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AMSTERDAM PROPERTIES OF WIJSMAN HYPERSPACES
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(Communicated by Alexander Dranishnikov)

Abstract. In this paper we show the following results: (i) there exists a
separable metric space of the first category whose Wijsman hyperspace is al-
most countably subcompact; (ii) there exists a σ-discrete crowded metric space
whose Wijsman hyperspace is countably base-compact. Neither of these can
occur with Vietoris hyperspaces.

1. Introduction

In 1966, Wijsman [18] first considered the weak topology on the collection of
nonempty closed subsets of a metric space, generated by the distance functionals
viewed as functions of a set argument. Nowadays, this topology is known as the
Wijsman topology. Since then, there has been a considerable effort in exploring var-
ious properties of this class of hyperspaces. For example, after Lechicki and Levi
proved in [14] that the Wijsman hyperspace of a separable metric space is separable
and metrizable, several topologists investigated the completeness of Wijsman hy-
perspaces of separable metric spaces. Already a much earlier result of Effros [9] can
be interpreted as stating that a Polish space (i.e., a completely metrizable separable
space) admits a metric for which the Wijsman topology is Polish. Later, Beer [3, 4]
showed that the Wijsman hyperspace of any separable complete metric space is Pol-
ish; Costantini [7] completed this line of investigation by showing that, for a Polish
space equipped with any compatible metric, the Wijsman hyperspace is Polish.
Further, Costantini [8] constructed a (nonseparable) complete metric space whose
Wijsman hyperspace is not Čech-complete (in this case, the Wijsman hyperspace is
Tychonoff, but nonmetrizable). Since Čech-complete spaces are hereditarily Baire,
investigating the Baire property of Wijsman hyperspaces comes into play. Recall
that a topological space X is Baire if the intersection of every sequence of dense
open subsets in X is dense, and if every nonempty closed subspace of X is Baire,
then X is called hereditarily Baire. In this direction, Zsilinszky [20] showed that
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the Wijsman hyperspace of a complete metric space is Baire. Answering a question
posed by Zsilinszky in [20], Chaber and Pol [6] showed that the Wijsman hyperspace
of a complete metric space may fail to be hereditarily Baire, while Cao and Tomita
[5] showed that the Wijsman hyperspace of a metric hereditarily Baire space is
Baire. It is still an open problem whether the Wijsman hyperspace of every metric
Baire space is Baire. All the aforementioned work concerns the question of whether
the Wijsman hyperspace of a metric space (X, d) possesses property Q when (X, d)
possesses property P. Let us consider its inverse problem. Since a metric space
(X, d) is topologically embedded as a closed subspace into its Wijsman hyperspace,
(X, d) must be completely metrizable if its Wijsman hyperspace is Čech-complete.
A result of McCoy in [16] asserts that for a T1 topological space X, if its Vietoris
hyperspace is Baire, then so is X. Thus, one would conjecture that if the Wijs-
man hyperspace of a metric space (X, d) is Baire, then the space (X, d) itself must
be Baire. However, this is not the case. Recently, Pol and Zsilinszky showed that
there is a metric space which is of the first category and whose Wijsman hyperspace
is Baire [21]. This tells us that with respect to the Baire property, the Wijsman
topology behaves differently from the Vietoris topology.

The main purpose of this paper is to continue the study of Wijsman hyperspaces
in this direction. We show the following results: (i) there is a separable metric space
of the first category whose Wijsman hyperspace is almost countably subcompact;
and (ii) there is a σ-discrete crowded metric space whose Wijsman hyperspace is
countably base-compact (recall that a topological space is crowded provided it has
no isolated points). In the literature, almost countable subcompactness, count-
able base-compactness as well as a few other similar completeness properties are
known as “Amsterdam properties”. Since these properties are weaker than Čech-
completeness but stronger than the Baire property, our results sharpen those of Pol
and Zsilinszky.

To proceed further, let us introduce some notation. For a given space X, let 2X

denote the family of nonempty closed subsets of X. For E ⊆ X, let E− = {A ∈
2X : A ∩ E �= ∅} and E+ = {A ∈ 2X : A ⊆ E}. The complement of E (in X) is
denoted by Ec or X \ E. For a metric space (X, d) and x ∈ X, the open (closed)
ball centered at x with radius r is denoted by Sr(x) (Br(x)); that is,

Sr(x) = {y ∈ X : d(x, y) < r} and Br(x) = {y ∈ X : d(x, y) ≤ r}.
The Wijsman topology τw(d) on 2X has{

U− : U ∈ τ (X)
}
∪

{
{A ∈ 2X : d(x,A) > ε} : x ∈ X, ε > 0

}
as a subbase. A topology closely related to τw(d) is the ball topology τb(d) on 2X ,
which has

{U− : U ∈ τ (X)} ∪
{
(Br(x)

c)+ : x ∈ X, r > 0
}

as a subbase [4, 21]. It is well known that τw(d) ⊆ τb(d) holds on 2X for any metric
space (X, d), [4, p. 53]. Regarding the Baire property, it was shown in [21] that for
a metric space (X, d), (2X , τw(d)) is Baire if and only if (2X , τb(d)) is Baire. To state
our examples, we need the Baire metric (also known as the first difference metric)
defined on spaces of sequences. Given a cardinal κ, the Baire metric dκ on κω is
defined by

dκ(x, y) =

{
0, if x = y;
2−n, if x �= y and n is the least with x(n) �= y(n).
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Note that (κω, dκ) is an ultrametric space; that is, for any x, y, z ∈ κω,

dκ(x, z) ≤ max{dκ(x, y), dκ(y, z)}.
Recall that ultrametric balls are clopen and satisfy the condition

(1.1) For any two balls B1 and B2 with B1 ∩B2 �= ∅, either B1 ⊆ B2 or B2 ⊆ B1.

It is well known that (κω, dκ) is complete. Finally, we denote by (κω)0 the set
consisting of those elements of κω which are eventually zero, endowed with the
relative metric from (κω, dκ). For any undefined concepts and terminology, refer to
the listed references.

2. The Wijsman hyperspace of (ωω)0 × ωω

Let X be a topological space. Recall that a collection F of nonempty subsets
of X is a regular filterbase if whenever F1, F2 ∈ F , there is an F3 ∈ F such that
F3 ⊆ F1 ∩ F2. The space X is (almost) countably subcompact with respect to a
(π-)base B if X is (quasi-)regular and

⋂
{B : B ∈ B} �= ∅ for every countable

regular filterbase B ⊆ B, [2]. Evidently, every almost countably subcompact space
is Baire.

Lemma 2.1 ([13]). A (quasi-)regular space X is (almost) countably subcompact
if and only if X admits a (π-)base B such that

⋂
n∈N

Bn �= ∅ for every sequence

{Bn : n ∈ N} ⊆ B satisfying Bn+1 ⊆ Bn for all n ∈ N.

Now, we consider the set Y = (ωω)0×ωω. We equip Y with the metric ρ defined
by the formula

ρ((r, t), (s, u)) = max{dω(r, s), dω(t, u)} .
Then ρ is an ultrametric, and the space Y is separable. Moreover, (ωω)0 is a
countable space without isolated points, and it follows that Y is of the first category.
In [21], it was shown that the Wijsman hyperspace of (Y, ρ) is Baire. In what
follows, we shall sharpen this result by showing that the Wijsman hyperspace is
almost countably subcompact. To this end, we first need a simple observation.

Lemma 2.2. If (X, d) is a metric space such that for every point x0 ∈ X, the set
{d(x0, y) : y ∈ X} has no nonzero accumulation points in R

+, then τw(d) and τb(d)
coincide on 2X .

Proof. The conclusion follows directly from the following fact: under the hypothesis,
for every x0 ∈ X, A ∈ 2X , and ε > 0, we have A ∩ Bε(x0) = ∅ if and only if
d(x0, A) > ε. �

Theorem 2.3. The hyperspace (2Y , τw(ρ)) admits a π-base B such that (2Y , τw(ρ))
is almost countably subcompact with respect to B.

Proof. Note that, by Lemma 2.2, we have τw(ρ) = τb(ρ) on 2Y . For each n ∈ N,
let Cn = {B2−n(s) : s ∈ ωω}. Note that each Cn is a partition of ωω and that no
member of Cn can be covered by finitely many members of the family

⋃
k>n Ck. Let

C =
⋃

n∈N
Cn. Note that C ∩ (ωω)0 �= ∅ for every C ∈ C. Write (ωω)0 = {s(k) :

k ∈ N}. For each C ∈ C, we define kC = min{k ∈ N : s(k) ∈ C}, and then we put
sC = s(kC). The following is clear.

(2.1) For all C,D ∈ C, sD = sC whenever sC ∈ D ⊆ C.
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For each n ∈ N, let En = {(C ∩ (ωω)0) × D : C,D ∈ Cn}, and note that En is
the family of all ρ-balls of radius 1

2n in Y . Let E =
⋃

n∈N
En, and for each E ∈ E ,

define nE by the condition E ∈ EnE
. For each member E = (C ∩ (ωω)0) × D

of the family E , let Ẽ = {sC} × D. For every n ∈ N, denote by Bn the family
consisting of all nonempty sets of the form U = (Y \

⋃
F)+ ∩

⋂
E∈A E−, where F

is a finite subfamily of
⋃n

k=1 Ek and A is a finite subfamily of En such that we have

G̃ ∩
⋃
A �= ∅ whenever G ∈ E and G ∩

⋃
A �= ∅. Note that since U is nonempty

and ρ is an ultrametric, we have
⋃
F ∩

⋃
A = ∅. Let B =

⋃
n∈N

Bn.

Claim. B is a π-base for (2Y , τw(ρ)).

Proof of the Claim. It is clear that every member of B is in τw(ρ). Let W be an
arbitrary nonempty τw(ρ)-open set. Then there exist finite subfamilies H and I
of E such that (Y \

⋃
H)+ ∩

⋂
E∈I E− is a nonempty basic open set contained

in W . Moreover, we can choose H and I so that
⋃
H ∩

⋃
I = ∅, and there

exists n ∈ N such that I ⊆ En and H ⊆
⋃n

k=1 Ek. To prove that W contains a
member of B, we shall show that there exists a finite subfamily A ⊆ En such that
I ⊆ A,

⋃
H ∩

⋃
A = ∅ and (Y \

⋃
H)

+ ∩
⋂

E∈A E− ∈ B. For this purpose, we let
E ′
n = {E ∈ En : E ∩

⋃
H = ∅} and, further, G = {G ∈ E : E ⊆ G for some E ∈ E ′

n}.
Note that we have I ⊆ E ′

n ⊆ G. We show that for every G ∈ G, there exists a set

JG ∈ E ′
n such that JG ⊆ G and JG ∩ G̃ �= ∅. Let E ∈ E ′

n and G ∈ E be such that
E ⊆ G. Then nG ≤ n. Since E ∩

⋃
H = ∅, we have G �⊆

⋃
H. It follows from (1.1)

that the family HG = {H ∈ H : H ∩G �= ∅} is contained in the family
⋃

m>nG
Em.

Since no member of CnG
is covered by finitely many members of

⋃
m>nG

Cm, the set

G̃ is not covered by HG and hence not by H either. As a consequence, there exists

JG ∈ En such that JG ∩ (G̃ \
⋃
H) �= ∅. Since H ⊆

⋃n
k=1 Ek and nG ≤ n, by (1.1)

again, we have JG ∈ E ′
n and JG ⊆ G. Note that we have JG = G for every G ∈ E ′

n.
For each E ∈ E ′

n, let GE = {G ∈ E : E ⊆ G} and AE = {JG : G ∈ GE}; note
that GE is finite, GE ⊆ G and E ∈ AE ⊆ E ′

n. Then the family A =
⋃
{AE : E ∈ I}

is finite and I ⊆ A ⊆ E ′
n. Let D = (Y \

⋃
H)

+ ∩
⋂

E∈A E−. Since I ⊆ A, we have

D ⊆ (Y \
⋃
H)

+∩
⋂

E∈I E−. It remains to show that D ∈ B. First observe that, by
construction, we have

⋃
H∩

⋃
A = ∅. It follows that Y \

⋃
H ∈ D and hence D �= ∅.

To complete the proof of D ∈ B, let G ∈ E be such that G ∩
⋃
A �= ∅. We must

show G̃∩
⋃
A �= ∅. Let A ∈ A be such that A∩G �= ∅. If G ⊆ A, then G̃∩

⋃
A �= ∅.

Assume G �⊆ A, and note that then A ⊆ G. In this case, we have G ∈ GA, and it

follows that we have JG ∈ AA ⊆ A; again, we have G̃ ∩
⋃
A �= ∅. This completes

the proof of D ∈ B. We have shown that B is a π-base for (2Y , τw(ρ)). �
To complete the proof of the theorem, let {Bk : k ∈ N} be a sequence in B such

that Bk+1 ⊆ Bk for every k ∈ N. We show
⋂

k∈N
Bk �= ∅. For each k ∈ N, let nk be

such that Bk ∈ Bnk
. We may assume (by passing to a subsequence, if necessary)

that the sequence {nk : k ∈ N} is nondecreasing. For each k ∈ N, let Fk ⊆
⋃nk

i=1 Ei
and Ak ⊆ Enk

be finite and such that Bk = (Y \
⋃
Fk)

+ ∩
⋂

E∈Ak
E−. Let S =

Y \
⋃

k∈N

⋃
Fk, and note that S is a closed subset of Y . We show S ∈

⋂
k∈N

Bk. Let
� ∈ N. According to the definition of the set S, we have S ∈ (Y \

⋃
F�)

+. Hence
the conclusion, that S ∈ B�, follows once we know that S∩E �= ∅ for every E ∈ A�.
Let E = (C ∩ (ωω)0)×D ∈ A�. We can inductively define a sequence {Ek : k ≥ �}
with Ek ∈ Ak and Ek+1 ⊆ Ek for each k ≥ �, as follows. First, we let E� = E; if
Ek ∈ Ak has already been defined for some k ≥ �, then we can choose Ek+1 ∈ Ak+1
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such that Ek+1 ∩ Ẽk �= ∅. This is possible, because it follows from the inclusion
Bk+1 ⊆ Bk that the set Ek ∈ Ak must contain some member of Ak+1 and then the

definition of B allows the existence of Ek+1 ∈ Ak+1 with Ek+1 ∩ Ẽk �= ∅. Write
Ek = (Ck ∩ (ωω)0) ×Dk for every k ≥ l. For each k, we have sCk

∈ Ck+1 ⊆ Ck,
and it follows from (2.1) that sCk+1

= sCk
. As a consequence, there exists an

s ∈ (ωω)0 such that sCk
= s for every k ≥ �. On the other hand, {Dk : k ≥ �}

is a nested sequence of balls of the complete metric space (ωω, dω), and it follows
from completeness and other properties of the ultrametric dω that there is a point
x ∈

⋂
k≥� Dk. Now we have (s, x) ∈

⋂
k≥�Ek, and hence (s, x) ∈ Y \

⋃
k≥�

⋃
Fk. It

is easy to see that we also have (s, x) ∈ Y \
⋃

k<�

⋃
Fk. This is because Bk+1 ⊆ Bk

implies
⋃
Fk ⊆

⋃
Fk+1 for all k ∈ N. As a consequence, we have (s, x) ∈ S. Since

(s, x) ∈ E� = E, we have shown S ∩E �= ∅. �

Recall that a topological space X is said to be pseudocomplete [17] if X is quasi-
regular and has a sequence {Bn : n ∈ N} of π-bases such that

⋂
n∈N

Vn �= ∅
whenever Vn+1 ⊆ Vn ∈ Bn for each n ∈ N. Clearly, every almost countably
subcompact space is pseudocomplete.

Corollary 2.4. The Wijsman hyperspace of (Y, ρ) is pseudocomplete.

Corollary 2.5. The Wijsman hyperspace of (Y, ρ) has a dense completely metriz-
able subspace.

Proof. According to [14, Theorem 3.5], the Wijsman hyperspace of the metric space
(Y, ρ) is metrizable. On the other hand, it is shown in [1, Corollary 2.4] that a
metrizable space is pseudocomplete if and only if the space has a dense completely
metrizable subspace. Thus, the conclusion follows from Corollary 2.4. �

Theorem 2.3 suggests the question of whether the Wijsman hyperspace of the
space (Y, ρ) is countably subcompact. However, this question has a negative answer,
since it turns out that no non-Polish separable metrizable space admits a countably
subcompact Wijsman hyperspace. To see this, let (X, d) be a separable metric space
with a countably subcompact Wijsman hyperspace. The Wijsman hyperspace of
the separable space (X, d) is separable and metrizable [14], and de Groot [12] has
shown that countably subcompact metrizable spaces are completely metrizable. It
follows that the Wijsman hyperspace of (X, d) is Polish. This implies that X is
Polish, since (2X , τw(d)) contains a closed copy of X. Nevertheless, if we consider
nonseparable spaces, then even a metric space of the first category can have a
countably subcompact Wijsman hyperspace, as we shall see in the next section.

3. The Wijsman hyperspace of (κω)0 for κ ≥ ω1

Recall that a space X is (almost) countably base-compact with respect to an open
(π-)baseB ifX is (quasi-)regular such that

⋂
F∈F F �= ∅ for each countable centered

family F ⊆ B; see [2]. By definition, every (almost) countably base-compact space
is (almost) countably subcompact.

In this section, we show that the Wijsman hyperspace of ((κω)0, dκ) is countably
base-compact when κ ≥ ω1.

Theorem 3.1. Let (X, d) be an ultrametric space such that no d-ball is covered by
countably many smaller d-balls. Then (2X , τb(d)) is countably base-compact.
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Proof. Denote by E the family consisting of all open d-balls, and denote by B the
(standard) base of τb(d) consisting of all sets B ⊆ 2X of the form B = (X \

⋃
F)

+∩⋂
E∈A E−, where F and A are finite subfamilies of E . We show that (2X , τb(d))

is countably base-compact with respect to B. Let {Bk : k ∈ N} be a countable
centered subfamily of B. For every k ∈ N, let Fk and Ak be finite subfamilies of E
such that Bk = (X \

⋃
Fk)

+ ∩
⋂

E∈Ak
E−. Let S = X \

⋃
k∈N

⋃
Fk, and note that

S is a closed subset of X. We show that S ∈
⋂

k∈N
Bk. Let � ∈ N. According to the

definition of the set S, we have S ∈ (X \
⋃
F�)

+; hence, the conclusion that S ∈ B�

follows once we show that S ∩ E �= ∅ for every E ∈ A�. Let E ∈ A�. For every
k ∈ N, since Bk ∩B� �= ∅, we have E �⊆

⋃
Fk, and it follows that, for every F ∈ Fk,

either F is disjoint from E or F is a proper subset of E. Since the d-ball E is not
covered by countably many smaller d-balls, we have E �⊆

⋃
k∈N

⋃
Fk. Hence, the set

E ∩ S = E \
⋃

k∈N

⋃
Fk is nonempty. This completes the proof that S ∈

⋂
k∈N

Bk.

We have shown that (2X , τb(d)) is countably base-compact with respect to B. �

Theorem 3.1 and Lemma 2.2 have the following consequence.

Corollary 3.2. Let (X, d) be an ultrametric space such that no d-ball is covered
by countably many smaller d-balls and no set {d(y, x) : y ∈ X}, where x ∈ X, has
nonzero accumulation points in R

+. Then (2X , τw(d)) is countably base-compact.

Remark 3.3. (i) Note that we have above countable base-compactness in a strong
form: we have

⋂
C �= ∅ for every countable linked subfamily C ⊆ B (the family C

is linked if any two members of C intersect).
(ii) Since the base B in the proof above consists of clopen sets, we can actually

strengthen countably base-compact to countably regularly co-compact.

Example 3.4. For any cardinal κ ≥ ω1, consider the metric space ((κω)0, dκ). It
can be easily checked that ((κω)0, dκ) satisfies the assumptions of Corollary 3.2. As
a consequence, the hyperspace (2(κ

ω)0 , τw(dκ)) is countably base-compact. On the
other hand, for each n < ω, if we set

Fn = {x ∈ (κω)0 : x(i) = 0 when i ≥ n},
then Fn is a discrete subspace of ((κω)0, dκ). Since (κω)0 =

⋃
n<ω Fn, the space

((κω)0, dκ) is σ-discrete. It follows, since ((κω)0, dκ) is a crowded space, that
((κω)0, dκ) is of the first category. �

4. Further remarks and open questions

The Pol-Zsilinszky example and Example 3.4 show that the Wijsman hyperspace
of a metric space can be of the second category even if the space is either sepa-
rable and of the first category or σ-discrete and crowded. Our last result shows
that these two examples cannot be simultaneously generalized; i.e., there is no
countable crowded metric space with a second category Wijsman hyperspace. First
we observe that the Wijsman topology is of the first category if and only if the
same holds for the ball topology. Recall that a mapping f : X → Y is said to
be feebly continuous [11] if int(f−1(V )) �= ∅ whenever f−1(V ) �= ∅. Let (X, d)
be a metric space. As noted in [19, proof of Theorem 5.1], the identity mapping
Id : (2X , τw(d)) → (2X , τb(d)) is open and feebly continuous. Since feeble homeo-

morphisms map nowhere dense sets onto nowhere dense sets, (2X , τw(d)) is of the

first category if and only if (2X , τb(d)) is of the first category.
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Proposition 4.1. Let (X, d) be a σ-compact metric space of the first category.
Then (2X , τw(d)) is of the first category.

Proof. Let X =
⋃

n∈N
Kn, where each Kn is compact and nowhere dense in (X, d).

Then 2X =
⋃

n∈N
K−

n . Let n ∈ N. We show that K−
n is nowhere dense in (2X , τb(d)).

Assume not. Then there exists a nonempty finite family G of nonempty open
subsets of X and a family F of closed d-balls such that

⋃
F ∩

⋃
G = ∅ and the

set B = (X \
⋃
F)+ ∩

⋂
G∈G E− is contained in K−

n . For each G ∈ G, since Kn is
nowhere dense, there exists a point pG ∈ G \Kn. Now the set S = {pG : G ∈ G}
belongs to B but not to K−

n , a contradiction. By the foregoing, we conclude that
(2X , τb(d)), and thus (2X , τw(d)), is of the first category. �

The following questions ask about possible improvements in the results of this
paper.

Question 4.2. Can the conclusion of Theorem 2.3 be strengthened to almost
countable base-compactness?

Question 4.3. Can the conclusion of Theorem 3.1 be strengthened to base com-
pactness? In particular, is (2(ω

ω
1 )0 , τw(dω1

)) base-compact?

Question 4.4. Does (2(ω
ω
1 )0 , τw(dω1

)) have a dense completely metrizable subspace?

In the Introduction we mentioned the problem of whether the Wijsman hyper-
space of every metric Baire space is Baire. Our results may have some bearing
on this problem. If one tries to think about a possible Baire metric space with a
non-Baire-Wijsman hyperspace, the first spaces to be considered would perhaps be
the barely Baire spaces of Fleissner and Kunen in [10]. However, all those spaces
from [10] are ultrametric uniformly nowhere locally separable spaces of the kind
considered in Corollary 3.2, so the corollary rules out the possibility of using these
barely Baire spaces as counterexamples to the problem whether Baireness of (X, d)
implies that of (2X , τw(d)). One can also ask whether some properties stronger than
Baireness are inherited by Wijsman hyperspaces.

Question 4.5. If (X, d) is a pseudocomplete (subcompact, base-compact) met-
ric space, must its Wijsman hyperspace be pseudocomplete (subcompact, base-
compact)?

Since the Wijsman hyperspace of a metric space (X, d) can be embedded into the
function space Cp(X), a recent result of Lutzer, van Mill, and Tkachuk might be
of some interest in this connection. They proved in [15] that Cp(X) is subcompact
only when X is discrete.
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