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ABSTRACT. We show that any closed set E having a o-finite (n—1)-dimensional
Hausdorff measure does not support the nonzero distributional divergence of a
continuous vector field; in particular it has the property that any C' function
in R™ that is harmonic outside it is harmonic in R™. We also exhibit a compact
set E having Hausdorff dimension n — 1, supporting the nonzero distributional
divergence of a continuous vector field yet having the property that any C!
function that is harmonic outside F is harmonic in R™.

INTRODUCTION

The problem of removing singularities for the equation div v = 0 can be stated as
follows: given a collection B of locally bounded, measurable vector fields in R", give
conditions on a compact set E guaranteeing that each vector field v € B satisfying
dive = 0 outside F (in the distributional sense) satisfies divo = 0 in R™ (in the
distributional sense, too).

This problem has been studied for various classes of functions. When B is the
collection of all (locally) bounded, measurable vector fields, the compact removable
sets are ezactly those having zero (n — 1)-dimensional Hausdorff measure (see [2],
[8] and [II]). In this short paper, we focus on the case when B is the collection of
all continuous vector fields in R™. Theorem 5.2 (second part) in [II] states that
removable sets in this context have Hausdorff dimension at most n — 1. On the
other hand, it is a rather easy observation (see [9, Lemma 8.18] for example) that
any compact set E satisfying H"1(E) < oo is removable. In this paper, we extend
this property to closed sets having o-finite (n — 1)-dimensional Hausdorff measure
(Theorem[2)). In particular, each function u that is C'* in R™ and harmonic outside
a closed set having o-finite (n — 1)-dimensional Hausdorff measure is harmonic in
R™ (apply the removability property to the vector field v = Vu).

We then show that the dimension condition does mot characterize removable
sets. In particular, we exhibit (Theorem [[3)) a compact set E that has Hausdorff
dimension n — 1, is not removable, yet satisfies the following condition: any C!
function u : R™ — R harmonic outside E is harmonic in R™.
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1. PRELIMINARIES AND NOTATION

In the sequel, we work in Euclidean space R™, n > 1. The Euclidean norm of
x = (z1,...,2,) € R™ is denoted |z|; for r > 0 let Blz,r] ={y e R": [z —y| < r}
and Qz,r] ={y € R": |y; — ;| < r,1 < i < n}. We write Br| and Q[r] instead of
BJ[0,r] and Q[O0, r], respectively. A cube is a set of the form Q[xz,r] for x € R™ and
r> 0.

Given F C R", we will write E CC U to indicate that the closure of F is a
compact subset of the open set U C R™. We further denote by L£"(E) or |E|
the Lebesgue (outer) measure of F; in particular we define a(n) := |B[1]|. The
notation d(E) stands for the diameter of E, and for 0 < s < n we let H*(E) (resp.
8%(E)) denote the (normalized by a(s)27%) s-dimensional Hausdoff measure (resp.
the s-dimensional spherical Hausdorff measure) of E. One has H*(E) < 8%(E) <
2°H*(E), as is easily checked. We also say that E is thin in case H" '_FE is
o-finite.

Given f: X — Y and A C X, we let f [ A denote the restriction of f to A.
The restriction of an outer measure u on R™ to £ C R is the outer measure ul_ E
defined by pul_ E(B) := (BN E).

We denote by || f]|e and ||f]j1 the L>- and L'-norms of f : R® — R™, respec-
tively. Given f € L'(R"), we denote by ||Dg| its total variation. For 0 < k < oo,
we give CF(R™,R™), C¥(R",R™) and C*(R"), C¥(R"™) their usual meanings.

2. CHARGES AND FLUXES

The flur of any (locally integrable) v : R™ — R™ is the distribution F, :
C®(R™) — R defined by F,(p) = — [. v(z) - V() dz. We observe an inter-
esting continuity property of the flux of a continuous vector field.

Proposition 1. Given v € CO(R",R"), ¢ >0, 7 > 0 and C > 0, there exists § > 0
such that F,(¢) < € provided ¢ € C°(R™) satisfies {¢ # 0} C B[r], |[Vel1 < C
and |[¢]ly < 0.

Proof. Fix v € CO(R™,R"), ¢ > 0 and choose w € C}(R",R") satisfying |v(z) —
w(x)| < e/2C for each x € B[r]. Let § := 1 + || divw||« and say § := &/(26). For
© € C°(R™) satisfying {¢ # 0} C B[r], |[Ve¢l|l1 < C and |¢|l1 < §, compute using
the integration by parts formula:

F,(p) = / [v(z) —w(x)] - Vo(z) de +/ o(z) divw(z) dz

€
< — 0 <e.
IVl + Ollelh < e
The proof is complete. O

Remark 2. According to the approximation property of BV functions (see [5], Sec-
tion 5.2.2]), it is obvious that given v € C°(R",R"), F, extends to the linear
functional
F, : BV,(R") - R;g— — v - d[Dyg]
R’H

on the space BV, (R") of compactly supported functions having bounded variation
in R™. Furthermore for any € > 0, r > 0 and C > 0 there exists § > 0 such that
F(g) < € provided g € BV,(R"™) satisfies {g # 0} C B[r], ||Dg|| < C and ||g|l1 <.
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Given r > 0 and C > 0, let
BV,.c = {g € BV.(R") : suppg C B[r],[|Dg|| < C}

and denote by 9B the collection of all absorbing, balanced convex sets U C BV, (R"™)
having the property that for all » > 0 and C > 0, the set U N BV, ¢ is a relative
L'-neigborhood of ¢ in BV, . According to [3, Theorem 3.3], for example, B is
a neighborhood basis at 0 for a locally convex topology ® on BV.(R™) which is
characterized by the following two properties:
(A) T is weaker than the L' topology on BV, ¢ for all r > 0,C > 0;
(B) for any locally convex space X, a linear map f : BV (R") — X is ®-
continuous whenever the restriction f | BV, ¢ is L'-continuous on BV, ¢
for all » > 0,C > 0.
Given v € C°(R™,R"), condition (B) together with Remark 2 implies in particular
that F, is T-continuous on BV, (R™).

Definition 3. A T-continuous linear functional F' on BV, (R") is called a charge.

The following theorem, due to T. De Pauw and W.F. Pfeffer [4], is very deep
and identifies fluxes and charges.

Theorem 4 (De Pauw-Pleffer). Given a charge F, there exists a vector field v €
CO°(R™,R"™) for which F = F,.

On the other hand, N.C. Phuc and M. Torres [I1] give a sufficient condition for
a Radon measure to define a charge.

Theorem 5. Assume that i is a Radon measure in R™ and that for each compact
set K CR"™ one has
w(Blz,r])

Tn—l

lim sup sup = 0.

6=00<r<szcK
Then the linear functional
CER™) =R, o= | pdp
RTI,
ertends in a unique way to a charge.

3. REMOVING THIN SETS

The following lemma will be useful in the sequel.

Lemma 6. Assume that E C R" is bounded and satisfies H" 1(E) < oo. For
all e > 0 and n > 0, there exists an open set U containing E and satisfying the
following conditions:

(A) [U] <,

(B) [IDxvll < n+ B(n)F"~(E),
where B(n) =271,

Proof. First, observe that the dominated convergence theorem yields |B(E,r)| < &
in case r > 0 is sufficiently small, say » < §. Continue by choosing a countable
family (By)x>1 of open balls with diameter less than ¢ such that U := (Jro; By 2 F
and 2! "a(n — 1) Y ;0 d(By)" ! < 8" 1(E) + . Without loss of generality, we
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can assume that By N E # () for each k > 1; in particular we have U C B(F,d) and
hence |U| < €. On the other hand,

IDxull <D [IDxs, | =2 "a(n = 1) Y d(By)" ™ < 2" ' HH(E) 4,
k=1 k=1
and the proof is complete. ([

Lemma 7. If E C R"™ is closed and thin, then the collection of all g € BV (R™)
that vanishes in a neighborhood of E is T-dense in BV (R™).

Proof. First, write E as an increasing union (J;—, By where H"1(E}) < oo for
each k > 1. Replacing if necessary Fjy by Ej N B(k) we may assume that Fj
is bounded for each k > 1. We further define for each k > 1 a constant C}, :=
llglloo[l + 2?21 H"1(E;)] + || Dg|| and choose r > 0 so that supp g C B[r].

Now fix U a T-neighborhood of 0 in BV (R"). According to the definition of T,
there exists 5, > 0 such that any h € BV, (R") satisfying supp h C B]r]|, | Dh|| < C
and ||h||; < % belongs to 27*U.

For each k > 1, choose according to Lemma [6] an open set Uy 2 Ef Nsuppg
satisfying ||g||eo|Ux| < 0 and ||Dxp, || < 27% + B(n)H""1(E})). Observe that by
compactness, there exists [ > 1 such that E Nsupp(g) C Ui;:l Ug.

Define g1 := gxv,, and for k > 2, let g := IXv\Us=t o, Fix k > 1. We
obviously have supp gx C B[r] and ||gx|l1 < d%, while

k k

1Dgxll < llgllse Y I1Dxw, I +1Dgll < llgllso |1+ B(n) Y- 3 H(Ey) |+l Dgll < Ch,
j=1 j=1

where we used [I0, Proposition 1.8.4] for example to estimate HDXUk\U?;ll UjH.

Consequently we get g € 27*U.

We finish the argument by observing that ¢’ := 22:1 gr equals g on a neigh-
borhood of E Nsupp g (and hence equals g on a neighborhood of E) and belongs
to YL 27 FUCU. O

Observation 8. It is not sufficient that £ be thin for the conclusion of Lemma [7]
to hold, as the following example shows.

Example 9. Assume that n = 1 and let E denote the set of rational numbers
(which is thin but not closed). If g € BV.(R) vanishes on an open set U D FE,
then choose according to [I, Theorem 3.27] a function § = g a.e. whose pointwise
variation equals ||Dgl||. We claim that {§ # 0} is countable, for otherwise given
any k > 1, one would be able to find a finite set of By C {§ # 0} such that
> wer, 9(¥) = k. This would imply that the pointwise variation of g is infinite
because {g = 0} is dense in R. Consequently g =0 a.e.

Definition 10. The support of a charge F', denoted supp F, is the complementary
set of the largest open set U C R™ having the following property: F(g) = 0 provided
g € BV (R"™) satisfies {g # 0} CC U.

Observation 11. Given a charge F', the support of F' coincides with the support
(defined in the usual way) of the distribution F' [ C'S°(R™) uniquely determining F'.

An immediate corollary of Lemma [7 is the following.
Theorem 12. If F is a charge and if supp F' is thin, then F = 0.
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4. A NONREMOVABLE SET WITH DIMENSION n — 1

Given a cube @, we denote by o(Q) the length of its edges. For 0 < A < 1/2,
we let £(Q, A) stand for the collection of 2" cubes contained in ) whose edges have
length Ao(Q), arranged in such a way that each cube of £(Q,)\) has a common
vertex with Q.

Fix a sequence A = (Ag)g>1 C (0,1/2). Write Ep := [0,1]" and €y = {Ey}. For
each k > 1, define inductively

Er( AL,y A) = U{e(@)\k) tQ € Ep—1( M1, Ak—1}

and Ei(A1,..., ) :=UJEk(A1,. .., Ax) (or briefly & and Ej when the underlying
sequence is clear). In particular, each cube in €y has edges of length oy := A1 ... Ag.
Finally we let E(\) = (e Ex-

Associated to A, we choose h : [0,00) — [0,00) as a nondecreasing function
satisfying h(0) = 0 and h(o}) = 27%" for each k > 1. Recall that the Hausdorff
h-measure of E(\) is positive and finite (see [7), Section 4.9]).

Theorem 13. There is a compact set E C R™ having Hausdorff dimension n — 1
and satisfying the following properties:

(A) there exists v € C°(R™,R™) and a nonzero Radon measure yi supported in
E such that divv = p (in the distribution sense);
(B) if u € CY(R™) is harmonic outside E, then u is harmonic in R™.

In particular, H* ' L_FE is not o-finite.

Proof. For k > 3, let £, = 2 71logk/log(k — 1) and assume that A\, = £ for k
sufficiently large. Then:

(1) H"~1L_E()) is not o-finite,

(2) dimyc(B(\) =n - 1;
the proofs of both facts are standard.

Given k > 1, we associate to Fy a Radon measure pug := |Ek|*1£," L_FE}, sup-
ported in Ej. Observe that p,(R™) = 1 for each k. Hence, [7, Theorem 1.23] ensures
that there exists a subsequence of (uy) weakly*-converging to a Radon measure
supported in E(\).

We now turn to showing that
n(Blz, 1))

e =0.

(1) lim sup sup
0—=00<r<b zcR™

Observe that it suffices to show () with R™ replaced by E(\) and B[z, r| replaced
by Q[x, 7].
Claim 14. Fix z € E()\) and k sufficiently large for A\ = £ to hold. If o1 < r <
oy, then
H(Q[Z,TD < 27kn.
rn—1

Proof of the claim. Observe that Q[z, 7] is contained in 2" cubes K7, ..., Kon hav-
ing x as a common vertex and edges of length . In particular, we get for 1 < i < 2"
and some arbitrary but fixed Q. € Ex_1:

|[E;NK;)| <|ENQ| forany Q € &(Qx, M),
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and consequently
p(Qz,r]) <2707 "By N Q.| = 272tk
This yields

,LLZ(Q[ZU,TD < 2(k—l+1)7l < 2—[77, < 2—kn.

et o
the conclusion follows for u(Qlx,r]) < limy i (Q[z, 7]). O

Claim [I4 together with Theorems @l and [l yields a vector field v € C°(R", R")
such that dive = p in the distribution sense. Moreover, the equality u(R™) =1
ensures that p is nonzero. This proves property (A) of Theorem [[3

The proof of property (B) uses a recent result by A. Ruiz de Villa and X. Tolsa
[12]. Observe that for kg sufficiently large

()
T = —— = = 00.
= (2kngpi—1)2 = log k

According to [12], Theorem 6], we get
KE(E(N)) := sup{|(Au, 1)| : uw € CY(R™), supp(Au) C E, | Vullee <1} =772 = 0.

It follows from [6l, Proposition 2.2] that the above equality is equivalent to property
(B). The proof is complete. O
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