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SUM OF MULTIPLE ¢-ZETA VALUES

ZHONG-HUA LI

(Communicated by Ken Ono)

ABSTRACT. The generating function of the sums of multiple g-zeta values with
fixed weights, depths and 1-heights, 2-heights, ..., r-heights is represented in
terms of specializations of basic hypergeometric functions.

1. INTRODUCTION

In this paper, let k = (k1, k2, ..., k) be a sequence of positive integers. For such
ak = (ki,ka,...,k,), as in [4], we define the weight, depth and i-height of k by
wt(k) = k1 + ko + -+ ky, dep(k) = n and i-ht(k) = #{l | k; > i}, respectively. A
sequence k = (k1, ke, ..., k,) is admissible if k; > 1.

Throughout this paper, we assume that ¢ is a real number with 0 < ¢ < 1. For
a positive integer n, its g-analogue is defined by

1_ mn
=y =1+ g+ +-+q" " = T
L—q

For a sequence k = (k1, ko, ..., ky), the multiple g-zeta value ([k] is defined by
the following g-series (see [T}, [§]):

(1.1) (K] = 3 g

mi1>ma>->mg, >0

my (k1 —1)+ma(ka—1)+-+my(k,—1)

[ma]F1 [ma]* - - [m]Fn

If k is admissible, the right hand side of (I.I]) absolutely converges. Taking the
limit ¢ — 17, we obtain the usual multiple zeta value ((k):

lim ¢k} = ((k) = > U U R
a— m1>mo > >my, >0

As in [6], for a sequence k = (kq, ko, ..., ky), the multiple g-polylogarithms (of
one variable) Liy[t] are defined by

tm

(1.2) Lik[t] = Lik, k,.... 1, [t] = Z

>TSS, >0 [ml]/ﬁ [m2]kf2 - [mn]kn .
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The right hand side of (L2) is absolutely convergent for |¢| < 1. Taking the limit
q — 17, we get the multiple polylogarithms (of one variable)

tm
lim Lig[t] = E _—
q—>17 k[ } mklka “ee mk"
mi>ma>->my,>0 101 T2 "

Ohno and Zagier [5] studied the generating function of the sums of multiple
zeta values with fixed weights, depths and 1-heights. They proved that these sums
can be written as polynomials of Riemann zeta values with rational coefficients.
We studied the generating function of the sums of multiple zeta values with fixed
weights, depths and 1-heights, 2-heights,. .., r-heights for any natural number 7 in
[]. We found that this generating function can be represented by specializations
of the generalized hypergeometric function ,1F,. In [I], Bradley partially gave a
g-analogue of the result of Ohno and Zagier [5], and in [6], Okuda and Takeyama
generalized this result to multiple g-zeta values completely.

In this paper, we give a g-analogue of our results of [4], which generalizes the
result of Okuda and Takeyama in [6]. We represent the generating function of the
sums of multiple g-zeta values with fixed weights, depths and 1-heights, 2-heights,

.., r-heights in terms of specializations of basic hypergeometric functions. In
Section 2, we list some preliminary facts related to basic hypergeometric functions.
In Section 3, after treating the case of the sum of multiple g-polylogarithms, we
obtain our main theorem (Theorem [B2) about the sum of multiple ¢g-zeta values.

The author thanks J. Okuda for encouragement and suggestions and the referee
for many useful suggestions.

2. ¢-ANALOGUES

Let us recall the definition of basic hypergeometric functions from the book [2].
The g-shifted factorial (a;q), is defined by

1, n =0,
(a7Q)n:{ (1—0,)(1—@(])"'(1_@(]”71)7 n=12,....

To simplify the notation, we denote the products (a1;q)n(a2;q)n -+ (am;q)n by

(a1,a2,...,am;q)n. For a natural number r, the basic hypergeometric series is
defined by
ai,a a > (a1,a ary1;q)
21 1¢ |: 1,82y ..., 7'+1;q7t:|: 1,825y Upr41, ntn7
( ) o " b17-~'7br nz:;) (qab17”~7br;q)n

where b; # ¢~™ form =0,1,... and j = 1,2,...,r. The right hand side of 2.1 is
absolutely convergent for |¢| < 1, which gives the basic hypergeometric function.

The ¢-Stirling numbers S;(n, k) of the second kind are defined by the following
recurrence ([3 [7]):

" 1S,(n — 1,k — 1) + [k]Sy(n — 1,k), if0<k<mn,
Sq(n, k) =1¢ 1, ifn=k=0,
0, otherwise.
As in [2 Exercise 1.12], let D, be the g-difference operator
f(t) — f(qt)
D t) = ——-—F—.

Let D}'u = Dy(Dy~'u) and Dyu = u.
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Lemma 2.1. For a nonnegative integer n, we have

a1,a2,...,0r1+1
D} v i1y o ;q,at]
(2.2) bi,...,0b,
_ (a17a27"'7ar+1;q)nan +1¢ |:a1qn7a2qn7"'7a7“+1qn_q at
- ks T bl ) M
(b17~-~abr§Q)7L(1_Q)n biq™, ..., b.q"

One can prove the above lemma by using induction on n.
We define another g-difference operator ©, by ©, = tD,. In other words, we

have
©u1)(0 = L=,

Let O7u = 0,4(07 'u) and OJu = u.
By using induction and the recurrence of ¢-Stirling numbers of the second kind,
we get the following fact.

Lemma 2.2. For a nonnegative integer n, we have
(2.3) OF = > Sy(n,m)t™ Dy
m=0
Finally, following [2], Exercise 1.31], we have:

Lemma 2.3. Let r be a positive integer and ay -+ ary1by---b, #0. Let by #q~™

. 142,50, by---by
form=0,1,... and 7 =1,2,...,r. Set v(t) = 4110, [al b g, ot

We have that v(t) satisfies the following q-difference equation:

—¢ (@q + ﬁ) e <@q + 7;;(?@1(])) o(t).

3. MAIN RESULTS

3.1. Main theorems. We abbreviate 1 —q as ¢;. Let r be a fixed positive integer.
For given nonnegative integers k,n, k1, ho, ..., hy, we define I;(k,n, hi, ho, ..., hy)
as a set

{k = (k1,...,kn) | wt(k)=k,dep(k)=n, 1-ht(k)=hq,...,r-ht(k)=h,, k; > j+ 2}

and
Gi(k,n,hiyhay .o hest) = > Lik[t],
kel (k,n,hi,ha,... k)
where j = —1,0,...,7—1. In the above definition, the sum is assigned to be zero if
Ii(k,n,hi,ha, ... hy) is empty and G_1(0,0,...,0;¢) = 1. For j =0,1,...,r — 1,
———
r+2
we also study the sum G,(k,n, hq, ..., h,) of multiple g-zeta values, where
Gj(k7n7h17"'7hr): Z C[k]
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We define the following generating functions:

and

Here x4, ..

(3.1)

(I)j($1,1‘2,...,337~+2;t): Z Gj(k,ﬂ,hl,hg,...,hr;t)

kn,hyha,e.hy >0

k—n—=>"_, h; _
j=1"" 7L—h1 hl—hg hg—hg hv‘—l hr h
ES] Ty I3 Ly R ] D)

\Ijj(’l,tl,’ltg,...,’ll,r_i_Q): E Gj(k:,n,hl,...,hr)
k,n,h1,...;hr >0
k—n—=Y"_, h; _
j=1" n—hi hi—hg hyr—1—hy h,
Uy Uy ug ClUpyy Upho.
.y ZTpao and uq, ..., u,4o are variables with relations
_ ul
= 1+qrur?’
1 & 2 k—j(, r+2—k
_ i 4o
2= o 8 (572) () I @ u — wp)
k=j

+(1+;17%}7j:2,,7'+2

It is easy to show that B is equivalent to

1= 1—21581’
T
- . .
(3.2) uj = w;zﬂ 4 > . (;,2) (@) (@1 i — @pp0)
1=]—
+(17;’1T#}7 j:2,,T+2
Let us denote ®; = ®;(x1, 22, ..., 2r42;t) for short. We represent these gener-

ating functions via basic hypergeometric functions in the following theorem.

Theorem 3.1. For any integer j with —1 < j <r — 1, we have

(o

1 r—1—j .
- AY) Byt
T @ — T1Teg ; v
aqd', ... arq b )
X S Sq,———t| — A 405 1.
T+1¢7' qu’ql‘Fl,“.,qZ‘f’l 7 a1 Ary1q 0 !
| —
r—1

We explain the notation appearing in the above theorem. First, d; ; is the Kro-
necker delta defined by §; ; = 1 for ¢ = j and 0 otherwise. Let aq, v, ..., 041 be
variables determined by

(3.3)

oo+ = T2 — Ty,
ail"'aij:$j+1—$1.’lij, 2§j§7‘+1,

1<i1<...<i;<r+1

q 1
b=—21 = q(1+ a=———
q(L+qu), @i = 7 v

= 1=1,...,7+ 1.
1—qim
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Finally, we set

co Qrg134)i b v
(3.5) B = (@ Gri1id) ( ) Li=0,1,...,m,
(0,q,...,¢:9); \a1...ar41901
1
and
) r—1—j
(3.6) AZ(.J) = Z (Trgo—m — T1&r41-m)Sq(M, 1) + 12,125, (r — 1 — 4,1).

Here —1<j<r—-1,0<i<r—1-jin (30).

Using Theorem [BI] we obtain the main result of this paper, which represents
Uy = Wo(ug,us,...,ur42) by the specializations of the basic hypergeometric func-
tion 7“+1¢7"~

Theorem 3.2. We have

rz_:lA ~ arq?,. .. ar1¢’ b
iBjr419 i 115
ST bt

1+ qruq)?
17 ar+1
r—1

Upr42 — ULUpr41

U, =

In the above, for 0 < i < r — 1, we define

(3 7) EZ (ala"'aar—i-l;Q)i b ’
. i .

(b,q,---,q;q)i e ry1qL
r—1
and
r—1 wi
3.8 A= emS,(myi)+ 2 S (r—1,i
(3.8) n; q(m, i) 0+ qru)? o )
with

r+1
. k—2 qiui k-2 k—r+m—2
em = Z [(rm>+1+q1u1 (rml)]( ql)

(39) k=r—m+1

Uk k—r—2 q1Uk+1
| ———u u + .
(1+Q1U1 ! e 1+Q1U1>

We remark that by taking the limit ¢ — 1 in Theorem 3.2, we indeed come back
to the main result of [4]. Moreover one can get a similar formula for any ¥ ;.
To end this subsection, we list two computations.

Examples. (1) For r =1, we have

U ay,a b
‘Po(ul,uz,us)zig{wh[ by }—1},

b )
U3 — UL UL b aias

where
b=q[l+(1-q)ui]
and

a1+ ag = 2""(1—‘1)(“1-&112()1-‘1;((11);‘;)2@1uz—us)’
1+(1—q)us

102 = T (1=q)uy
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By using Heine’s g-analogue of Gauss’ summation formula, we obtain a g-analogue
of Ohno-Zagier’s relation deduced by Okuda and Takeyama in [6].
(2) For r = 2, we have

1- - b
Wo(uy, g, ug, us) = qlus + (1 — g)(u1us — uq)] e {alq,agq;agq; 7
L —qu, bg, q a1a2a3
b
+ a6 ahbazﬂza; , ]_1
, q ajaoas3

where

b=q[l+ (1 -q)uil,
and

3+(1—q) (u14+2u2)+(1—q)* (u1us —us)

a) +az +as =

1+(1-q)uz . 5
3+(1—q)(2 1— — 1—q) —
aijagz + azaz + aza; = +(1=) (21 tuz)+( 1q_.)_(§111¢?)22u3)+( 2} ulug)’
— H(0-qu
a102a3 = T+(1—q)uz "

3.2. Sum of multiple ¢g-polylogarithms. We prove Theorem B.lin this subsec-
tion. The multiple g-polylogarithms satisfy the following relations:

lle 1.k k [t] ifky > 2
3.10 Dy Ligy,..p, [t] = pn bRl ’
310) ol = { g 2

Since the formula (B0 is the same as that of the differential operator % operating
on the multiple polylogarithms (of one variable) and recalling that ©, = ¢tD,, we
can get the following proposition after the same argument as in [4].

Proposition 3.3. Let yo = @,y and y; = ®_1_; — P,_;,5 = 1,2,...,r. We
have

(1):

X i . 1T . . .
(3.11) y; = 2l Qiyy - AR @iy g =1,
Lr4-2 Lr4-2

(2): yo satisfies the following q-difference equation:

r—1
@2(6(17931)775 @2+1+(l’2 — 1'1)62 —+ Z(x?”-i-?—j — x1$r+1_j)eg Yo :txr+2.
7=0

To prove Theorem [3.I] we prepare the following lemma.
Lemma 3.4. Let m be a positive integer, and p;(t) = c;0 + ¢t € C[t] be a degree
m .
at most 1 polynomial for i = 0,1,...,m. Assume that Y [n]"c¢m—io # 0 for any

=0

positive integer n. Then the initial problem

{ {po(H)OI + pL()OI 1 + - + pr_1()Og + P (t) } y = 0,
y(0) =0

has a unique holomorphic solution y(t) =0 for |t| < 1.
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Proof. Tt is sufficient to prove the uniqueness. Assume that y(t) is a solution. Then

[ee]
we set y(t) = > a,t™. By the g-difference equation satisfied by y(t), we get
n=1

i (i[ "Con Zo) ant™ + Z <Z n—1] cm_m) @ 1t" = 0.

n=2 \i=0

Hence a,, = 0 for any n > 1. O
Now we come to the proof of Theorem Bl For j = r — 1, since Bg = 1 and

A((f*” = (Tr42 — 12r4+1)5¢(0,0) + 212,415¢(0,0) = x40, it is enough to prove
that
Lr49 A1y...,Qpr41 b
o, =—"2 L e g ——t| - 13,
Tryo — T1Tr41 b,q,...,q ap - ar419
——
r—1

which follows from Lemma 23] Lemma B4 Proposition B3] (2) and ®,_1(0) = 0.
The general case is a consequence of (BII)), 23), (Z2) and the result for j =
r—1. (]

3.3. Sum of multiple g-zeta values. We prove the main theorem (Theorem [3.2])
in this subsection. For an admissible sequence k = (kq, ko, ..., ky), it is known that
the specialization of multiple polylogarithms at 1 is just ¢(k). So in [4], we only
need to set t = 1 in @y to obtain the generating function of sums of multiple zeta
values, while the situation here is more complicated. From [6], we have

=3 335 (0 73) T ()

a1=2az=1 an=1 =

S (ky—ay)
(3.12) (1 —q)i= Clat, ..., an].
Thus we need all the ®;’s and some matrix computations.
In this subsection, for any j with 0 < j < r—1, we abbreviate ®;(z1, ..., Zy42;q)
as ®;(q) and U;(u1,...,ur42) as U;. We set
r+1—1
(3.13) x, =8 W e,
Lr42
(3.14)
L [i—2 T T — T
Y, = < )qx gt +(A—qa) L 1=2,...7
; —9 (1) p— ( 1)
and
J . r+1—i
1—2 T Tit1l .
3.15 Zi; = T 9 <i<j<r
315 2= ()15 ) ey I ig <y

i=l

Then using (3I2]), we obtain the following lemma.
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Lemma 3.5. Let A and D be two r X r matrices defined by

Ys Y3 Yy Y, 1
Yo — Zoo Ys Y, Y, 1
Yy — Za3 Y3 — Z33 Yy Y, 1
A= ) ) ' '
Yo —Zoy1 Ys—Z3p1 Ya—Zypq - Y, 1
Ys — Zs, Y; — Z3, Y, — Z4, e Y. - Z, 1
and
D =diag(X; 5 X5, XN — quan).
We have
Uy — U
Po(q) ‘I’(l) _ \Il;
®41(q)
. =AD :
‘ \Ij'r‘fQ - \Ij'r‘fl
(I)rfl(q) v,

Proof. Using [B12)) and changing the order of the sums, we get
®;(q) =

> > > (S

. o \a1—2 a
k,n,hi,...;h->0 (ay,...,an)€Ilo(k,n,h1,...;hy) El>ai,4=1,...,n,k] >j+2 =2
n / ’ r / ’ ’ / / / ’
1= (kj—ar) K'=n=371_, hi_n—hy hi—hy b1 =hy Ry
s Zy Ty T3 s int e Car, . an),
where k', hf, ..., h, are nonnegative integers such that (ki,...,k;,) € I;(k’,n, hf,
..., hl). Since
K'—n—3"_1 h n—hl h,—h! h!_,—h! R
J=1""j 1 1 2 r—1 k
zy Ty T3 o Zeir Tpho
n 5 — O 5
_ <w+> [Tt (2022) " (2 m) ()
=== N 178 s 2L ,
Xy me1 Lr4-2 Lr4-2 Ly4-2
we have
®;(q) =

. X, n
Z S(J)(al,...,an)xlf (xri?> Clag, ... an],

k,n,h1,....;h- 20 (a1,...,an)EIo(k,n,h1,....h;y)
where for any fixed (a1, ...,a,) € Ip(k,n, hy,..., h,), we set

: Ki—2\ 17 (k-1 e
S(j)(al,. . .,an) = Z ( 1 ) H ( ! ) (qlxl)ZLzl(kz*al)

K >aii=1,....n,k! >j+2 a =2/
i2aii=1,...,n,k1 >j+ =

n § — O, 4 )
H <x’{x2) Kol <ZL’7£ 1Z3> Fin 2 <$1ZT+1> ki
m—1 Tr42 Tr42 Trq2

We compute these terms. Setting

. ) 1 di2 8ir
r i1 T iy
S(j) _ =2 ( )ifal 122 Ty T3 L T1Tr41
v ap —2 G T T T
i>ar,i>42 1 r+2 r+2 r+2
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and
1—1 , 2T\ (2t g\ 1T S
Sm: ( )(qlwl)z—am< 1 2) ( 1 3) ( 1 r+1>
i>am Am -1 Tr42 Tr42 Tr42
for m =2,...,n, we have SU)(ay,...,a,) = Sij)Sg -+ S,. For a; > r+ 1, we have
S(j) _ Z P2 (q1x1)i_a1 =(1- C]ll’l)l_al'
' i>a a1 -2 7

for a; =1 with j +2 <1 <r, we get

T . T 1
) _ =2 1Ty Tig1 "Tig1 =2 il _ .
Sy = E (lQ)(mIly + g (12) (1) ™" =Yg

x
iml r+2 i>r+1

and for a; = [ with 2 <[ < j+1, we have S§j) =Y -7 j41. For Sy, if ap, = [ with
1 <1< r, then we have S, = X; and if a,, > r+ 1, we get Sy, = (1 — qraq) .
Hence if we set X; = X;(1 — qu21)! for [ =1,...,7, then for a; > r + 1, we have

S(J) (ah . an) :(1 _ qlxl)l—alXIL*fnxéM*ha . .X:LT_l—hT

(1—quay)” i@
(1 = quay) (A F2(ha—he)+ (A —h)]

1—qmn

— )A('n*fh)’zhl*fm . )A('hr—lfhr.
(1—quay)k " 2 " ’

for a; =1 with j 4+ 2 <1 < r, we have

X!

S(j)(a17---7an)= m

vn—hi vhi—ho Y hr—1—h,.
Xl X2 - XT ;

and for a; =l with 2 <1< j+1, we get

Y= Zij0)X !
(1—qrz1)k

SW(ay,... an) = X{L—hl)}gl—hz ... )}p,l—hr.

Now the result follows from the fact that Io(k, n, hq,. .., h,) is the disjoint union

r—2
Loa(kynyhay o hy) U || (Ti(kns by he) \ Tiga (ks bas o he))
i=0
and the formulas for SW)(ay, ..., a,). O

We begin the proof of Theorem Theorem [B.1] gives that

r—1—j
<1>j<q>=—{ S ADB,f - }
=0

Tr42 — T1Tp41



514 ZHONG-HUA LI

i i
a1q ,...,ar419q

batg gt e

n Computing the inverse of the

where f; = ;110

r—1
matrices A and D in Lemma [3.5] we get

Ty =
1+auw)? |0 — c
1U1 0 i+l | S
_ A+ x, Xi1(l—qizy) - Y; —— | B f; — A
Up42 — ULUpr41 ;} J +2 Zz:;( +1( n 1) +1) x'i—z ij 0

Here we set
min(¢,r—7) i1 .
Cij+1 = Z <m _ 1) (=q1)" " am 41,
m=1

with

. — Se(r—i,j—1)—a1Sy(r—1—1d,j—1),ifi+j <r+1,

Y0, ifi+j>r+1.
We omit the details of the computations.
Let A; = AY +3; with

r—1

Ci 5
Y1 =Ty Z(Xi+l(1 —qz1) — Yiq1) xﬂfll
i=1 1

Then we only need to prove that Zj = A; for any 0 < j <r — 1. In the rest of the
proof we fix one 7 with 0 < j <r —1.
We have that for any 2 <1 < r,

WU 4 ) R .
X1 - ) - Vi = ) > (a0 Huau — us),
Ur+2 k=l+1

which induces

r  r+1 min(i—1,7—35) .
i —2
m—1

1
R ETTR P I

) ()" " (urug = wgg1)am i1
i=2 k=i+1
Changing the order of the sums, we get

r—j r+1

1
El:l—l—qlulz Z

k-2 o
( > (*Ql)k 1(Uluk - Uk+1)am,j+1~
m=1 k=mq2 N
In the above formula, a, j+1 = Sq(r —m,j) — x1S¢(r —m — 1, ), which implies
that
r—1 r+1
k—2 qiLu1 ( k-2 )]
) = TR (L
! mz_:j{k_;rlﬂ[(r—m) 14+qu \r—m-—1
(7q1)k7r+m71

ULUE — U Sq(m, j
1+ (uyup k+1)} o(m, 7)

r+1

+ #1)2 Z(*‘h)kil(uluk - Uk+1)1 Sq(r = 1,7).
k=2

(1+¢q
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By the definition of Ago)’ and after some computations, we obtain
r—1 r+1
k—2 qi1uy k—2
A(-O) _ oq1ivr
J Z Z r—m Jr1—|-q1ul r—m-—1
m=j3 \(k=r—m+1

(=) TR T (TR Py — wg) p Sg(m, )

U1 k2 (—q1)"urury2 ‘
+ | —q up + ——————| Sy(r—1,7).
1+ qrug ZQ( ) (14 qruq)? ol )
Finally, we get
r—1
0 -
Ay =AY £ 31 =3 EnSy(m,j) +eSy(r — 1,),
m=j
where
r+1
_ k—2 U k—2
wm 2 (G ()
hmr gl LNT T +qrur \r—m —
(_ql)k7r+mf2ullcfr72(u71"fk+2uk _ Ur+2)
r41 _ _
k—2 Qur k—2 (_ql)k r+m—1
+k7§n+l {(r—m) + I+qur \r—m-—1 1+ qrug (urtk = tg41)

and

Uy il( 2 (—q1)" urtry2 (1 gf( Je=1( )
C=——"" —q U f —q UrUE — Uk .

L+ qu = ' I+qu)?  (1+qu)? = ' ' o

It is trivial to find that ¢ = %, so what we need to show is ¢, = c¢m.
However this is clear. We have finished the proof of Theorem O
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