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THE UNITARY DUAL OF P-ADIC SO(5)

IVAN MATIĆ

(Communicated by Gail R. Letzter)

Abstract. Let F be a p-adic field of characteristic zero. We investigate the
composition series of the parabolically induced representations of SO(5, F )
and determine the non-cuspidal part of the unitary dual of SO(5, F ).

1. Introduction

Let F be a p-adic field of characteristic zero. We investigate the composition
series of the parabolically induced representations of the split connected group
SO(5, F ) and determine the set of equivalence classes of irreducible unitarizable
representations of SO(5, F ); i.e., we determine the unitary dual of SO(5, F ) mod-
ulo cuspidal representations. The problem of determining the unitary dual of a
reductive group is one of the most important problems in representation theory,
with numerous applications in harmonic analysis and the theory of automorphic
forms. Similar examples of unitary duals of some other low-rank groups can be
found in [11] (for the groups Sp(4) and GSp(4)) or [8] for the simply connected
split group of the type G2.

Here is an outline of the paper. First we introduce some notation related to
classical groups which is used through this paper and recall the basic results of the
representation theory of these groups. In the third section we determine the unitary
dual supported in the minimal parabolic subgroup. The method that we use is that
of Jacquet modules ([4], [11], [15]) enhanced by intertwining operator methods ([8],
[10], [12]). In the last section, which is included for the sake of completeness, we
have an analysis of representations with cuspidal support in the other two parabolic
subgroups. It follows completely from the results of Shahidi [12].

The author wishes to express his gratitude to Prof. Goran Muić and Prof. Marcela
Hanzer for suggesting the problem and for many stimulating conversations. The
author would also like to thank the referee for reading the paper very carefully and
helping to improve the style of presentation.

2. Preliminaries

Let F be a p-adic field of characteristic zero, and let G be the F -points of a
reductive group defined over F . We denote by R(G) the Grothendieck group of the
category of all admissible representations of finite length of G. If σ is an admissible
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representation of finite length of G, then we write s.s.(σ) for its semi-simplification
in R(G), but in computations we just write σ instead of s.s.(σ).

LetGL(n, F ) be the general linear group of type n×n with entries in F , and let In
be the identity matrix in GL(n, F ). For some g ∈ GL(n, F ), the transposed matrix
of g is denoted by tg and the transposed matrix with respect to the second diagonal
is denoted by τg. The group SO(2n+ 1, F ) is the group of all (2n+ 1)× (2n+ 1)
matrices over F with determinant equal to 1 and which satisfy τgg = I2n+1. Let
R(S) =

⊕
n≥0 R(SO(2n+ 1, F )).

The modulus of F is denoted by | |F . We denote by ν the positive valued
character g �→ |det(g)|F of GL(n, F ). Define R as R =

⊕
n≥0 R(GL(n, F )). If π is

a representation of GL(n, F ) and 0 ≤ k ≤ n, the normalized Jacquet module of π
with respect to the standard parabolic subgroup whose Levi factor is GL(k, F ) ×
GL(n−k, F ) is denoted by r(k)(π). If π1 is an admissible representation of GL(k, F )
and π2 an admissible representation of GL(n − k, F ), we write π1 × π2 for the
representation of GL(n, F ) that is parabolically induced from π1 ⊗ π2.

We fix a minimal parabolic subgroup Pmin of SO(2n + 1, F ) consisting of all
upper triangular matrices in the group. A standard parabolic subgroup P of
SO(2n+1, F ) is a parabolic subgroup containing Pmin. Recall that an ordered par-
tition of m ∈ N is a tuple of the form α = (n1, n2, . . . , nk) with n1, n2, . . . , nk ∈ N

and n1 + n2 + · · ·+ nk = m. The set of all proper standard parabolic subgroups of
SO(2n+1, F ) is in one-to-one correspondence with the set of ordered partitions of
all m with 0 < m ≤ n. We describe this correspondence. If α = (n1, n2, . . . , nk) is
an ordered partition of such an m, then (n1, n2, . . . , nk, 2(n−m)+1, nk, . . . , n2, n1)
is an ordered partition of 2n + 1. Define m1 = n1,m2 = n2,mk = nk,mk+1 =
2(n−m)+1,mk+2 = nk,mk+3 = nk−1, . . . ,m2k+1 = n1. Now (m1,m2, . . . ,m2k+1)
is an ordered partition of n. Let Pα be a parabolic subgroup of all block-upper
triangular matrices p in group SO(2n + 1, F ) such that p = (pij)1≤i,j≤2k+1, pij
is an mi × mj matrix and pij is a zero matrix if i > j. Pα admits a Levi de-

composition Pα = MαNα, where Mα = {diag(g1, . . . , gk, h,τ g−1
k , . . . ,τ g−1

1 ) : gi ∈
GL(mi, F ), h ∈ SO(2(n−m) + 1, F )} and Nα = {p ∈ Pα : pii = Imi

}.
Let πi be a representation of GL(ni, F ), 1 ≤ i ≤ k, and let σ be a representation

of SO(2(n−m)+1, F ). Then we consider π1⊗· · ·⊗πk⊗σ as a representation ofMα:
π1 ⊗ · · · ⊗ πk ⊗ σ(diag(g1, . . . , gk, h,

τ g−1
k , . . . ,τ g−1

1 )) = π1(g1)⊗ · · · ⊗ πk(gk)⊗σ(h)
and extend it trivially across Nα to the representation of Pα, which we denote by the

same letter. Normalized induction is written as π1×· · ·×πk�σ = Ind
GL(n,F )
Pα

(π1⊗
· · ·⊗πk⊗σ). In this way we get a group homomorphism R(Mα) → R(SO(2n+1, F )).

If σ is a representation of SO(2n + 1, F ), the normalized Jacquet module of σ
with respect to Pα is denoted by sα(σ). In this way we get a group homomorphism
R(SO(2n+ 1, F )) → R(Mα).

It is worth pointing out that the representations π� σ and π̃� σ have the same

composition factors and π̃ � σ � π̃ � σ̃ (where ˜ denotes contragredient).
For each irreducible essentially square integrable representation δ of GL(n, F )

there is an e(δ) ∈ R such that δ = νe(δ)δu, where δu is unitarizable. We use the
letter D to denote the set of equivalence classes of all irreducible essentially square
integrable representations of GL(n, F ), n ≥ 1. Let D+ = {δ ∈ D : e(δ) > 0}.
Further, let δ1, . . . , δk ∈ D+ be such that e(δ1) ≥ e(δ2) ≥ · · · ≥ e(δk), and let
σ be an irreducible tempered representation of SO(2n + 1, F ), n ∈ N. Then the
representation δ1 × δ2 × · · · × δk � σ has a unique irreducible quotient, which we
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denote by L(δ1, δ2, . . . , δk, σ). Every irreducible representation π of SO(2n+1, F ),
n ∈ N, is isomorphic to some L(δ1, δ2, . . . , δk, σ).

Let π be an admissible irreducible representation of SO(2n+ 1, F ), and let Pα

be any standard parabolic subgroup minimal with respect to the property that
sα(π) �= 0. Write α = (n1, . . . , nk), where α is a partition of m ≤ n. Let σ be any
irreducible subquotient of sα(π). Then we write σ = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρk ⊗ ρ.

If all of the inequalities

n1e(ρ1) > 0,

n1e(ρ1) + n2e(ρ2) > 0,

...

n1e(ρ1) + n2e(ρ2) + · · ·+ nke(ρk) > 0

hold for every α and σ as above, then π is a square integrable representation. Also,
if π is a square integrable representation, then all of the given inequalities hold
for any α and σ as above. The criterion for tempered representations is given by
replacing every inequality above with ≥.

Since SO(2n + 1, F ) is a connected reductive group, let f : Spin(2n + 1, F ) �
SO(2n+1, F ) be the central isogeny, where Spin(2n+1, F ) is the simply-connected
double covering of SO(2n+ 1, F ) as algebraic groups (for details see [13]). In the
exact sequence

1 → {±1} ↪→ Spin(2n+ 1, F )
f−→ SO(2n+ 1, F )

δ−→ F×/(F×)2

the homomorphism δ is called the spinor norm. Let T be the maximal torus of
SO(2n + 1, F ), T � {(x1, . . . , xn) : x1, . . . , xn ∈ F×}, and let δ|T (x1, . . . , xn) =
(x1 · · ·xn)(F

×)2. This implies that δ|T is an epimorphism and gives its description
on T . For n = 1, f gives the isomorphism SO(3, F ) � PGL(2, F ). The spinor norm
δ implies that every character of F×/(F×)2 (i.e., every quadratic character) can
also be viewed as a character of SO(2n+1, F ). So, for instance, if ζ is a quadratic
character, then να1ζ × να2ζ � 1 � ζ(να1 × να2 � 1).

Here and subsequently, StG and 1G respectively denote the Steinberg and the
trivial representations of some reductive group G.

Proposition 2.1 ([5], Proposition 3.1). Let χ, χ1, χ2 and ζ be characters of F×,
where ζ2 = 1F× (i.e., where ζ is a quadratic character).

The representation χ1 × χ2 of GL(2, F ) reduces if and only if χ1 = ν±1χ2. We

have ν
1
2χ× ν−

1
2χ = χStGL(2) + χ1GL(2).

The representation χ� 1 of SO(3, F ) reduces if and only if χ2 = ν±1. We have

ν
1
2 ζ � 1 = ζStSO(3) + ζ1SO(3).

Remark. From now on, (F̂×) stands for the set of unitary characters, while (F̃×)
stands for the set of not necessarily unitary characters.

3. Representations with support in minimal parabolic subgroup

3.1. Non-unitary dual. First we have to see when representations induced from
the minimal parabolic subgroup reduce. It is well known that unitary principal
series for SO(2n+ 1, F ) are irreducible [6], so we investigate non-unitary principal
series. The following proposition can be proved in the same way as in section 7 of
[15].
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Proposition 3.1. Let χ1, χ2 ∈ (F̃×). The non-unitary principal series χ1×χ2�1
is reducible if and only if at least one of the following holds:

(1) χ±1
1 = ν±1χ2,

(2) χi = ν±
1
2 ζ, for some i, where ζ2 = 1F× .

In the next two propositions, we determine the admissible dual supported in the
minimal parabolic subgroup. The first proposition can be proved by the intertwin-
ing operator methods combined with some results from section 6 of [16].

Proposition 3.2. Let χ ∈ (F̂×), s ∈ R, s ≥ 0, ζ ∈ (F̂×) such that ζ2 = 1F× . The
representations νsχStGL(2) � 1 and νsχ1GL(2) � 1 are irreducible unless (s, χ) =

(1, ζ1) or (s, χ) = (0, ζ1), where ζ21 = 1F× . In R(S) we have νs+
1
2χ× νs−

1
2χ� 1 =

νsχStGL(2) � 1 + νsχ1GL(2) � 1. Also, if (s, χ) �= (1, ζ1) and (s, χ) �= (0, ζ1), then
νsχStGL(2) � 1 = L(νsχStGL(2), 1) and νsχ1GL(2) � 1 is the Langlands quotient of

νs+
1
2χ× νs−

1
2χ� 1, i.e.,

νsχ1GL(2) � 1 =

⎧⎪⎨
⎪⎩
L(νs+

1
2χ, ν

1
2−sχ−1, 1) if s < 1

2 ,

L(νχ, χ� 1) if s = 1
2 ,

L(νs+
1
2χ, νs−

1
2χ, 1) if s > 1

2 .

The representations νsχ � ζStSO(3) and νsχ � ζ1SO(3) are irreducible unless

(s, χ) = ( 32 , ζ) or (s, χ) = ( 12 , ζ2), where ζ
2
2 = 1F× . In R(S) we have νsχ×ν

1
2 ζ�1 =

νsχ � ζStSO(3) + νsχ � ζ1SO(3). Also, if (s, χ) �= ( 32 , ζ) and (s, χ) �= ( 12 , ζ2), then
νsχ� ζStSO(3) = L(νsχ, ζStSO(3)) and νsχ� ζ1SO(3) is the Langlands quotient of

νsχ× ν
1
2 ζ � 1, i.e.,

νsχ� ζ1SO(3) =

⎧⎨
⎩

L(ν
1
2 ζ, χ� 1) if s = 0,

L(ν
1
2 ζ, νsχ, 1) if 0 < s < 1

2 ,

L(νsχ, ν
1
2 ζ, 1) if s ≥ 1

2 .

Proposition 3.3. Let ζ, ζ1, ζ2 ∈ (F̂×) be such that ζ2 = ζ21 = ζ22 = 1F× (ζ1 �= ζ2).

The representations ζ1GL(2) � 1, ζStGL(2) � 1, ν
1
2 ζ � ζ1SO(3) and ν

1
2 ζ � ζStSO(3)

are reducible and ν
1
2 ζ×ν

1
2 ζ�1 is a representation of length 4. The representations

ζStGL(2) � 1 and ν
1
2 ζ � ζ1SO(3) (respectively, ν

1
2 ζ � ζStSO(3)) have exactly one

irreducible subquotient in common. That subquotient is tempered and is denoted by
τ1 (respectively, τ2). In R(S) we have:

ζ1GL(2) � 1 = L(ν
1
2 ζ, ν

1
2 ζ, 1) + L(ν

1
2 ζ, ζStSO(3)),

ζStGL(2) � 1 = τ1 + τ2,

ν
1
2 ζ � ζ1SO(3) = L(ν

1
2 ζ, ν

1
2 ζ, 1) + τ1,

ν
1
2 ζ � ζStSO(3) = L(ν

1
2 ζ, ζStSO(3)) + τ2.

The representations ν
3
2 ζ�ζ1SO(3), ν

3
2 ζ�ζStSO(3), νζ1GL(2)�1 and νζStGL(2)�1

are reducible and ν
3
2 ζ × ν

1
2 ζ � 1 is a representation of length 4. In R(S) we have:

ν
3
2 ζ � ζ1SO(3) = ζ1SO(5) + L(νζStGL(2), 1),

ν
3
2 ζ � ζStSO(3) = ζStSO(5) + L(ν

3
2 ζ, ζStSO(3)),

νζ1GL(2) � 1 = ζ1SO(5) + L(ν
3
2 ζ, ζStSO(3)),

νζStGL(2) � 1 = ζStSO(5) + L(νζStGL(2), 1).

The representations ν
1
2 ζ2 � ζ11SO(3), ν

1
2 ζ2 � ζ1StSO(3), ν

1
2 ζ1 � ζ21SO(3) and

ν
1
2 ζ1 � ζ2StSO(3) are reducible and ν

1
2 ζ1 × ν

1
2 ζ2 � 1 is a representation of length 4.
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The representations ν
1
2 ζ1 � ζ2StSO(3) and ν

1
2 ζ2 � ζ1StSO(3) have exactly one ir-

reducible subquotient in common. That subquotient is square integrable, and we
denote it by σ. In R(S) we have:

ν
1
2 ζ2 � ζ11SO(3) = L(ν

1
2 ζ1, ζ2StSO(3)) + L(ν

1
2 ζ1, ν

1
2 ζ2, 1),

ν
1
2 ζ2 � ζ1StSO(3) = L(ν

1
2 ζ2, ζ1StSO(3)) + σ,

ν
1
2 ζ1 � ζ21SO(3) = L(ν

1
2 ζ2, ζ1StSO(3)) + L(ν

1
2 ζ1, ν

1
2 ζ2, 1),

ν
1
2 ζ1 � ζ2StSO(3) = L(ν

1
2 ζ1, ζ2StSO(3)) + σ.

This proposition is proved by Jacquet module methods, following the approach
of Sally-Tadić [11] and using some results of Jantzen [5] and Muić [9]. In particular,
the induced representations νsχ1GL(2) � 1 and νsχ� 1SO(3) are decomposed in [5].
It is a straightforward matter to convert from Langlands data in the subrepresen-
tation setting (used in [5]) to the quotient setting. The induced representations
νsχStGL(2)�1 and νsχ�StSO(3) are dual to νsχ1GL(2)�1 and νsχ�1SO(3) under
the Aubert involution and may be decomposed via the properties of duality (which
can be found in [1] and [2]).

3.2. Unitary dual. We write π for the complex conjugate representation of a
representation π. An irreducible smooth representation π is called hermitian if
π = π̃. In the same way as in [15], we get:

L((δ1, . . . , δn, σ))
∼ = L((δ1, . . . , δn, σ̃)) and

L((δ1, . . . , δn, σ))
− = L((δ1, . . . , δn, σ)).

The proof of the next proposition is straightforward.

Proposition 3.4. Let χ, ζ, ζ1, ζ2 ∈ (F̂×) be such that ζ2 = ζ2i = 1F× , i = 1, 2
(ζ1 �= ζ2). Let α, α1, α2 > 0. The following families of the representations are
hermitian, and they exhaust all irreducible hermitian representations of SO(5, F )
which are supported in the minimal parabolic subgroup.

(1) irreducible tempered representations supported in the minimal parabolic sub-
group,

(2) L(ναχ, ναχ−1, 1), χ2 �= 1F× ,
(3) L(ναζ, χ� 1), χ2 �= 1F× ,
(4) L(να1ζ1, ν

α2ζ2, 1), L(ν
α1ζ, να2ζ, 1),

(5) L(ναζ1, ζ2 � 1), L(ναζ, ζ � 1),
(6) L(ναζ1, ζ2StSO(3)), L(ν

αζ, ζStSO(3)),
(7) L(ναζStGL(2), 1).

We take a moment to recall some well-known complementary series. For

GL(2, F ), the complementary series is ναχ × ν−αχ, χ ∈ (F̂×), 0 < α < 1
2 . For

SO(3, F ), the complementary series is ναζ�1, ζ ∈ (F̂×) with ζ2 = 1F× , 0 < α < 1
2 .

Theorem 3.5. Let χ, ζ, ζ1, ζ2 ∈ (F̂×) be such that ζ2 = ζ2i = 1F× , i = 1, 2
(ζ1 �= ζ2). The following families of representations are unitary, and they exhaust all
irreducible unitary representations of SO(5, F ) which are supported in the minimal
parabolic subgroup.

(1) irreducible tempered representations supported in the minimal parabolic sub-
group,

(2) L(ναχ, ναχ−1, 1), 0 < α ≤ 1
2 χ2 �= 1F× ,

(3) L(ναζ, χ� 1), 0 < α ≤ 1
2 ,

(4) L(να1ζ1, ν
α2ζ2, 1), L(ν

α1ζ, να2ζ, 1), α2 ≤ α1, α1 ≤ 1
2 ,
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(5) L(ναζ1, ζ2StSO(3)), L(ν
αζ, ζStSO(3)), α ≤ 1

2 ,

(6) L(ν
3
2 ζ, ν

1
2 ζ, 1) = ζ1SO(5).

Proof. The representations in groups (1) and (6) are obviously unitarizable.
The unitarizability of the representations in (2) and (3) follows, since the rep-

resentations in these two families are unitarily induced from either representations
in the complementary series or representations in the ends of the complementary
series (noting that representations which occur in ends of complementary series are
unitarizable by the results of Miličić [7]; see also [14]).

Since ναχ × ν−αχ � 1 and χ × ναζ � 1 are irreducible for 0 < α < 1
2 , we have

L(ναχ, ναχ−1, 1) � ναχ×ν−αχ�1, 0 < α < 1
2 , and L(ναζ, χ�1) � χ×ναζ�1, 0 <

α < 1
2 . For α > 1

2 the representations ναχ×ναχ−1�1 and ναζ×χ�1 are irreducible
and never unitarizable because their matrix coefficients, which can also be estimated
from Jacquet modules, are unbounded for α > 1

2 . For α = 1
2 , we get unitarizability

of all irreducible subquotients since the corresponding representations are in the
ends of complementary series, and those are L(ν

1
2χ, ν

1
2χ−1, 1) = χ1GL(2) � 1 and

L(ν
1
2 ζ, χ� 1) = χ� ζ1SO(3).

Now we turn our attention to cases (4) and (5). We investigate the two pieces
separately and consider only the parts where α1 ≥ α2 (if α2 > α1, then we can
switch them).

(i) Let ζ1 �= ζ2.
For α1 �= 1

2 and α2 �= 1
2 the representation να1ζ1 × να2ζ2 � 1 is irreducible. For

α1 = α2 = 0 we have the unitarizable representation ζ1 × ζ2 � 1. Now we see, in a
standard way, what happens in a neighborhood of zero.

Let w ∈ W be the longest element of the Weyl group of SO(5, F ). We denote
by A(α1, α2, ζ1, ζ2, w) the standard long intertwining operator, A(α1, α2, ζ1, ζ2, w) :
να1ζ1 × να2ζ2 � 1 → ν−α1ζ1 × ν−α2ζ2 � 1. The image of A is isomorphic to
L(να1ζ1, ν

α2ζ2, 1) and L(να1ζ1, ν
α2ζ2, 1) is hermitian. Next, we realize the 2-

parameter family of hermitian representations Xα1,α2
= να1ζ1 × να2ζ2 � 1, α1 ≥

α2 > 0, on the same space X, the compact image of induced representations. From
this, we get a continuous family of hermitian forms:

〈f, g〉α1,α2
=

∫
SO5(o)

A(α1, α2, ζ1, ζ2, w)fα1,α2
(k)gα1,α2

(k)dk; f, g ∈ X,

where fα1,α2
and gα1,α2

are the sections of f and g, while o is the ring of the integers
in F (SO5(o) that can be replaced with any good compact subgroup of SO5(F )). All
forms 〈·, ·〉α1,α2

are Xα1,α2
-invariant and non-degenerate on L(να1ζ1 × να2ζ2 � 1).

Fix α1, α2 and form the 1-parameter family of hermitian representations Xt =
Xtα1,tα2

, t ≥ 0; then choose a polynomial P (t) with real coefficients such that
A(t) = P (t)A(tα1, tα2, ζ1, ζ2, w) is holomorphic and non-zero for t ≥ 0. In this way
we get a continuous family of hermitian forms

〈f, g〉t =
∫
SO5(o)

A(t)ft(k)gt(k)dk; f, g ∈ X.

We may, and we do, assume that X0 is positive definite. This implies that the form
〈·, ·〉t is positive definite in some neighborhood of t = 0 until Xt becomes reducible.

We conclude:

• for α1 < 1
2 , the representation να1ζ1 × να2ζ2 � 1 is irreducible and unita-

rizable, να1ζ1 × να2ζ2 � 1 = L(να1ζ1, ν
α2ζ2, 1);
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• for α1 > 1
2 and α2 �= 1

2 , the representation να1ζ1 × να2ζ2 � 1 is irreducible
and never unitarizable;

• for α1 = 1
2 , all irreducible subquotients are unitarizable, να1ζ1 × να2ζ2 �

1 = να2ζ2 � ζ1StSO(3) + να2ζ2 � ζ11SO(3), i.e., L(ναζ2, ζ1StSO(3)) and

L(ν
1
2 ζ1, ν

αζ2, 1) are unitarizable for α ≤ 1
2 ;

• for α1 > 1
2 and α2 = 1

2 , the representations να1ζ1 � ζ2StSO(3) = L(να1ζ1,

ζ2StSO(3)) and να1ζ1 � ζ21SO(3) = L(να1ζ1, ν
1
2 ζ2, 1) are irreducible and

never unitarizable.

(ii) Let ζ1 = ζ2 = ζ.
The representation να1ζ × να2ζ � 1 reduces for α1 = 1

2 , α2 = 1
2 , α1 − α2 = 1,

α2 − α1 = 1, and α1 + α2 = 1.
We investigate the unitarizability of representations belonging to areas on Fig-

ure 1. Unitarizability of representations which belong to I follows in the same way
as in (i). The point T ( 32 ,

1
2 ) corresponds to ν

3
2 ζ × ν

1
2 ζ � 1, which we know is

isomorphic to ζ(ν
3
2 × ν

1
2 � 1).

ν
3
2 ζ × ν

1
2 ζ � 1 = ζStSO(5) + L(ν

3
2 ζ, ζStSO(3)) + ζ1SO(5) + L(νζStGL(2), 1),

νζStGL(2) � 1 = ζStSO(5) + L(νζStGL(2), 1),

νζ1GL(2) � 1 = ζ1SO(5) + L(ν
3
2 ζ, ζStSO(3)).

The results of Casselman [3] imply that exactly one of the irreducible subquo-
tients of the representation νζStGL(2) � 1 (resp., νζ1GL(2) � 1) is unitarizable.
More precisely, ζStSO(5) and ζ1SO(5) are unitarizable, while L(νζStGL(2), 1) and

L(ν
3
2 ζ, ζStSO(5)) are non-unitarizable. Because there are some non-unitarizable

irreducible subquotients of ν
3
2 ζ × ν

1
2 ζ � 1, it follows that there are no unitarizable

representations in II, III, IV and V (the point T is contained in closures of all of
these regions). Applying the same argument, we get that there are no unitarizable
representations on the line α2 = 1

2 , from α1 = 1
2 to α1 = 3

2 .
For the final part, we take a look at representations on the line α1 − α2 = 1,

from the point (1, 0) to the point T . At the point (1, 0) we have the representation
νζ × ζ � 1, so Proposition 3.2 implies that we have two continuous families of ir-
reducible representations: ναζStGL(2) � 1 and ναζ1GL(2) � 1, 1

2 ≤ α < 1. If there

is some 1
2 ≤ β < 1 such that the representation νβζStGL(2) � 1 is unitarizable,

then all the representations ναζStGL(2) � 1 are unitarizable, for all 1
2 ≤ α < 1.

If all these representations were unitarizable, then also all the irreducible subquo-
tients of νζStGL(2) � 1 would have to be unitarizable, but that contradicts the
non-unitarizability of the representation L(νζStGL(2), 1). This implies that all the

representations ναζStGL(2)�1 are non-unitarizable for 1
2 ≤ α < 1. In the same way

we also conclude that all the representations ναζ1GL(2)�1 are non-unitarizable for
1
2 ≤ α < 1. Now we directly get that the irreducible subquotients of νζ × ζ � 1
are non-unitarizable and there are no unitarizable representations in VI (see Fig-
ure 1). �

4. Representations with support in other parabolic subgroups

First we consider the case of the representations which have cuspidal support in
P(2). The representations listed in the next proposition exhaust all the irreducible
unitary representations of SO(5, F ) which are supported in P(2).
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Proposition 4.1. Let ρ be an irreducible unitarizable supercuspidal representation
of GL(2, F ). There is at most one s ≥ 0 such that νsρ� 1 reduces.

(i) If ρ �= ρ̃, then ρ� 1 is irreducible and unitarizable. Also, the representations
νsρ� 1, s > 0, are irreducible and never unitarizable.

(ii) If ρ = ρ̃ and ρ� 1 reduces (that is the case when the central character ωρ of
ρ is equal to 1), all of the representations νsρ� 1, s > 0, are non-unitarizable.

(iii) If ρ = ρ̃ and ρ � 1 is irreducible (that is the case when ωρ �= 1), then the
unique s > 0 such that the representation νsρ� 1 reduces equals 1

2 . For 0 < s < 1
2

the representation νsρ� 1 � L(νsρ, 1) is unitarizable, while it is never unitarizable

for s > 1
2 . All irreducible subquotients of ν

1
2 ρ� 1 are unitarizable.

The unique s > 0 such that representation νsρ � 1 reduces is obtained by de-
termining the poles of the Plancherel measure, which in this case coincide with the
poles of

L(1− 2s, ρ, Sym2ρ2)L(1 + 2s, ρ, Sym2ρ2)

L(2s, ρ, Sym2ρ2)L(−2s, ρ, Sym2ρ2)

(this quotient is equal to the Plancherel measure µ(s, ρ) up to a monomial in qs).
Now we consider the case of the representations which have cuspidal support in

P(1). The representations listed in the next proposition exhaust all the irreducible
unitary representations of SO(5, F ) which are supported in P(1).

Proposition 4.2. Let χ ∈ (F̂×) and let σ be an irreducible unitarizable supercus-
pidal representation of SO(3, F ) � PGL(2, F ) (observe that σ is generic). There
is at most one s ≥ 0 such that νsχ� σ reduces.

(i) If χ �= χ−1, χ� σ is irreducible and unitarizable, while νsχ� σ is irreducible
and non-unitarizable for s > 0.

(ii) If χ = χ−1, then νsχ � σ reduces only for s = 1
2 . For 0 < s < 1

2 the
representation νsχ�σ � L(νsχ, σ) is unitarizable, while it is never unitarizable for

s > 1
2 . All irreducible subquotients of ν

1
2χ� σ are unitarizable.

This unique point of reducibility, s = 1
2 , is obtained by determining the poles of

L(1− 2s, χ, Sym2ρ1)L(1 + 2s, χ, Sym2ρ1)

L(2s, χ, Sym2ρ1)L(−2s, χ, Sym2ρ1)
· L(1− s, χ× σ̃)L(1 + s, χ× σ)

L(s, χ× σ)L(−s, χ× σ̃)
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(this is equal to the Plancherel measure µ(s, χ⊗σ) up to a monomial in qs). The L-
function L(1− 2s, χ, Sym2ρ1) has a pole for s = 1

2 , while all the other L-functions

which are factors of µ(s, χ ⊗ σ) are holomorphic and non-zero for s = 1
2 ([12],

Proposition 7.3).
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7. D. Miličić, On C∗-algebras with bounded trace, Glasnik Mat. Ser. III, 8(28) (1973), pp. 7–22.

MR0324429 (48:2781)
8. G. Muić, The unitary dual of p-adic G2, Duke Math. J., 90 (1997), pp. 465–493. MR1480543

(98k:22073)
9. , Composition series of generalized principal series; the case of strongly positive dis-

crete series, Israel J. Math., 140 (2004), pp. 157–202. MR2054843 (2005e:22018)
10. , A geometric construction of intertwining operators for reductive p-adic groups,

Manuscripta Math., 125 (2008), pp. 241–272. MR2373084
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