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ABSTRACT. Let I be an H-group. In 1974 Marvin Knopp conjectured that
the Eichler cohomology group, with base space taken to be the set of all func-
tions holomorphic in the upper half-plane, of polynomial growth at the real
line (including co), and with a weight k,multiplier system v linear fractional
action of I, is isomorphic to the space of cusp forms on I' of weight 2 — k and
multiplier system 7, in the range 0 < k < 2. In this article the authors prove
the conjecture by making essential use of Hans Petersson’s “principal parts
condition” for automorphic forms (1955).

1. INTRODUCTION

Let C be the set of complex numbers and R be the set of real numbers. If

SL(2,R) = {( Z Z ) :a,b,c,deR,ad—bc=1}

and M = ( ch cbl ) isin SL(2,R), then a linear fractional transformation v defined
by
Py = 20 +0
oY d

where z € C | a,b,¢,d € R and ad — bec = 1, can be identified with +£M.

If T is a subgroup of the group of linear fractional transformations and H = {z €
C: Imz > 0}, then I' acts on H as above. T is said to be a Fuchsian group of the
first kind if it acts discontinuously on H and is discontinuous at no point of R, and
it is called an H group if it is a Fuchsian group of the first kind which is finitely
generated and contains translations.

a b

Notation. For M = ( e d ) eI and z € C we write j(M, z) := cz + d.

Let U = {z € C: |z|] < 1} and let k be any real number. A function v : I" — U
for which
0(My M) j(My M, 2)* = v(My)v(Ms)j(My, Maz)*j(Ms, z)*
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is called a multiplier system for I' with weight k. We determine the branch of
4(M, 2)* by means of the convention

wh = |w|Fek I _p <argw <.

Let 00 = qo, q1, - - - , ¢ be the inequivalent parabolic cusps of a fundamental region
R of an Hgroup I' with multiplier system v of weight k. Suppose also that for
0 <t < n, the stabilizer group I'y, of ¢; is given by I'y, = (Q¢, —I). For any M €T

we define the slash operator [}, acting on a function f:H — C by
(1.1) FIRM = o(M)j(M, 2)"* f(Mz),
where the bar on v is as usual complex conjugation.

For t =0,1,...,n put v(Q;) = e*™* with x; normalized so that 0 < ry < 1. If
F' is meromorphic on H with only finitely many poles in $ and satisfies

(1.2) FiM=F
for every M € T, then at each finite cusp, q¢, 1 <t < n, F has a Fourier expansion
(see [4]) given by

(1.3) F(z)=(z—q)7 " Z am (t)exp {%}

m=—oo
valid for I'mz > y;; and at the infinite cusp qo = ico, F' has a similar expansion,
given by

o0

(1) Fo) = Y an(0jerp { LR,

m=—0oQ

valid for Imt > yo.

Definition 1.1. Suppose F' is meromorphic in H and satisfies the transformation
law (L2) for all M € T', where I' is an H group. We call F' an automorphic form
of weight k& and multiplier system v if the expansions in (3] and () of F all
contain at most finitely many terms with m < 0. We shall denote the set of all
automorphic forms by {T', k, v}.

Definition 1.2. Let F' € {I',k,v}. Suppose in addition that F' is holomorphic in
H and has only terms with m+x; > 0in (I3]) for t = 1,2,...,n and m+ k¢ > 0 in
(I3Z). Then we call F' an entire form. If there are only terms with m + x; > 0 for
t=20,1,...,n, we call F' a cusp form. The set of entire forms and the set of cusp
forms are denoted by C* (T, k,v) and C°(T, k,v), respectively.

Let P be the space of functions g which are holomorphic in H and which satisfy
the growth condition

9(2) < K(zl? +y77),  y=1Imz>0,

for some positive constants K, p and o. Suppose to each M € I' we associate a
gum € P. The collection {gpr : M € T'} is said to be a cocycle in weight —k and
multiplier system v if

gry My = 9y |2 Mo + gar, s for all My, M, e€T.
A coboundary is a cocycle {gys : M € '} for which there exists g € P such that
guv = 9| M — g, forall M €T,
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and a cocycle is called parabolic if for all ¢,0 < ¢t < n, there exists a g; € P such
that

9Q. = 91|21 Qt — g1
Definition 1.3. The Eichler cohomology group H}. (', P) is defined to be the vec-

tor space of cocycles of weight —k modulo coboundaries. We also define H ,ivv (T,P)
to be the subgroup of H,iw(l", ‘P) which is formed by taking the space of parabolic
cocycles modulo coboundaries.

Definition 1.4. If F is a function meromorphic in H such that
F|' .M — F € P, forall M el
and for each ¢, 1 <t < n, there exists an integer m; such that
exp{2mi(my + K0) /A (2 — ) }F (2)
has a limit as z — ¢; within ® and there is also an integer mg such that
exp{2mi(mg + ko) /Ao } F(2)

has a limit as z — {00 within R, then we call F' an automorphic integral of weight
—k.

Notice that an automorphic form is an automorphic integral and in fact if F is
an automorphic integral (see [5]) and for each M € I" we set gpr = F|”, M —F, then
we can show that the collection {gys : M € T'} is actually a cocycle. It is therefore
plausible and in fact possible to consider automorphic integrals and to determine
the structure of both Hj, (T',P) and I}%’U(F, P). In particular if, in place of P, we
take Py (k € Z,k > 0), the set of polynomials of degree less than or equal to k, and
we let I' be an H group, then the structure of H; (T, P;) and I;T,i,v(l", Py;) can be
completely determined (see [I], [2], [3], [8]). Also ([6], Theorem 1) states that if
k>0or k< -2, then

(1.5) CO(T, k +2,0) = H} (T, P).
In [0] it is also shown that for any real number k

(1.6) H,(T,P)= H,(T,P).
Combining this with (LE) we find that

(1.7) CUT,k+2,v) = Hy (T, P),

for k > 0and k < —2, k € R. In the same paper Knopp conjectured that (LI) holds
true even when —2 < k < 0, and in [12], Wang proved this conjecture for the interval
—2 < k < —1, but only under the additional restriction that C%(I',k + 2,v) = 0.
The latter restriction is essential to Wang’s proof, as it suffices (and it is necessary,
as well, as it turns out) for the construction he requires of automorphic forms of
weight k, —2 < k < —1, with preassigned principal parts at the parabolic cusps
of I'. The construction follows from Selberg’s well known work on the nonanalytic
Poincaré series (i.e. with Hecke convergence factor), the Fourier coefficients of which
involve Selberg’s Kloosterman zeta function [I1].

The same restriction is actually present in the proof of (L)) given in [6], ap-
pearing as the exclusion of the interval —2 < k£ < 0. When k < —2, the space
C°(T',k + 2,9) = {0}, and this fact is used in [6], together with a Mittag-Leffler
result for automorphic forms of weight k£ > 2 on I'. This Mittag-Leffler result (the
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existence of an automorphic form of fixed weight & > 2 and fixed multiplier system
with preassigned principal parts at a finite number of arbitrarily chosen points in
a fundamental region) is a direct consequence of the special case of Petersson’s
principal parts conditions [I0] obtained when C°(T', k + 2,%) = {0}. For k > 0, the
proof of (LH) in [6] relies upon work of Niebur relating C°(T, k + 2, %) to parabolic
cocycles in H i.o(T,P) [9]; in fact the construction in [6] of the isomorphism between
these two spaces in the case k > 0 is not possible without the results of [9].

In this paper we prove Knopp’s conjecture fully. As the referee has pointed out
the proof of (LA given here is valid for all real k, not simply for the previously
excluded interval —2 < k < 0. The validity of this proof for all real k£ depends upon
our application of the full strength of the Petersson principal parts condition, that
is, including an application to those cases in which C(T', k + 2, 9) # {0}. However,
as the results of [9] are not available for k& < 0, the canonical isomorphism of (L))
is different here from that given in [6] for the case k¥ > 0. Thus when k£ > 0 there
are (at least) two different versions of the isomorphism.

We thank the referee for a careful reading of our manuscript and for the insightful
suggestions which led to significant improvements in our exposition, especially the
proof of Proposition

2. STATEMENT OF THE MAIN RESULT
Theorem 2.1 (Main result). If k € R and v is a multiplier system of weight —k,
then C°(T, k + 2,) is isomorphic to H}. (T, P).

To prove this theorem let us first prove the following:

Lemma 2.2. Let G € CO(T',k +2,v) and z € H. Put

(2.1) g(z) = {/Zz G(7)(r — z)de]

Then
9|2 M — g = [/ G(T)(Tf)de] ;
M1 (io0)
for all M € T'. Moreover if for each M € T" we set
gn(2) = V Gr)(r - z)kdrl ,
M1 (ic0)
then the collection {gnr : M € T'} is a cocycle in P.

Proof. First we have

gl°xM —g =

M=z

M, E)k G(r)(r — Mé)de — /Z G(r)(r — z)de]

0(M)j(M, 2)"g(Mz) - g(2)
[ﬂ(M)j(

100
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Then using the substitution 7 — M7 in the first integral and the fact that G €
C°(T, k +2,9), we obtain

gl M —g = [/];/zjl(mo)j(M7 z)kj(M 7—) G(r )(MT—MZ)de—/ G(r T—z)kd‘l':|

A -

By comparing arguments and observing that

T—Z
=M1 - MZ
J(M,7)j(M, Z)

is in H, we can show that

k k
( T—Z ) B (t—2)
J(M,7)j(M, z) J(M, )R (M, z)k
and hence conclude by Cauchy’s theorem that

g’ M —g = Um G(1)(r — 2)*dr

M~1tioco
From this it follows that {gas : M € I'} is a cocycle. O
We now define a mapping
(2.2) n:C'T,k+2,09) — H (I, P)

by n(G) = (gm : M € T'), where (g : M € T') is the class determined by the
cocycle {grr : M € T'} constructed in the previous lemma. Clearly 7 is a linear
mapping. To prove our main result it suffices to show that n is an isomorphism
onto Hy (T, P).

To prove that 7 is one-to-one, assume that G € ker n. This means n(G) = (g :
M €T) is a coboundary. Thus there exists h € P such that

gu = h|" M —h
for all M € T'. But then with ¢ defined as in (21I), we obtain
(g—h)|" M —(g—h)=0  forall M €T.
As usual let
0z := %(am +1i0y).
Then, since h and G are holomorphic,

0: (9(2)G(2)) = G (2)]*(z - 2)*

and
0:(h(2)G(z)) = 0.
Thus
(2.3) //% |G(2)|?(Z — 2)Fdady = /‘/§R@5G(g— h)dzdy.

Then Stokes’s theorem applied to the right hand side of (23)) gives

(2.4) //% |G(2)]?(2 — 2)*dxdy = _7% G(g — h)dz.

OR
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Using the transformation property of G(g — h) we can show that the right hand
side of (2.4) is zero, from which we conclude that G = 0. For details of the proof we
refer the reader to [7]. This proves that Ker n = 0 and thus that 7 is one-to-one.

To complete the proof of the main result it thus remains to prove that 7 is onto.
To do so we need some results from the next section.

3. PETERSSON’S PRINCIPAL PARTS CONDITION AND RELATED RESULTS

Let k € R. Let {¢1, ..., ¢4} be a basis of C°(T', k+2, %) whose expansions at the
finite cusps ¢; are given by

0i1(z) = (2 — q;) 7+ 2 Z (l)()exp{w}’ forl=1,....d,
m+r >0 )\t(z o qt)

and whose expansions at g are given by

(31) Pl = Y alogea { R

m—+rK,>0 )\O
Let ;" = k¢ mod 1, O<f<:f§1,Ii;:1—/§j,andletm20, t=0,1,....n

Proposition 3.1 (Petersson, 1955). With the above setting, there exists g €
{T', =k, v}, holomorphic in H and whose expansions at the cusps are given by

i +
9(z) = (z — @)" Zb {%} for1<t<n,

M=—[

= mioo bm(o)exp{w}’ fO’I" t=0,

m=-—Ho )\0
if and only if

(3.2) Zn: Z b_m(®)al)  (t) =0,

t=0 m=1

foreachl=1,...,d.

For the proof of the above proposition see [10] (pp. 388-389).
Proposition 3.2. If {¢1,...,pa4} is as above and the expansion of @; at the infinite
cusp is giwen by BI), then there exist natural numbers wy < ... < wq such that
the d x d matriz C = [¢;], where ¢ = a(l) = aw) (0), is nonsingular.
Proof. Consider the element in the dual C°(T', k + 2,9)* of C%(T', k + 2, ) given by
aw(9) = w coefficient of ¢ in the expansion of ¢ at ico.

Then given an inner product (, ) on C(T', k+2, v) there exist ¢,, € CO(T, k+2,v)
such that

ay(¢) = (pw,¢) for all ¢.
Clearly (¢, ¢) = 0 for all w iff ¢ = 0. Thus {¢,,} spans C°(T', k + 2,9) with

6= (bu )¢
w=1



EICHLER COHOMOLOGY THEOREM FOR SMALL WEIGHTS 401

Now if a € CY(T', k + 2,v)* is any linear functional, then

[e.e] [e.e]
a(@) =Y a(dw)(Pw, ) = D aldw)aw(9),

w=1 w=1
and therefore {a,,} generate C°(T',k + 2,9)*. Choose a basis {ay,, ..., 0w, }, w1 <
... < wg and construct the matrix C' = [cy;] with ¢ = aw, (1) = afﬂj (0) =: ale-
Then C is nonsingular. Indeed, otherwise there exist ag,...,aq not all zero such
that
(33) a1Cy+ ...+ aqCy =0,
where C; = (¢i1,...,¢q) for I = 1,...,d. If without loss of generality we assume
that o # 0, then this would mean a,,, is a linear combination of a,, ..., ay,, and
this is a contradiction. O

Proposition 3.3. Let k € R. Given poles of prescribed principal parts P; at the
cusp q¢ fort = 0,1,...,n, there exists g € {I',—k,v} whose principal part at the
finite cusp q;, 1 < t < n, is Py and whose principal part at the infinite cusp qo
differs from Py by at most d terms where d = dim C°(T', k + 2, 7).

Proof. Suppose {¢1,...,pq} is a basis of CO(T', k + 2, ). Suppose

(34) az)= S aWerp {w}

A
m+ro>0 0

is the expansion at gg of ;. Let wy < ... < wg and C be as in Proposition 8.2l We
shall construct g € {I', —k,v} whose principal part at ¢; for 1 < ¢ < n is P; and
whose principal part at qg is given by

d . /
—2mi(w; + Kg) 2
6= S| G

j=1

where ay,; are to be determined.
By using Proposition B.1] we see that the necessary and sufficient condition for
g to exist is

(3.5) CA, = B,

where Ay, = (@, - -+ Qw,) and B = (b1, ..., bg) with b; = — > ((Res(Pip;), qt)-
But since C' is nonsingular, [B.5]) has a unique solution for A, = (aw,, .-, Gw,)-
With these values for ay,,, ..., a,, Petersson’s principal parts condition is satisfied
by g, and hence g exists. (I

4. PROOF OF THE MAIN RESULT

To complete the proof of the main result it remains to establish that the linear
map 7 defined by ([2Z2)) is onto.

To this end we will need the following proposition. For the proof one can refer
to [6], Theorem 3, pp. 613-614 and pp. 619-620.

Proposition 4.1. Let k be any real number and v be a multiplier system of weight
—k. Suppose {gnr : M € T'} is a parabolic cocycle of weight —k in P; that is,

gM M, = gM1|7ikM2 + 9M,, fO?” all Ml;MZ el,
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and for all t,0 <t < n, there exists a g: in P such that

9Q. = 9¢|" 1 Q¢ — 9¢.
Then there exists a function ®, holomorphic in H, such that
DY M —® =gy foral M €T,

and which has expansions at the parabolic cusps q;, 0 <t < n, of the form

P(z) = gt(2)+(Z—Qt)k X_: am(t)emp{m},forlgtgn,
®(z) = go(z)+ z_: am(O)exp{%:ﬁo)z}, fort=0.

Proof of Theorem 1l Assume that dim C°(T',k + 2,9) = d. Since 7 is one-to-one
and Hy (T, P) = ﬁéﬂ)(l",??), it suffices to show that dim ﬁ;,U(F,P) is at most d.

If dim C°(T,k +2,9) = 0, then ([BZ) imposes no condition, and so there exists
a g € {I',—k,v} with any preassigned principal parts at each of the cusps. Thus
given a parabolic cocycle {gas : M € T'}, we obtain ® whose expansion at the cusps
has principal parts as given in Proposition LI We then use Proposition to
obtain a g € {I',k,v} whose expansions at the cusps have principal parts which
agree with those of ®. Now set ®* = & — g. Then ®*|V, M — &* = gy, for all
M €T and ®* € P. (See [5].) Thus every parabolic cocycle is a coboundary, and
hence the dimension of H #.o(T; P) is zero. Therefore

CO(T, k +2,0) = Hy (T, P) = {0},
and this completes the proof of Theorem 2.1l when d = 0.
Now suppose dim C°(T', k+2,7) = d > 0. Since 7 is one-to-one and H%’U(F, P) =
H ;’y(I‘,P), we know that there exist at least d linearly independent elements in
H i.o(T,P). Let d of these linearly independent elements be

<ngV[:M€F>,...,<g%/I:M€F>,
and let
{gi/[:MGF},...,{gﬁ/I:MEF}

be respective representatives. Corresponding to each of these parabolic cocycles,
by using Proposition 1] we obtain a ®;, 1 <14 < d, holomorphic in H such that

: " . —2mi(m+ Kk
i(z) = gi(x)+ (- a)" _Z_iamemp{ﬁ},forlstgn,

m=0o0

Oi(z) = g+ D a:'n(o)emp{%:ﬁw}_

— 7
m=—myg

By Proposition B3] for each ®; there exists f;, f; € {T, —k,v}, such that except
possibly for d terms in the expansion of f; at the infinite cusp, f; has exactly the
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same principal parts as ®; in all the expansions at the cusps. Thus after renaming
coefficients,

(t)ex {M}, for 1 <t <mn,
/\t(Z —(]t)

d m=0o0 .
¥ i i 2mi(l+ko)z 2mi(m + ko)z
e e I e e}
where ®F = &; — f;.
The ®;’s are linearly independent. Indeed, otherwise there exist 3i,..., 34 not

all zero such that
d
0= n; -
i=1

This gives O]”, M — © = 0, which in turn gives that 2?21 Bilgh) = 0, where we
have written (g%,) in place of (g4, : M € T') for simplicity. But this contradicts
the assumption that (gM> ., (g%,) are linearly independent. If (gas) # 0 is now
any other element in H} kv (I‘ 77) we shall show that (gps) is a linear combination
of (g},),...,(g%,). To this end, as we did above, we first obtain

P(z) = gi(2)+ (2 —q)" i am(t)exp{%},forlgtgn,
®(z) = golz)+ i am(O)emp{W},fort:O,

corresponding to (gas). Once again using Proposition B3] we obtain f € {T', —k, v}
such that

D*(2) = gi(2) + (2 — @)k i am(t)emp{m} , for1<t<m,
m=0

)\t(Z*Qt)
B*(2) = go(z +Za A ezP{W}+ T am(o)ezP{W}
m=0

where ®* = & — f.
Since the ®’s are linearly independent we notice that the determinant of the
matrix

al(0) ... al,(0)
(41) .
at (0) ... a?,(0)

will be nonzero. Otherwise there exist (31, ..., 34 not all zero such that Zle Bi®r

has no poles at gy = 700. Then Zle Bi®; € P. From this we can deduce that

Z?:l Bi <gfu> is a coboundary, which is a contradiction. Thus there exist aq,...,aq
such that

(4.2) a—,(0) + Z aiaip(O) =0 forallp, 1<p<d.
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Now define J

V=0 4+ ;P
i=1

Then ¥ € P and has expansions at the cusps given by

d m=0o0 3
U(2) = gu(2) + Y igh(z) + (z — @) D> b(t)eap {M} ’
i=1 m=0

Atz — qr)
for 1 <t <mn,
d m=o0 .
. 2mi(m + Ko)z
U(2) :go(z)—kZaigé(z) + bm(O)e:cp{%}.
. 0
i=1 m=0
Moreover,
d
WY M = =gy + > qighy-
i=1
Thus
d .
gu+ Y ough M ET
i=1
is a coboundary . This proves that (gas : M € T') is indeed a linear combination of
(g, - M €T),..., (g% : M €T), and the proof is complete. O
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