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REMOVABLE SETS FOR THE FLUX

OF CONTINUOUS VECTOR FIELDS

SÉBASTIEN DE VALERIOLA AND LAURENT MOONENS

(Communicated by Tatiana Toro)

Abstract. We show that any closed setE having a σ-finite (n−1)-dimensional
Hausdorff measure does not support the nonzero distributional divergence of a
continuous vector field; in particular it has the property that any C1 function
in R

n that is harmonic outside it is harmonic in R
n. We also exhibit a compact

set E having Hausdorff dimension n−1, supporting the nonzero distributional
divergence of a continuous vector field yet having the property that any C1

function that is harmonic outside E is harmonic in R
n.

Introduction

The problem of removing singularities for the equation div v = 0 can be stated as
follows: given a collection B of locally bounded, measurable vector fields in R

n, give
conditions on a compact set E guaranteeing that each vector field v ∈ B satisfying
div v = 0 outside E (in the distributional sense) satisfies div v = 0 in R

n (in the
distributional sense, too).

This problem has been studied for various classes of functions. When B is the
collection of all (locally) bounded, measurable vector fields, the compact removable
sets are exactly those having zero (n − 1)-dimensional Hausdorff measure (see [2],
[8] and [11]). In this short paper, we focus on the case when B is the collection of
all continuous vector fields in R

n. Theorem 5.2 (second part) in [11] states that
removable sets in this context have Hausdorff dimension at most n − 1. On the
other hand, it is a rather easy observation (see [9, Lemma 8.18] for example) that
any compact set E satisfying Hn−1(E) < ∞ is removable. In this paper, we extend
this property to closed sets having σ-finite (n− 1)-dimensional Hausdorff measure
(Theorem 12). In particular, each function u that is C1 in R

n and harmonic outside
a closed set having σ-finite (n − 1)-dimensional Hausdorff measure is harmonic in
R

n (apply the removability property to the vector field v = ∇u).
We then show that the dimension condition does not characterize removable

sets. In particular, we exhibit (Theorem 13) a compact set E that has Hausdorff
dimension n − 1, is not removable, yet satisfies the following condition: any C1

function u : Rn → R harmonic outside E is harmonic in R
n.
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1. Preliminaries and notation

In the sequel, we work in Euclidean space R
n, n � 1. The Euclidean norm of

x = (x1, . . . , xn) ∈ R
n is denoted |x|; for r > 0 let B[x, r] = {y ∈ R

n : |x− y| � r}
and Q[x, r] = {y ∈ R

n : |yi −xi| � r, 1 � i � n}. We write B[r] and Q[r] instead of
B[0, r] and Q[0, r], respectively. A cube is a set of the form Q[x, r] for x ∈ R

n and
r > 0.

Given E ⊆ R
n, we will write E ⊂⊂ U to indicate that the closure of E is a

compact subset of the open set U ⊆ R
n. We further denote by Ln(E) or |E|

the Lebesgue (outer) measure of E; in particular we define α(n) := |B[1]|. The
notation d(E) stands for the diameter of E, and for 0 � s � n we let Hs(E) (resp.
Ss(E)) denote the (normalized by α(s)2−s) s-dimensional Hausdoff measure (resp.
the s-dimensional spherical Hausdorff measure) of E. One has Hs(E) � Ss(E) �
2sHs(E), as is easily checked. We also say that E is thin in case Hn−1 E is
σ-finite.

Given f : X → Y and A ⊆ X, we let f � A denote the restriction of f to A.
The restriction of an outer measure µ on R

n to E ⊆ R
n is the outer measure µ E

defined by µ E(B) := µ(B ∩E).
We denote by ‖f‖∞ and ‖f‖1 the L∞- and L1-norms of f : Rn → R

m, respec-
tively. Given f ∈ L1(Rn), we denote by ‖Dg‖ its total variation. For 0 � k � ∞,
we give Ck(Rn,Rm), Ck

c (R
n,Rm) and Ck(Rn), Ck

c (R
n) their usual meanings.

2. Charges and fluxes

The flux of any (locally integrable) v : R
n → R

n is the distribution Fv :
C∞

c (Rn) → R defined by Fv(ϕ) = −
∫
Rn v(x) · ∇ϕ(x) dx. We observe an inter-

esting continuity property of the flux of a continuous vector field.

Proposition 1. Given v ∈ C0(Rn,Rn), ε > 0, r > 0 and C > 0, there exists δ > 0
such that Fv(ϕ) � ε provided ϕ ∈ C∞

c (Rn) satisfies {ϕ 	= 0} ⊆ B[r], ‖∇ϕ‖1 � C
and ‖ϕ‖1 � δ.

Proof. Fix v ∈ C0(Rn,Rn), ε > 0 and choose w ∈ C1
c (R

n,Rn) satisfying |v(x) −
w(x)| � ε/2C for each x ∈ B[r]. Let θ := 1 + ‖ divw‖∞ and say δ := ε/(2θ). For
ϕ ∈ C∞

c (Rn) satisfying {ϕ 	= 0} ⊆ B[r], ‖∇ϕ‖1 � C and ‖ϕ‖1 � δ, compute using
the integration by parts formula:

Fv(ϕ) =

∫
Rn

[v(x)− w(x)] · ∇ϕ(x) dx+

∫
Rn

ϕ(x) divw(x) dx

� ε

2C
‖∇ϕ‖1 + θ‖ϕ‖1 � ε.

The proof is complete. �

Remark 2. According to the approximation property of BV functions (see [5, Sec-
tion 5.2.2]), it is obvious that given v ∈ C0(Rn,Rn), Fv extends to the linear
functional

Fv : BVc(R
n) → R; g 
→ −

∫
Rn

v · d[Dg]

on the space BVc(R
n) of compactly supported functions having bounded variation

in R
n. Furthermore for any ε > 0, r > 0 and C > 0 there exists δ > 0 such that

F (g) � ε provided g ∈ BVc(R
n) satisfies {g 	= 0} ⊆ B[r], ‖Dg‖ � C and ‖g‖1 � δ.
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Given r > 0 and C > 0, let

BVr,C := {g ∈ BVc(R
n) : supp g ⊆ B[r], ‖Dg‖ � C}

and denote by B the collection of all absorbing, balanced convex setsU ⊆ BVc(R
n)

having the property that for all r > 0 and C > 0, the set U ∩ BVr,C is a relative
L1-neigborhood of g in BVr,C . According to [3, Theorem 3.3], for example, B is
a neighborhood basis at 0 for a locally convex topology T on BVc(R

n) which is
characterized by the following two properties:

(A) T is weaker than the L1 topology on BVr,C for all r > 0, C > 0;
(B) for any locally convex space X, a linear map f : BVc(R

n) → X is T-
continuous whenever the restriction f � BVr,C is L1-continuous on BVr,C

for all r > 0, C > 0.

Given v ∈ C0(Rn,Rn), condition (B) together with Remark 2 implies in particular
that Fv is T-continuous on BVc(R

n).

Definition 3. A T-continuous linear functional F on BVc(R
n) is called a charge.

The following theorem, due to T. De Pauw and W.F. Pfeffer [4], is very deep
and identifies fluxes and charges.

Theorem 4 (De Pauw-Pfeffer). Given a charge F , there exists a vector field v ∈
C0(Rn,Rn) for which F = Fv.

On the other hand, N.C. Phuc and M. Torres [11] give a sufficient condition for
a Radon measure to define a charge.

Theorem 5. Assume that µ is a Radon measure in R
n and that for each compact

set K ⊆ R
n one has

lim
δ→0

sup
0<r<δ

sup
x∈K

µ(B[x, r])

rn−1
= 0.

Then the linear functional

C∞
c (Rn) → R, ϕ 
→

∫
Rn

ϕdµ

extends in a unique way to a charge.

3. Removing thin sets

The following lemma will be useful in the sequel.

Lemma 6. Assume that E ⊆ R
n is bounded and satisfies Hn−1(E) < ∞. For

all ε > 0 and η > 0, there exists an open set U containing E and satisfying the
following conditions:

(A) |U | � ε,
(B) ‖DχU‖ � η + β(n)Hn−1(E),

where β(n) := 2n−1.

Proof. First, observe that the dominated convergence theorem yields |B(E, r)| � ε
in case r > 0 is sufficiently small, say r � δ. Continue by choosing a countable
family (Bk)k�1 of open balls with diameter less than δ such that U :=

⋃∞
k=1 Bk ⊇ E

and 21−nα(n− 1)
∑∞

k=1 d(Bk)
n−1 � Sn−1(E) + η. Without loss of generality, we
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can assume that Bk ∩E 	= ∅ for each k � 1; in particular we have U ⊆ B(E, δ) and
hence |U | � ε. On the other hand,

‖DχU‖ �
∞∑
k=1

‖DχBk
‖ = 21−nα(n− 1)

∞∑
k=1

d(Bk)
n−1 � 2n−1Hn−1(E) + η,

and the proof is complete. �
Lemma 7. If E ⊆ R

n is closed and thin, then the collection of all g ∈ BVc(R
n)

that vanishes in a neighborhood of E is T-dense in BVc(R
n).

Proof. First, write E as an increasing union
⋃∞

k=1 Ek where Hn−1(Ek) < ∞ for
each k � 1. Replacing if necessary Ek by Ek ∩ B(k) we may assume that Ek

is bounded for each k � 1. We further define for each k � 1 a constant Ck :=
‖g‖∞[1 +

∑k
j=1 H

n−1(Ej)] + ‖Dg‖ and choose r > 0 so that supp g ⊆ B[r].

Now fix U a T-neighborhood of 0 in BVc(R
n). According to the definition of T,

there exists δk > 0 such that any h ∈ BVc(R
n) satisfying supp h ⊂ B[r], ‖Dh‖ � Ck

and ‖h‖1 � δk belongs to 2−kU.
For each k � 1, choose according to Lemma 6 an open set Uk ⊇ Ek ∩ supp g

satisfying ‖g‖∞|Uk| � δk and ‖DχUk
‖ � 2−k + β(n)Hn−1(Ek). Observe that by

compactness, there exists l � 1 such that E ∩ supp(g) ⊆
⋃l

k=1 Uk.
Define g1 := gχU1

, and for k � 2, let gk := gχUk\
⋃k−1

j=1 Uj
. Fix k � 1. We

obviously have supp gk ⊆ B[r] and ‖gk‖1 � δk, while

‖Dgk‖ � ‖g‖∞
k∑

j=1

‖DχUj
‖+‖Dg‖ � ‖g‖∞

⎡
⎣1 + β(n)

k∑
j=1

Hn−1(Ej)

⎤
⎦+‖Dg‖ � Ck,

where we used [10, Proposition 1.8.4] for example to estimate ‖DχUk\
⋃k−1

j=1 Uj
‖.

Consequently we get gk ∈ 2−kU.

We finish the argument by observing that g′ :=
∑l

k=1 gk equals g on a neigh-
borhood of E ∩ supp g (and hence equals g on a neighborhood of E) and belongs

to
∑l

k=1 2
−kU ⊆ U. �

Observation 8. It is not sufficient that E be thin for the conclusion of Lemma 7
to hold, as the following example shows.

Example 9. Assume that n = 1 and let E denote the set of rational numbers
(which is thin but not closed). If g ∈ BVc(R) vanishes on an open set U ⊃ E,
then choose according to [1, Theorem 3.27] a function g̃ = g a.e. whose pointwise
variation equals ‖Dg‖. We claim that {g̃ 	= 0} is countable, for otherwise given
any k � 1, one would be able to find a finite set of Bk ⊂ {g̃ 	= 0} such that∑

x∈Ek
g̃(x) � k. This would imply that the pointwise variation of g̃ is infinite

because {g̃ = 0} is dense in R. Consequently g = 0 a.e.

Definition 10. The support of a charge F , denoted suppF , is the complementary
set of the largest open set U ⊆ R

n having the following property: F (g) = 0 provided
g ∈ BVc(R

n) satisfies {g 	= 0} ⊂⊂ U .

Observation 11. Given a charge F , the support of F coincides with the support
(defined in the usual way) of the distribution F � C∞

c (Rn) uniquely determining F .

An immediate corollary of Lemma 7 is the following.

Theorem 12. If F is a charge and if suppF is thin, then F ≡ 0.
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4. A nonremovable set with dimension n− 1

Given a cube Q, we denote by σ(Q) the length of its edges. For 0 < λ < 1/2,
we let E(Q, λ) stand for the collection of 2n cubes contained in Q whose edges have
length λσ(Q), arranged in such a way that each cube of E(Q, λ) has a common
vertex with Q.

Fix a sequence λ = (λk)k�1 ⊆ (0, 1/2). Write E0 := [0, 1]n and E0 = {E0}. For
each k � 1, define inductively

Ek(λ1, . . . , λk) :=
⋃

{E(Q, λk) : Q ∈ Ek−1(λ1, . . . , λk−1}

and Ek(λ1, . . . , λk) :=
⋃
Ek(λ1, . . . , λk) (or briefly Ek and Ek when the underlying

sequence is clear). In particular, each cube in Ek has edges of length σk := λ1 . . . λk.
Finally we let E(λ) =

⋂∞
k=1 Ek.

Associated to λ, we choose h : [0,∞) → [0,∞) as a nondecreasing function
satisfying h(0) = 0 and h(σk) = 2−kn for each k � 1. Recall that the Hausdorff
h-measure of E(λ) is positive and finite (see [7, Section 4.9]).

Theorem 13. There is a compact set E ⊆ R
n having Hausdorff dimension n − 1

and satisfying the following properties:

(A) there exists v ∈ C0(Rn,Rn) and a nonzero Radon measure µ supported in
E such that div v = µ (in the distribution sense);

(B) if u ∈ C1(Rn) is harmonic outside E, then u is harmonic in R
n.

In particular, Hn−1 E is not σ-finite.

Proof. For k � 3, let 	k = 2−
n

n−1 log k/ log(k − 1) and assume that λk = 	k for k
sufficiently large. Then:

(1) Hn−1 E(λ) is not σ-finite,
(2) dimH(E(λ)) = n− 1;

the proofs of both facts are standard.
Given k � 1, we associate to Ek a Radon measure µk := |Ek|−1Ln Ek sup-

ported in Ek. Observe that µk(R
n) = 1 for each k. Hence, [7, Theorem 1.23] ensures

that there exists a subsequence of (µk) weakly
∗-converging to a Radon measure µ

supported in E(λ).
We now turn to showing that

(1) lim
δ→0

sup
0<r<δ

sup
x∈Rn

µ(B[x, r])

rn−1
= 0.

Observe that it suffices to show (1) with R
n replaced by E(λ) and B[x, r] replaced

by Q[x, r].

Claim 14. Fix x ∈ E(λ) and k sufficiently large for λk = 	k to hold. If σk+1 � r �
σk, then

µ(Q[x, r])

rn−1
� 2−kn.

Proof of the claim. Observe that Q[x, r] is contained in 2n cubes K1, . . . ,K2n hav-
ing x as a common vertex and edges of length σk. In particular, we get for 1 � i � 2n

and some arbitrary but fixed Q∗ ∈ Ek−1:

|El ∩Ki| � |El ∩Q| for any Q ∈ E(Q∗, λk),
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and consequently

µl(Q[x, r]) � 2−lnσ−n
l |El ∩Q∗| = 2−ln2(k+1)n.

This yields

µl(Q[x, r])

rn−1
� 2(k−l+1)n

σn−1
k+1

� 2−ln � 2−kn;

the conclusion follows for µ(Q[x, r]) � liml µl(Q[x, r]). �

Claim 14 together with Theorems 4 and 5 yields a vector field v ∈ C0(Rn,Rn)
such that div v = µ in the distribution sense. Moreover, the equality µ(Rn) = 1
ensures that µ is nonzero. This proves property (A) of Theorem 13.

The proof of property (B) uses a recent result by A. Ruiz de Villa and X. Tolsa
[12]. Observe that for k0 sufficiently large

τ :=

∞∑
k=k0

1

(2knσn−1
k )2

=

∞∑
k=k0

(
1

log k

)2(n−1)

= ∞.

According to [12, Theorem 6], we get

κc(E(λ)) := sup{|〈∆u, 1〉| : u ∈ C1(Rn), supp(∆u) ⊆ E, ‖∇u‖∞ � 1} = τ−1/2 = 0.

It follows from [6, Proposition 2.2] that the above equality is equivalent to property
(B). The proof is complete. �
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