly speaking, that if I = (i1, . . . , in) is an n-tuple of vector fields and
commutators of order two, satisfying λI(x) �= 0 and

(1.6) |λI(x)|rd(I) >
1

2
max

J∈{1,...,q}n
|λJ (x)|rd(J)

(see (2.6) and Section 2 for the definitions of λI and d(I)), then the corresponding
exponential map EI(x, ·) is one-to-one and the control balls are equivalent to the
images of the exponential map of the ball-boxes (see (2.3)) related to I. The choice
of the n-tuple I in (1.6) is crucial.

We note that we can repeat all the proof in [10] of the Poincaré inequality, as soon
as only the commutators involved in the condition (1.6) are Lipschitz continuous.

In the above two examples, there exists an n-tuple Ī of vector fields and of their
commutators of order two which are Lipschitz continuous, span R

n, and where
Ī satisfies the crucial condition (1.6). This fact suffices to prove the Poincaré
inequality for the vector fields of the examples.

This is the plan of the paper. In Section 2 we recall some notation and known
results. In Section 3 we introduce our conditions on the vector fields and prove
the Poincaré inequality. Section 4 is devoted to the applications to the examples
described above.

2. Preliminary and known results

For the reader’s convenience we recall some notions. Given a family of locally
Lipschitz continuous vector fields X1, . . . , Xm on R

n, we say that an absolutely
continuous path γ : [0, T ] → R

n is a subunit if γ̇(t) =
∑m

i=1 bi(t)Xi(γ(t)), for
almost all t ∈ [0, T ], with

∑m
i=1 |bi(t)| < 1. Assuming that for every x1, x2 ∈ R

n

there exists at least one subunit path connecting x1 and x2, the control distance or
Carnot-Carathéodory distance is defined as

d(x1, x2) = inf{T > 0 : ∃γ : [0, T ] → R
n,

subunit path such that γ(0) = x1, γ(T ) = x2}.

Denote by B(x, r) the ball with a center at x and radius r with respect to the
distance d.

We suppose that Xj =
∑n

k=1 aj,k∂k, j = 1, . . . ,m, are such that aj,k are locally
Lipschitz continuous functions. We denote by t → etXjx the integral curve of Xj

starting at x, and we assume that for any x ∈ R
n, j, k = 1, . . . ,m, the derivatives

(Xjak,j −Xkaj,k)(x) =
d

dt

(
ak,j(e

tXjx)− aj,k(e
tXkx)

)
|t=0

exist and the functions Xjaj,k − Xkak,j are continuous for all j, k. Denote the

commutator by [Xj , Xk] = 〈Xjak,j −Xkaj,k,∇〉 :=
∑n

i=1 b
j,k
i ∂i.

We assume that

(2.1) span{Xj(x), [Xj, Xk](x) : j, k = 1, . . . ,m} = R
n for any x ∈ R

n.
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We recall the definition of an almost exponential map related to a family of lo-
cally Lipschitz continuous vector fields introduced in [11]. Given a pair of locally
Lipschitz continuous vector fields X and Y , define for small s the map

exp∗(s[X,Y ]) :=

⎧⎨
⎩

e−
√
sY e−

√
sXe

√
sY e

√
sXx if s ≥ 0,

e−
√

|s|Xe−
√

|s|Y e
√

|s|Xe
√

|s|Y x if s ≤ 0.

Roughly speaking, exp∗(S) can be thought of as an approximate exponential of the
commutator S.

We enumerate the vector fields and their first order brackets as

(2.2) Yj = Xj , j = 1, . . . ,m, {Ym+1, . . . , Yq} = {[Xi, Xj ], 1 ≤ i < j ≤ m}.
As usual, we attach to any fields Y1, . . . , Ym a degree one, to any commutators of
order two a degree 2, and we denote it by d(Yi).

Given an n-tuple of integer I = (i1, . . . , in) ∈ {1, . . . , q}n, define
EI(x, h) = (exp∗(h1Yi1) ◦ · · · ◦ exp∗(hnYin)) (x)

where exp∗(hjYij )(x) = exp(hjYij )(x) if ij ∈ {1, . . . ,m}. The map EI is a some-
what modified version of the exponential map used in [12], in the smooth case, in
the proof of their representation result of the Carnot-Carathéodory balls. We refer
to [11], [8] and [10], where the map EI has been studied in a non-smooth situation.
We also quote [16] and [15], where the map EI has been defined and studied in the
multi-parameter setting.

Define the ball box, BoxI , as

(2.3) BoxI(x; r) =

{
x+

n∑
k=1

ξkYik(x), ||ξ||I ≤ r

}
, ||ξ||I = max

j=1,...,n
|ξj |

1
d(Yij

)
.

Set d(I) =
∑n

j=1 d(Yij ) and

(2.4) λI(x) = det [Yi1(x), . . . , Yin(x)].

The following theorem, proved in [10], slightly generalizes the well-known result
of structure of the balls in [12] for the smooth case and relies on a careful estimate
of the derivatives of the map h �−→ EI(x, ·).

Theorem 2.1 (Theorem 3.2 in [10]). Suppose that for any compact set K ⊂ R
n

there is L > 0 such that, for every i, j, k, the coefficients bj,ki of the commutators
satisfy

(2.5) |bj,ki (x)− bj,ki (y)| ≤ Ld(x, y), for every x, y ∈ K.

Then, there is a neighborhood V of the origin in R
n such that the map EI(x, ·) is

Lipschitz continuous in V , for all I and for any x ∈ K. Moreover, there are r0 > 0,
ε0, ε1, ε2, ε3 > 0, which depend also on L, such that if x ∈ K, r < r0 and I satisfy

(2.6) |λI(x)|rd(I) >
1

2
max

J∈{1,...,q}n
|λJ (x)|rd(J),

then
(i) 1

2 |λI(x)| ≤
∣∣det ∂EI

∂h (x, h)
∣∣ ≤ 2|λI(x)| for almost all h ∈ Rn, ||h||I ≤ ε0r;

(ii) the map EI(x, ·) is one-to-one on {||h||I ≤ ε0r};
(iii) B(x, ε2r) ⊂ BoxI(x, ε1r) ⊂ {EI(x, h) : ||h||I ≤ ε0r} ⊂ B(x, ε3r).
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Theorem 2.1 gives the representation of the Carnot-Carathéodory balls by means
of the maps EI , which are controllable in the sense of [8]. As a consequence, the
doubling property of the Lebesgue measure of the balls and the Poincaré inequality
hold; see Theorem 1.2 in [10].

3. Poincaré inequality

In this section, we establish our version of the Poincaré inequality. Consider the
vector fields Xj =

∑n
k=1 aj,k∂k, j = 1, . . . ,m, where the coefficients aj,k are lo-

cally Lipschitz continuous functions. Suppose also that they satisfy the Hörmander
condition of step two (2.1).

We assume that

(H): Given a compact set K ⊂ R
n, for every x ∈ K there exists an n-tuple

Ī = (i1, . . . , in) ∈ {1, . . . , q}n such that λĪ(x) �= 0 and

(3.1) |λĪ(x)|rd(Ī) >
1

2
max

J∈{1,...,q}n
|λJ (x)|rd(J).

Besides, we required that the coefficients of the commutators corresponding
to the n-tuple Ī are locally Lipschitz continuous functions.

According to the enumeration in (2.2), the q vector fields Y1, . . . , Yq are in general
q > n. Then, at each point of Rn many different subsets of {Y1, . . . , Yq} form a
basis for the tangent space to R

n. One of the many difficulties is finding a good
choice for a basis, as a subcollection of vector fields, Yi1 , . . . , Yin of the Y1, . . . Yq

for performing calculations. A possible choice as a basis is Yi1 , . . . , Yin , where the
(i1, . . . , in) is equal to Ī in condition (H).

Theorem 3.1. Suppose that the vector fields satisfy (H). For every compact set K,
there is a neighborhood V of the origin in R

n such that the map EĪ(x, ·) is Lipschitz
continuous in V for any x ∈ K. Moreover, there are r0 > 0, ε0, ε1, ε2, ε3 > 0 such
that if x ∈ K, r < r0, then

(i) 1
2 |λĪ(x)| ≤

∣∣∣det ∂EĪ

∂h (x, h)
∣∣∣ ≤ 2|λĪ(x)| for almost all h ∈ Rn, ||h||Ī ≤ ε0r;

(ii) the map EĪ(x, ·) is one-to-one on {||h||Ī ≤ ε0r};
(iii) B(x, ε2r) ⊂ Box Ī(x, ε1r) ⊂ {EĪ(x, h) : ||h||Ī ≤ ε0r} ⊂ B(x, ε3r).

Proof. It is sufficient to repeat, step by step, the proof of Theorem 3.2 in [10] only
for the selected n-tuple Ī in condition (H). Indeed, fix a compact setK ⊂ R

n. Then
by (H), for every x ∈ K there exists an n-tuple Ī = (i1, . . . , in) ∈ {1, . . . , q}n which
satisfies (3.1) and such that the vector fields of the corresponding basis Yi1 , . . . , Yin

are locally Lipschitz continuous.
In the following the n-tuple Ī satisfying condition (H) is fixed. Then, arguing

as in Lemma 3.3 in [10], there exists a neighborhood V of the origin in R
n such

that the map EĪ(x, ·) is Lipschitz continuous on V , with a Lipschitz norm which
depends on the Lipschitz norm of the original vector fields X1, . . . , Xm and of the
involved selected family Yi1 , . . . , Yin . Besides, the map EĪ(x, ·) belongs toW 1,∞(V ),
and, as in [10], its (distributional) derivative ∂hj

EĪ(x, ·) is such that (at a point of
differentiability of EĪ(x, ·)) for j = 1, . . . , n,

∂hj
EĪ(x, h) = Yij (x) +Rj(x, h), for a.e. h ∈ V,

where the remainder Rj satisfies the estimate

|Rj(x, h)| ≤ C||h||Ī , for any h ∈ V.
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Besides, from Proposition 3.5 in [10] we can write for almost any h,

∂hj
EĪ(x, h) = Yij (x) +

n∑
k=1

bj,k(x, h)Yik(x),

where |bj,k(x, h)| ≤ crd(Yik
)−d(Yij

), for any ||h||Ī < ε0r. Then for a.e. h,

det∂hj
EĪ(x, h) = λĪ(x)det(δj,k + bj,k)

(here δj,k denotes the Kronecker symbol). The proof of (i) can be easily concluded
as in [10], using the above estimate of |bj,k(x, h)|. Finally, by the same argument
of [10], we can prove the injectivity of the map EĪ(x, ·) in assertion (ii) and the
equivalence in (iii).

Then, as a consequence of the representation result of the balls in Theorem 3.1,
the doubling property and the Poincaré inequality hold:

Theorem 3.2. Suppose that the vector fields satisfy (H). For any compact set
K ⊂ R

n, there are c, r0, Q > 0, ρ ≥ 1, depending on K, such that

|B(x, 2r)| ≤ 2Q|B(x, r)|, for all x ∈ K, r < r0

and

(3.2)

∫
B(x,r)

|u(y)− uB | dy ≤ c r

∫
B(x,ρr)

|∇u(y)| dy, for all u ∈ C1(B(x, ρr)),

where uB = 1
|B|

∫
B
u.

Proof. The doubling property of the balls follows immediately by (iii) in The-
orem 3.1 and by condition (3.1) in (H). The arguments to prove the Poincaré
inequality are the same as in the proof of Theorem 1.2 in [10] (for the selected
n-tuple Ī in condition (H)). It is sufficient to prove the hypotheses of Theorem 2.1
in [8].

Letting

ΩĪ =

{
x ∈ B(x0, ε2r) : |λĪ(x)|rd(Ī) >

1

2
max

J∈{1,...,q}n
|λJ (x)|rd(J)

}
,

then in the language of [8] the map EĪ : ΩĪ × {||h||Ī ≤ ε0r} → R is an almost
exponential map. The controllability in [8] requires that the points x ∈ ΩĪ and
EĪ(x, h) can be joined by a piecewise integral curve of the vector fields Xj . We
refer to [10] for a detailed proof of this fact. We can conclude, as in [10], that all
the hypotheses of Theorem 2.1 in [8] are satisfied and then the Poincaré inequality
holds.

4. Some examples

In both cases of the examples in the introduction, the extra regularity proper-
ties of the commutators required in (2.5) are not satisfied. On the contrary, the
condition (H) is verified.
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4.1. Example 1. Consider the non-linear vector fields on R
2n defined in (1.3)

and (1.4). They satisfy Hörmander’s finite rank condition of order two (2.1). We
introduce a modification of the vector fields as follows. Let c be a positive constant,
which we choose later, and consider the vector fields

Xi = c ∂i, for i = 1, . . . , n− 1,

Xi = c ∂i − c xi−n+1∂2n, for i = n, . . . , 2n− 2,
(4.1)

and

(4.2) X2n−1 = ∂2n−1 + u(x)∂2n.

We recall that u is a euclidean Lipschitz continuous function. If k ≤ n − 1 and
i = k + n− 1 or i ≤ n− 1 and k = i+ n− 1, then

[Xk, Xi] = c2 sign(k − i) ∂2n;

if i = 2n− 1 and k < 2n− 1, then

[Xk, Xi] = cXku ∂2n;

if k = 2n− 1 and i �= 2n− 1, then

[Xk, Xi] = −cXiu ∂2n.

All other commutators vanish.
We put X2n := [Xn, X1] = c2sign(n− 1) ∂2n, and we choose the 2n-tuple

Ī = (1, 2, . . . , 2n− 1, 2n).

Then d(Ī) = 2n+ 1 and

|λĪ(x)| = | det[X1(x), . . . , X2n−1(x), X2n(x)]| = c2n+1.

Besides, if J is an 2n-tuple such that λ(J) �= 0, then J is similar to Ī, in the
sense that the corresponding family of vector fields is of the type (X1, . . . , X2n−1,
c2sign(k − i)∂2n) for some k, i; otherwise the corresponding family of vector fields
is of the type (X1, . . . , X2n−1, cXku ∂2n), for some k. In the first case d(J) = 2n+1
and |λJ (x)| = c2n+1, in the second one d(J) = 2n+ 1 and

|λJ (x)| = c2n|Xku(x)|.
Then, for every compact set K of R2n, there exists a sufficiently large constant c
such that the 2n-tuple Ī satisfies condition (3.1). Indeed, if c > 1

2 supK |Xku(x)|
one has

|λĪ(x)|rd(Ī) = c2n+1r2n+1 >
1

2
c2n|Xku(x)|r2n+1.

4.2. Example 2. Consider the vector fields defined in (1.5). For simplicity of
notation, we suppose n = 3 and (s, t) = (s, t2, t3) ∈ R

3. We enumerate the vector
fields in (1.5) in the following way:

X1 := c ∂s, X2 := X1
2 = c s∂t2 , X3 := X1

3 = c s∂t3 ,

X4 := X2
2 = v2(s, t)∂t2 , X5 := X2

3 = v2(s, t)∂t3 ,

X6 := X3
2 = v3(s, t)∂t2 , X7 := X3

2 = v3(s, t)∂t3 ,

where the functions vi(s, t) are only Lipschitz continuous and c is a positive constant
which we choose later. We set

X8 := [X1, X2] = c2 ∂t2 , X9 := [X1, X3] = c2 ∂t3 .
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We enumerate all the other commutators of order two as X10, . . . , Xq.
Let K be a compact set in R

3. For every (s, t) ∈ K there exists at least an 3-
tuple I satisfying condition (3.1). If I = (i1, i2, i3) is such that all the corresponding
vector fields (Xi1 , Xi2 , Xi3) have regular coefficients, that is, they do not contain
derivatives of v2 and v3, then hypothesis (H) is satisfied.

Otherwise, if for example

(Xi1 , Xi2 , Xi3) = (X1, X2, c s ∂tkvj(s, t) ∂t3), d(I) = 4

for some k, j, then it is possible to choose c sufficiently large in such a way that for
Ī = (1, 2, 9), d(Ī) = 4, one has

|λĪ(s, t)|rd(Ī) = c4r4 ≥ |λI(s, t)|rd(I) = c3|s ∂tkvj(s, t)|r4

(i.e. c > supK |s ∂tkvj(s, t)|). If
(Xi1 , Xi2 , Xi3) = (X1, X2, c ∂svj(s, t) ∂t3), d(I) = 4

for some j, then we can again choose Ī = (1, 2, 9). If

(Xi1 , Xi2 , Xi3) = (X1, c s∂tivl(s, t) ∂t2 , c s∂tkvj(s, t) ∂t3), d(I) = 5

for some i, l, k, j, then it is possible to choose c sufficiently large such that if Ī =
(1, 8, 9) (i.e. (X1, c

2 ∂t2 , c
2 ∂t3) and d(Ī) = 5), one has

|λĪ(s, t)|rd(Ī) = c5r5 ≥ |λI(s, t)|rd(I) = c3|s2∂tivl(s, t)∂tkvj(s, t)|r5.
In all other cases we argue in the same way. Finally, for every K compact set of
R

3, there is a sufficiently large constant c such that condition (H) is satisfied.

References

1. L. Capogna, G. Citti, M. Manfredini, Smoothness of Lipschitz minimal intrinsic graphs in
Heisenberg groups H

n, n > 1, preprint, to appear in Crelle’s Journal.
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