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GROUND STATES OF NONLINEAR SCHRÖDINGER SYSTEMS

JINYONG CHANG AND ZHAOLI LIU

(Communicated by Yingfei Yi)

Abstract. This paper concerns the existence of positive radial ground states
of the time-independent Schrödinger system⎧⎨

⎩
−∆u1 + λ1u1 = µ1u3

1 + βu2
2u1, in R

n,
−∆u2 + λ2u2 = µ2u3

2 + βu2
1u2, in R

n,
u1(x) → 0, u2(x) → 0, as |x| → ∞,

where n = 1, 2, 3, λj > 0 and µj > 0 for j = 1, 2, and β > 0. A result from
Sirakov, Comm. Math. Phys. 271 (2007), 199-221, is improved.

Consider the time-independent Schrödinger system

(1)

⎧⎨
⎩

−∆u1 + λ1u1 = µ1u
3
1 + βu2

2u1, in R
n,

−∆u2 + λ2u2 = µ2u
3
2 + βu2

1u2, in R
n,

u1(x) → 0, u2(x) → 0, as |x| → ∞,

where n = 1, 2, 3, λj > 0 and µj > 0 for j = 1, 2, and β > 0. Solutions (u1(x), u2(x))
of (1) correspond to standing wave solutions (eiλ1tu1(x), e

iλ2tu2(x)) of the time-
dependent system of 2 coupled nonlinear Schrödinger equations

(2)

⎧⎨
⎩

−i ∂
∂tΦ1 = ∆Φ1 + µ1|Φ1|2Φ1 + β|Φ2|2Φ1, in R

n,
−i ∂

∂tΦ2 = ∆Φ2 + µ2|Φ2|2Φ2 + β|Φ1|2Φ2, in R
n,

Φ1(x, t) → 0, Φ2(x, t) → 0, as |x| → ∞.

The system (2) stems from many physical problems, especially in nonlinear optics
and in the Hartree-Fock theory for Bose-Einstein condensates; see, for example,
[1, 5, 8, 9, 10, 11, 12, 20, 23].

Recently, (1) has attracted tremendous attention and has been studied exten-
sively from the point of view of physics (see [1, 10, 11] for instance) as well as
mathematics (see [2, 3, 4, 13, 14, 15, 16, 18, 19, 21, 22, 24, 25]). Solutions of (1)
correspond to critical points of the energy functional

E(�u) =
1

2

∫
Rn

(|∇u1|2 + λ1u
2
1 + |∇u2|2 + λ2u

2
2)−

1

4

∫
Rn

(µ1u
4
1 + 2βu2

1u
2
2 + µ2u

4
2),

defined for �u = (u1, u2) ∈ (H1(Rn))2. A solution (u1, u2) of (1) is called a nontrivial
solution if u1 �= 0 and u2 �= 0, a semitrivial solution if either u1 �= 0 or u2 �= 0, a
positive solution if u1 > 0 and u2 > 0, and a semipositive solution if u1 ≥ 0 and
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u2 ≥ 0 and if either u1 �= 0 or u2 �= 0. A solution is said to be a ground state if it
has the least energy among all semitrivial solutions.

Let H1
r (R

n) consist of all radial functions in H1(Rn). Denote X = (H1(Rn))2

and Xr = (H1
r (R

n))2. It was proved in [4] that (1) has a semipositive radial ground
state which is of mountain pass type and has Morse index 1 when considered as
the critical point of E on X and on Xr. As indicated in [4], a semipositive ground
state may only be semipositive and therefore there does not exist a positive ground
state, and this is the case if, for example, λ1 ≤ λ2 and µ1 ≥ β ≥ µ2 and at least
one inequality among the three is strict. Therefore, a natural problem is when (1)
has a positive ground state. In the case λ1 = λ2, there is a complete answer from
[4] which states that (1) has a positive ground state if and only if β > max{µ1, µ2}
or β = µ1 = µ2. Explicit positive ground states can be obtained in this case.
According to [22], (u1, u2) with u1 and u2 defined by

u1 =

√
λ(β − µ2)

β2 − µ1µ2
w(

√
λ ·) and u2 =

√
λ(β − µ1)

β2 − µ1µ2
w(

√
λ ·),

where w is the unique positive radial solution of

(3) −∆w + w = w3 in R
n, w(x) → 0 as |x| → ∞,

is a positive ground state of (1) if λ1 = λ2 (denoted by λ) and β > max{µ1, µ2}.
Also, a direct computation shows that(

cos θ
√
λ/βw(

√
λ ·), sin θ

√
λ/βw(

√
λ ·)

)
, θ ∈ (0, π/2)

are positive ground states of (1) if λ1 = λ2 (denoted by λ) and β = µ1 = µ2.
Results similar to [4] were proved in [6], using the bifurcation theorem.

For λ1 �= λ2 the problem of whether (1) has a positive ground state remains
largely open. In what follows, we shall always assume λ2 ≥ λ1 without introducing
any essential restriction. In this general case, Bartsch and Wang [4] first proved
that there is some b > 0 such that the ground state solution for (1) is positive if
β > b. But no information on how large b is was given. Assuming λ1 = 1 and
λ := λ2 ≥ 1, Sirakov (see [22, Theorem 2(iv) and Section 3.4]) proved that if

(4) β > max
{
λµ1, λ

n
2 −1µ2

}
,

then (1) has a positive ground state. The aim of the present paper is to improve
this result of Sirakov.

The argument of this paper is motivated by those in [4]. We shall distinguish
nontrivial solutions from those which are only semitrivial (that is, solutions with
only one component being nonzero) by comparing the Morse indices of them.

To state our result, we first introduce the notation

C1 =

∫
Rn

w2(x)dx, C2 =

∫
Rn

w4(x)dx.

Theorem 1. Assume λ1 ≤ λ2. If

(5) β > max

{
µ1 +

(λ2 − λ1)C1

λ1C2
µ1, µ2 −

(λ2 − λ1)C1

λ2C2
µ2

}
,

then (1) has a positive radial ground state.
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Remark 2. a) We first compare Theorem 1 with [22, Theorem 2(iv)] in the two
and three dimensional cases. Since w is a positive solution of (3), we see that
0 < C1 < C2 and therefore

λ2

λ1
µ1 > µ1 +

(λ2 − λ1)C1

λ1C2
µ1.

Since clearly, for n = 2, 3,(
λ2

λ1

)n
2 −1

µ2 > µ2 −
(λ2 − λ1)C1

λ2C2
µ2,

the assumption (5) is weaker than (4). Thus our theorem improves [22, Theo-
rem 2(iv)]. Note that other sufficient assumptions were also given in [22] (see
[Proposition 3.7] therein) to guarantee existence of a positive radial ground state
of (1). Nevertheless, those assumptions involve heavy notation and were described
with quite complex inequalities, which are not easy to verify.

b) It seems that (5) is only a sufficient condition for (1) to have a positive radial
ground state in the case λ1 < λ2. But if λ1 = λ2, then (5) reduces to

β > max{µ1, µ2},
and in this case (5) is necessary for (1) to have a positive radial ground state
provided that µ1 �= µ2, according to [4].

c) The argument provided here cannot be generalized to systems consisting of
more than 2 equations. By comparing energies, a positive radial ground state for
systems consisting of N (N ≥ 2) equations was recently obtained in [17].

Proof of Theorem 1. Denote

wj(x) =

√
λj

µj
w(

√
λjx), j = 1, 2.

Then, for j = 1, 2, wj is the unique solution of the equation{
−∆w + λjw = µjw

3 and w > 0 in R
n,

w(0) = maxw(x), w(x) → 0 as |x| → ∞.

Set U1 = (w1, 0) and U2 = (0, w2). Then U1 and U2 are the only two semipositive
radial solutions of (1) with only one component being nonzero.

It has been proved in [4] that (1) has a semipositive radial ground state �u ∈ Xr

and its Morse index is 1. In order to prove that this ground state solution is positive,
it suffices to prove that U1 and U2 have Morse indices at least 2. We now estimate
the Morse indices of U1 and U2. For any (φ1, φ2) ∈ (H1(Rn))2, we have

E
′′
(U1)[(φ1, φ2), (φ1, φ2)]

=

∫
Rn

(|∇φ1|2 + λ1φ
2
1 + |∇φ2|2 + λ2φ

2
2)−

∫
Rn

(3µ1w
2
1φ

2
1 + βw2

1φ
2
2).

Thus, for any t1, t2 ∈ R,

E′′(U1)[(t1w1, t2w1), (t1w1, t2w1)]

= t21

∫
Rn

(|∇w1|2 + λ1w
2
1 − 3µ1w

4
1) + t22

∫
Rn

(|∇w1|2 + λ2w
2
1 − βw4

1)

= t21

∫
Rn

(−2µ1w
4
1) + t22

∫
Rn

(
(µ1 − β)w4

1 + (λ2 − λ1)w
2
1

)
.
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Since∫
Rn

(
(µ1 − β)w4

1 + (λ2 − λ1)w
2
1

)
= − (β − µ1)λ

2−n
2

1 C2

µ2
1

+
(λ2 − λ1)λ

1−n
2

1 C1

µ1

=
λ
2−n

2
1 C2

µ2
1

[
−β + µ1 +

(λ2 − λ1)C1

λ1C2
µ1

]
,

we see that if

(6) β > µ1 +
(λ2 − λ1)C1

λ1C2
µ1,

then, for any (t1, t2) ∈ R
2 \ {(0, 0)},

E′′(U1)[(t1w1, t2w1), (t1w1, t2w1)] < 0.

Therefore, if (6) holds, then the Morse index of U1 is at least 2. Similarly, for any
(φ1, φ2) ∈ (H1(Rn))2, we have

E′′(U2)[(φ1, φ2), (φ1, φ2)]

=

∫
Rn

(|∇φ1|2 + λ1φ
2
1 + |∇φ2|2 + λ2φ

2
2)−

∫
Rn

(3µ2w
2
2φ

2
2 + βw2

2φ
2
1).

Choosing (φ1, φ2) = (t1w2, t2w2), one then obtains

E′′(U2)[(t1w2, t2w2), (t1w2, t2w2)]

= t21

∫
Rn

(|∇w2|2 + λ1w
2
2 − βw4

2) + t22

∫
Rn

(|∇w2|2 + λ2w
2
2 − 3µ2w

4
2)

= t21

∫
Rn

(
(µ2 − β)w4

2 + (λ1 − λ2)w
2
2

)
+ t22

∫
Rn

(−2µ2w
4
2).

But ∫
Rn

((µ2 − β)w4
2 + (λ1 − λ2)w

2
2) =

λ
2−n

2
2 (µ2 − β)C2

µ2
2

+
λ
1−n

2
2 (λ1 − λ2)C1

µ2

=
λ
2−n

2
2 C2

µ2
2

[
µ2 − β − (λ2 − λ1)C1

λ2C2
µ2

]
.

Therefore, if

(7) β > µ2 −
C1(λ2 − λ1)

C2λ2
µ2,

then, for any (t1, t2) ∈ R
2 \ {(0, 0)},

E′′(U2)[(t1w2, t2w2), (t1w2, t2w2)] < 0,

which implies that if (7) holds, then the Morse index of U2 is at least 2. Now if
β satisfies both (6) and (7), then the Morse indices of U1 and U2 are at least 2.
Since U1 and U2 are the only two semipositive radial solutions of (1) with only one
component being nonzero and since the semipositive radial ground state obtained
in [4] has Morse index 1, the semipositive radial ground state is positive. �

Remark 3. In estimating the lower bound of the Morse index of E at U1, we have
used the two-dimensional subspace spanned by (w1, 0) and (0, w1) as a test sub-
space, other than span{(w2, 0), (0, w1)} or span{(w1, 0), (0, w2)} or span{(w2, 0),
(0, w2)}. The reason is that the subspace span{(w1, 0), (0, w1)} among the four
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yields the most transparent estimate. All the other subspaces do not give an es-
timate which can be described as simply as (5). The same remark applies to the
argument of estimating the lower bound of the Morse index of E at U2. Neverthe-
less, if we use all four subspaces as test subspaces to estimate the Morse indices of
E at U1 and U2, then we obtain the following result.

Theorem 4. Assume λ1 ≤ λ2. If

β > max {m1(n, λ1, λ2)µ1, m2(n, λ1, λ2)µ2} ,
where

m1(n, λ1, λ2) = min
{
1 + (λ2 − λ1)λ

−1
1 C1C

−1
2 , λ

1−n
2

2 λ−1
1 C2C

−1(λ1, λ2)
}
,

m2(n, λ1, λ2) = min
{
1− (λ2 − λ1)λ

−1
2 C1C

−1
2 , λ

1−n
2

1 λ−1
2 C2C

−1(λ1, λ2)
}
,

and

C(λ1, λ2) =

∫
Rn

w2(
√
λ1 x)w

2(
√
λ2 x)dx,

then (1) has a positive radial ground state.

Remark 5. a) One may think of giving a comparison between the numbers 1 +

(λ2 − λ1)λ
−1
1 C1C

−1
2 and λ

1−n
2

2 λ−1
1 C2C

−1(λ1, λ2) as well as a comparison between

1 − (λ2 − λ1)λ
−1
2 C1C

−1
2 and λ

1−n
2

1 λ−1
2 C2C

−1(λ1, λ2). We do not know how to do
this at the present stage. Therefore, we do not know if the result in Theorem 4 is
better than the result in Theorem 1.

b) But in the n = 1 dimensional case, w has an explicit expression:

w(x) =
2
√
2

ex + e−x
.

Using this expression, we easily see that C1 = 4 and C2 = 16
3 . If, for example,

λ2 = 4λ1 or λ2 = 9λ1, then after a long but elementary calculation, we obtain

C(λ1, 4λ1) =
4(4− π)√

λ1

, C(λ1, 9λ1) =
16

3
√
λ1

− 128π

81
√
3λ1

.

Then the four numbers mentioned in a) can be estimated in the following table.

λ2 = 4λ1 λ2 = 9λ1

1 + (λ2 − λ1)λ
−1
1 C1C

−1
2

13
4 = 3.25 7

λ
1−n

2
2 λ−1

1 C2C
−1(λ1, λ2)

8
3(4−π) ≈ 3.11 81

√
3

27
√
3−8π

≈ 6.49

1− (λ2 − λ1)λ
−1
2 C1C

−1
2

7
16 ≈ 0.44 1

3 ≈ 0.33

λ
1−n

2
1 λ−1

2 C2C
−1(λ1, λ2)

1
3(4−π) ≈ 0.39 3

√
3

27
√
3−8π

≈ 0.24

From this table it can be seen that, for n = 1 and λ2 = 4λ1 or λ2 = 9λ1,
Theorem 4 is better than Theorem 1. One may calculate C(λ1, λ2) and compare
the two theorems in the case λ2 = k2λ1 with an even larger k, say k = 4, 5, · · · ,
which is more complicated. If λ2/λ1 is not a square power of an integer, it seems
hard to calculate C(λ1, λ2) and to compare the results of Theorems 1 and 4.
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c) Also in the one dimensional case, if λ2 > λ1, then

C(λ1, λ2) >
C2√
λ2

,

and we have

m1(1, λ1, λ2) ≤ 1 + (λ2 − λ1)λ
−1
1 C1C

−1
2 =

1

4
+

3λ2

4λ1
<

λ2

λ1

and

m2(1, λ1, λ2) ≤
√
λ1λ

−1
2 C2C

−1(λ1, λ2) <

√
λ1

λ2
.

Therefore, Theorem 4 improves [22, Theorem 2(iv)] in the one dimensional case.
d) Extensions of Sirakov’s results were also obtained, in particular, in the one

dimensional case in [7].
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Ann. Inst. H. Poincaré Anal. Non Linéaire, 25 (2008), 149-161. MR2383083 (2009e:35073)

[8] B. D. Esry, C. H. Greene, J. P. Burke Jr., and J. L. Bohn, Hartree-Fock theory for double
condensates, Phys. Rev. Lett., 78 (1997), 3594-3597.

[9] G. M. Genkin, Modification of superfluidity in a resonantly strongly driven Bose-Einstein
condensate, Phys. Rev. A, 65 (2002), No. 035604.

[10] F. T. Hioe, Solitary waves for N coupled nonlinear Schrödinger equations, Phys. Rev. Lett.,

82 (1999), 1152-1155.
[11] F. T. Hioe and T. S. Salter, Special set and solutions of coupled nonlinear Schrödinger

equations, J. Phys. A: Math. Gen., 35 (2002), 8913-8928. MR1946865 (2003k:35230)
[12] T. Kanna and M. Lakshmanan, Exact soliton solutions, shape changing collisions, and par-

tially coherent solitons in coupled nonlinear Schrödinger equations, Phys. Rev. Lett., 86
(2001), 5043-5046.

[13] T.-C. Lin and J.C. Wei, Ground state of N coupled nonlinear Schrödinger equations in Rn,
n ≤ 3, Comm. Math. Phys., 255 (2005), 629-653. MR2135447 (2006g:35044)

[14] T.-C. Lin and J.C. Wei, Spikes in two coupled nonlinear Schrödinger equations, Ann. Inst.
H. Poincaré Anal. Non Linéaire, 22 (2005), 403-439. MR2145720 (2006a:35065)

[15] T.-C. Lin and J.C. Wei, Spikes in two-component systems of nonlinear Schrödinger equa-
tions with trapping potentials, J. Differential Equations, 229 (2006), 538–569. MR2263567
(2007h:58031)

[16] Z.L. Liu and Z.-Q. Wang, Multiple bound states of nonlinear Schrödinger systems, Comm.
Math. Phys., 282 (2008), 721-731. MR2426142

http://www.ams.org/mathscinet-getitem?mr=2214594
http://www.ams.org/mathscinet-getitem?mr=2214594
http://www.ams.org/mathscinet-getitem?mr=2302730
http://www.ams.org/mathscinet-getitem?mr=2302730
http://www.ams.org/mathscinet-getitem?mr=2252973
http://www.ams.org/mathscinet-getitem?mr=2252973
http://www.ams.org/mathscinet-getitem?mr=2457395
http://www.ams.org/mathscinet-getitem?mr=2383083
http://www.ams.org/mathscinet-getitem?mr=2383083
http://www.ams.org/mathscinet-getitem?mr=1946865
http://www.ams.org/mathscinet-getitem?mr=1946865
http://www.ams.org/mathscinet-getitem?mr=2135447
http://www.ams.org/mathscinet-getitem?mr=2135447
http://www.ams.org/mathscinet-getitem?mr=2145720
http://www.ams.org/mathscinet-getitem?mr=2145720
http://www.ams.org/mathscinet-getitem?mr=2263567
http://www.ams.org/mathscinet-getitem?mr=2263567
http://www.ams.org/mathscinet-getitem?mr=2426142


GROUND STATES OF NONLINEAR SCHRÖDINGER SYSTEMS 693
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