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SUM OF MULTIPLE q-ZETA VALUES

ZHONG-HUA LI

(Communicated by Ken Ono)

Abstract. The generating function of the sums of multiple q-zeta values with
fixed weights, depths and 1-heights, 2-heights, . . . , r-heights is represented in
terms of specializations of basic hypergeometric functions.

1. Introduction

In this paper, let k = (k1, k2, . . . , kn) be a sequence of positive integers. For such
a k = (k1, k2, . . . , kn), as in [4], we define the weight, depth and i-height of k by
wt(k) = k1 + k2 + · · ·+ kn, dep(k) = n and i-ht(k) = #{l | kl > i}, respectively. A
sequence k = (k1, k2, . . . , kn) is admissible if k1 > 1.

Throughout this paper, we assume that q is a real number with 0 < q < 1. For
a positive integer n, its q-analogue is defined by

[n] = [n]q = 1 + q + q2 + · · ·+ qn−1 =
1− qn

1− q
.

For a sequence k = (k1, k2, . . . , kn), the multiple q-zeta value ζ[k] is defined by
the following q-series (see [1, 8]):

ζ[k] =
∑

m1>m2>···>mn>0

qm1(k1−1)+m2(k2−1)+···+mn(kn−1)

[m1]k1 [m2]k2 · · · [mn]kn
.(1.1)

If k is admissible, the right hand side of (1.1) absolutely converges. Taking the
limit q → 1−, we obtain the usual multiple zeta value ζ(k):

lim
q→1−

ζ[k] = ζ(k) =
∑

m1>m2>···>mn>0

1

mk1
1 mk2

2 · · ·mkn
n

.

As in [6], for a sequence k = (k1, k2, . . . , kn), the multiple q-polylogarithms (of
one variable) Lik[t] are defined by

Lik[t] = Lik1,k2,...,kn
[t] =

∑
m1>m2>···>mn>0

tm1

[m1]k1 [m2]k2 · · · [mn]kn
.(1.2)
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The right hand side of (1.2) is absolutely convergent for |t| < 1. Taking the limit
q → 1−, we get the multiple polylogarithms (of one variable)

lim
q→1−

Lik[t] =
∑

m1>m2>···>mn>0

tm1

mk1
1 mk2

2 · · ·mkn
n

.

Ohno and Zagier [5] studied the generating function of the sums of multiple
zeta values with fixed weights, depths and 1-heights. They proved that these sums
can be written as polynomials of Riemann zeta values with rational coefficients.
We studied the generating function of the sums of multiple zeta values with fixed
weights, depths and 1-heights, 2-heights,. . . , r-heights for any natural number r in
[4]. We found that this generating function can be represented by specializations
of the generalized hypergeometric function r+1Fr. In [1], Bradley partially gave a
q-analogue of the result of Ohno and Zagier [5], and in [6], Okuda and Takeyama
generalized this result to multiple q-zeta values completely.

In this paper, we give a q-analogue of our results of [4], which generalizes the
result of Okuda and Takeyama in [6]. We represent the generating function of the
sums of multiple q-zeta values with fixed weights, depths and 1-heights, 2-heights,
. . . , r-heights in terms of specializations of basic hypergeometric functions. In
Section 2, we list some preliminary facts related to basic hypergeometric functions.
In Section 3, after treating the case of the sum of multiple q-polylogarithms, we
obtain our main theorem (Theorem 3.2) about the sum of multiple q-zeta values.

The author thanks J. Okuda for encouragement and suggestions and the referee
for many useful suggestions.

2. q-analogues

Let us recall the definition of basic hypergeometric functions from the book [2].
The q-shifted factorial (a; q)n is defined by

(a; q)n =

{
1, n = 0,
(1− a)(1− aq) · · · (1− aqn−1), n = 1, 2, . . . .

To simplify the notation, we denote the products (a1; q)n(a2; q)n · · · (am; q)n by
(a1, a2, . . . , am; q)n. For a natural number r, the basic hypergeometric series is
defined by

r+1φr

[
a1, a2, . . . , ar+1

b1, . . . , br
; q, t

]
=

∞∑
n=0

(a1, a2, . . . , ar+1; q)n
(q, b1, . . . , br; q)n

tn,(2.1)

where bj �= q−m for m = 0, 1, . . . and j = 1, 2, . . . , r. The right hand side of (2.1) is
absolutely convergent for |t| < 1, which gives the basic hypergeometric function.

The q-Stirling numbers Sq(n, k) of the second kind are defined by the following
recurrence ([3, 7]):

Sq(n, k) =

⎧⎨⎩
qk−1Sq(n− 1, k − 1) + [k]Sq(n− 1, k), if 0 < k ≤ n,
1, if n = k = 0,
0, otherwise.

As in [2, Exercise 1.12], let Dq be the q-difference operator

(Dqf)(t) =
f(t)− f(qt)

(1− q)t
.

Let Dn
q u = Dq(Dn−1

q u) and D0
qu = u.
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Lemma 2.1. For a nonnegative integer n, we have

Dn
q r+1φr

[
a1, a2, . . . , ar+1

b1, . . . , br
; q, at

]
=

(a1, a2, . . . , ar+1; q)na
n

(b1, . . . , br; q)n(1− q)n
r+1φr

[
a1q

n, a2q
n, . . . , ar+1q

n

b1qn, . . . , brqn
; q, at

]
.

(2.2)

One can prove the above lemma by using induction on n.
We define another q-difference operator Θq by Θq = tDq. In other words, we

have

(Θqf)(t) =
f(t)− f(qt)

1− q
.

Let Θn
q u = Θq(Θ

n−1
q u) and Θ0

qu = u.
By using induction and the recurrence of q-Stirling numbers of the second kind,

we get the following fact.

Lemma 2.2. For a nonnegative integer n, we have

Θn
q =

n∑
m=0

Sq(n,m)tmDm
q .(2.3)

Finally, following [2, Exercise 1.31], we have:

Lemma 2.3. Let r be a positive integer and a1 · · · ar+1b1 · · · br �= 0. Let bj �= q−m

for m = 0, 1, . . . and j = 1, 2, . . . , r. Set v(t) = r+1φr

[
a1,a2,...,ar+1

b1,...,br
; q, b1···br

a1···ar+1qr
t
]
.

We have that v(t) satisfies the following q-difference equation:

Θq

(
Θq +

q − b1
b1(1− q)

)
· · ·
(
Θq +

q − br
br(1− q)

)
v(t)

= t

(
Θq +

1− a1
a1(1− q)

)
· · ·
(
Θq +

1− ar+1

ar+1(1− q)

)
v(t).

3. Main results

3.1. Main theorems. We abbreviate 1− q as q1. Let r be a fixed positive integer.
For given nonnegative integers k, n, h1, h2, . . . , hr, we define Ij(k, n, h1, h2, . . . , hr)
as a set

{k = (k1, . . . , kn) | wt(k)=k, dep(k)=n, 1-ht(k)=h1, . . . , r-ht(k)=hr, k1 ≥ j + 2}

and

Gj(k, n, h1, h2, . . . , hr; t) =
∑

k∈Ij(k,n,h1,h2,...,hr)

Lik[t],

where j = −1, 0, . . . , r−1. In the above definition, the sum is assigned to be zero if
Ij(k, n, h1, h2, . . . , hr) is empty and G−1(0, 0, . . . , 0︸ ︷︷ ︸

r+2

; t) = 1. For j = 0, 1, . . . , r − 1,

we also study the sum Gj(k, n, h1, . . . , hr) of multiple q-zeta values, where

Gj(k, n, h1, . . . , hr) =
∑

k∈Ij(k,n,h1,...,hr)

ζ[k].
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We define the following generating functions:

Φj(x1, x2, . . . , xr+2; t) =
∑

k,n,h1,h2,...,hr≥0

Gj(k, n, h1, h2, . . . , hr; t)

·xk−n−
∑r

j=1 hj

1 xn−h1
2 xh1−h2

3 xh2−h3
4 · · ·xhr−1−hr

r+1 xhr
r+2

and

Ψj(u1, u2, . . . , ur+2) =
∑

k,n,h1,...,hr≥0

Gj(k, n, h1, . . . , hr)

·uk−n−
∑r

j=1 hj

1 un−h1
2 uh1−h2

3 · · ·uhr−1−hr

r+1 uhr
r+2.

Here x1, . . . , xr+2 and u1, . . . , ur+2 are variables with relations⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x1 = u1

1+q1u1
,

xj =
1

ur+2−j
1

{
r+1∑
k=j

(
k−2
j−2

)
(−q1u1)

k−j(ur+2−k
1 uk − ur+2)

+ ur+2

(1+q1u1)j−1

}
, j = 2, . . . , r + 2.

(3.1)

It is easy to show that (3.1) is equivalent to⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
u1 = x1

1−q1x1
,

uj =
1

xr+2−j
1

{
r∑

i=j−1

(
i−1
j−2

)
(q1x1)

i−j+1
(
xr+1−i
1 xi+1 − xr+2

)
+ xr+2

(1−q1x1)j−1

}
, j = 2, . . . , r + 2.

(3.2)

Let us denote Φj = Φj(x1, x2, . . . , xr+2; t) for short. We represent these gener-
ating functions via basic hypergeometric functions in the following theorem.

Theorem 3.1. For any integer j with −1 ≤ j ≤ r − 1, we have

Φj =
1

xr+2 − x1xr+1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
r−1−j∑
i=0

A
(j)
i Bit

i

× r+1φr

⎡⎢⎢⎢⎣ a1q
i, . . . , ar+1q

i

bqi, qi+1, . . . , qi+1︸ ︷︷ ︸
r−1

; q,
b

a1 · · · ar+1q
t

⎤⎥⎥⎥⎦−A
(j)
0

⎫⎪⎪⎪⎬⎪⎪⎪⎭+ δj,−1.

We explain the notation appearing in the above theorem. First, δi,j is the Kro-
necker delta defined by δi,j = 1 for i = j and 0 otherwise. Let α1, α2, . . . , αr+1 be
variables determined by{

α1 + α2 + · · ·+ αr+1 = x2 − x1,∑
1≤i1<...<ij≤r+1

αi1 · · ·αij = xj+1 − x1xj , 2 ≤ j ≤ r + 1,(3.3)

and let

b =
q

1− q1x1
= q(1 + q1u1), ai =

1

1 + q1αi
, i = 1, . . . , r + 1.(3.4)
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Finally, we set

Bi =
(a1, . . . , ar+1; q)i
(b, q, . . . , q︸ ︷︷ ︸

r−1

; q)i

(
b

a1 . . . ar+1qq1

)i

, i = 0, 1, . . . , r,(3.5)

and

A
(j)
i =

r−1−j∑
m=i

(xr+2−m − x1xr+1−m)Sq(m, i) + x1xj+2Sq(r − 1− j, i).(3.6)

Here −1 ≤ j ≤ r − 1, 0 ≤ i ≤ r − 1− j in (3.6).
Using Theorem 3.1, we obtain the main result of this paper, which represents

Ψ0 = Ψ0(u1, u2, . . . , ur+2) by the specializations of the basic hypergeometric func-
tion r+1φr.

Theorem 3.2. We have

Ψ0 =
[1 + q1u1]

2

ur+2 − u1ur+1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
r−1∑
j=0

AjB̃j r+1φr

⎡⎢⎢⎢⎣ a1q
j , . . . , ar+1q

j

bqj , qj+1, . . . , qj+1︸ ︷︷ ︸
r−1

; q,
b

a1 · · · ar+1

⎤⎥⎥⎥⎦−A0

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

In the above, for 0 ≤ i ≤ r − 1, we define

B̃i =
(a1, . . . , ar+1; q)i
(b, q, . . . , q︸ ︷︷ ︸

r−1

; q)i

(
b

a1 . . . ar+1q1

)i

(3.7)

and

Ai =
r−1∑
m=i

cmSq(m, i) +
u1u2

(1 + q1u1)2
Sq(r − 1, i)(3.8)

with

cm =

r+1∑
k=r−m+1

[(
k − 2

r −m

)
+

q1u1

1 + q1u1

(
k − 2

r −m− 1

)]
(−q1)

k−r+m−2

·
(

uk

1 + q1u1
− uk−r−2

1 ur+2 +
q1uk+1

1 + q1u1

)
.

(3.9)

We remark that by taking the limit q → 1 in Theorem 3.2, we indeed come back
to the main result of [4]. Moreover one can get a similar formula for any Ψj .

To end this subsection, we list two computations.

Examples. (1) For r = 1, we have

Ψ0(u1, u2, u3) =
u3

u3 − u1u2

{
2φ1

[
a1, a2
b

; q,
b

a1a2

]
− 1

}
,

where

b = q[1 + (1− q)u1]

and {
a1 + a2 = 2+(1−q)(u1+u2)+(1−q)2(u1u2−u3)

1+(1−q)u2
,

a1a2 = 1+(1−q)u1

1+(1−q)u2
.
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By using Heine’s q-analogue of Gauss’ summation formula, we obtain a q-analogue
of Ohno-Zagier’s relation deduced by Okuda and Takeyama in [6].

(2) For r = 2, we have

Ψ0(u1, u2, u3, u4) =
q[u3 + (1− q)(u1u3 − u4)]

1− qu1
3φ2

[
a1q, a2q, a3q

bq, q2
; q,

b

a1a2a3

]
+ 3φ2

[
a1, a2, a3

b, q
; q,

b

a1a2a3

]
− 1,

where

b = q[1 + (1− q)u1],

and⎧⎪⎪⎨⎪⎪⎩
a1 + a2 + a3 = 3+(1−q)(u1+2u2)+(1−q)2(u1u2−u3)

1+(1−q)u2
,

a1a2 + a2a3 + a3a1 = 3+(1−q)(2u1+u2)+(1−q)2(u1u2−u3)+(1−q)3(u4−u1u3)
1+(1−q)u2

,

a1a2a3 = 1+(1−q)u1

1+(1−q)u2
.

3.2. Sum of multiple q-polylogarithms. We prove Theorem 3.1 in this subsec-
tion. The multiple q-polylogarithms satisfy the following relations:

Dq Lik1,...,kn
[t] =

{
1
t Lik1−1,k2,...,kn

[t], if k1 ≥ 2,
1

1−t Lik2,...,kn
[t], if k1 = 1.

(3.10)

Since the formula (3.10) is the same as that of the differential operator d
dt operating

on the multiple polylogarithms (of one variable) and recalling that Θq = tDq, we
can get the following proposition after the same argument as in [4].

Proposition 3.3. Let y0 = Φr−1 and yj = Φr−1−j − Φr−j , j = 1, 2, . . . , r. We
have

(1):

yj =
xr+2−j

xr+2
Θj

qy0 −
x1xr+2−j

xr+2
Θj−1

q y0 + δj,r, j = 1, . . . , r;(3.11)

(2): y0 satisfies the following q-difference equation:⎧⎨⎩Θr
q(Θq−x1)−t

⎡⎣Θr+1
q +(x2 − x1)Θ

r
q +

r−1∑
j=0

(xr+2−j − x1xr+1−j)Θ
j
q

⎤⎦⎫⎬⎭ y0=txr+2.

To prove Theorem 3.1, we prepare the following lemma.

Lemma 3.4. Let m be a positive integer, and pi(t) = ci0 + ci1t ∈ C[t] be a degree

at most 1 polynomial for i = 0, 1, . . . ,m. Assume that
m∑
i=0

[n]icm−i,0 �= 0 for any

positive integer n. Then the initial problem{ {
p0(t)Θ

m
q + p1(t)Θ

m−1
q + · · ·+ pm−1(t)Θq + pm(t)

}
y = 0,

y(0) = 0

has a unique holomorphic solution y(t) = 0 for |t| < 1.
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Proof. It is sufficient to prove the uniqueness. Assume that y(t) is a solution. Then

we set y(t) =
∞∑

n=1
ant

n. By the q-difference equation satisfied by y(t), we get

∞∑
n=1

(
m∑
i=0

[n]icm−i,0

)
ant

n +
∞∑

n=2

(
m∑
i=0

[n− 1]icm−i,1

)
an−1t

n = 0.

Hence an = 0 for any n ≥ 1. �
Now we come to the proof of Theorem 3.1. For j = r − 1, since B0 = 1 and

A
(r−1)
0 = (xr+2 − x1xr+1)Sq(0, 0) + x1xr+1Sq(0, 0) = xr+2, it is enough to prove

that

Φr−1 =
xr+2

xr+2 − x1xr+1

⎧⎪⎪⎪⎨⎪⎪⎪⎩ r+1φr

⎡⎢⎢⎢⎣a1, . . . , ar+1

b, q, . . . , q︸ ︷︷ ︸
r−1

; q,
b

a1 · · · ar+1q
t

⎤⎥⎥⎥⎦− 1

⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,

which follows from Lemma 2.3, Lemma 3.4, Proposition 3.3 (2) and Φr−1(0) = 0.
The general case is a consequence of (3.11), (2.3), (2.2) and the result for j =
r − 1. �

3.3. Sum of multiple q-zeta values. We prove the main theorem (Theorem 3.2)
in this subsection. For an admissible sequence k = (k1, k2, . . . , kn), it is known that
the specialization of multiple polylogarithms at 1 is just ζ(k). So in [4], we only
need to set t = 1 in Φ0 to obtain the generating function of sums of multiple zeta
values, while the situation here is more complicated. From [6], we have

Lik[q] =

k1∑
a1=2

k2∑
a2=1

· · ·
kn∑

an=1

(
k1 − 2

a1 − 2

)⎧⎨⎩
n∏

j=2

(
kj − 1

aj − 1

)⎫⎬⎭
·(1− q)

n∑
j=1

(kj−aj)

ζ[a1, . . . , an].(3.12)

Thus we need all the Φj ’s and some matrix computations.
In this subsection, for any j with 0 ≤ j ≤ r−1, we abbreviate Φj(x1, . . . , xr+2; q)

as Φj(q) and Ψj(u1, . . . , ur+2) as Ψj . We set

Xl =
xr+1−l
1 ul+1

xr+2
, l = 1, . . . , r + 1,(3.13)

Yl =
r∑

i=l

(
i− 2

l − 2

)
(q1x1)

i−lx
r+1−i
1 xi+1 − xr+2

xr+2
+ (1− q1x1)

1−l, l = 2, . . . , r,

(3.14)

and

Zlj =

j∑
i=l

(
i− 2

l − 2

)
(q1x1)

i−lx
r+1−i
1 xi+1

xr+2
, 2 ≤ l ≤ j ≤ r.(3.15)

Then using (3.12), we obtain the following lemma.
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Lemma 3.5. Let A and D be two r × r matrices defined by

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Y2 Y3 Y4 · · · Yr 1
Y2 − Z22 Y3 Y4 · · · Yr 1
Y2 − Z23 Y3 − Z33 Y4 · · · Yr 1

...
...

...
. . .

...
...

Y2 − Z2,r−1 Y3 − Z3,r−1 Y4 − Z4,r−1 · · · Yr 1
Y2 − Z2r Y3 − Z3r Y4 − Z4r · · · Yr − Zrr 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
and

D = diag(X−1
2 , X−1

3 , . . . , X−1
r , 1− q1x1).

We have ⎛⎜⎜⎜⎝
Φ0(q)
Φ1(q)

...
Φr−1(q)

⎞⎟⎟⎟⎠ = AD

⎛⎜⎜⎜⎜⎜⎝
Ψ0 −Ψ1

Ψ1 −Ψ2

...
Ψr−2 −Ψr−1

Ψr−1

⎞⎟⎟⎟⎟⎟⎠ .

Proof. Using (3.12) and changing the order of the sums, we get

Φj(q) =∑
k,n,h1,...,hr≥0

∑
(a1,...,an)∈I0(k,n,h1,...,hr)

∑
k′
i≥ai,i=1,...,n,k′

1≥j+2

(
k′1 − 2

a1 − 2

) n∏
l=2

(
k′l − 1

al − 1

)
· q
∑n

l=1(k
′
l−al)

1 x
k′−n−

∑r
l=1 h′

l

1 x
n−h′

1
2 x

h′
1−h′

2
3 · · ·xh′

r−1−h′
r

r+1 x
h′
r

r+2ζ[a1, . . . , an],

where k′, h′
1, . . . , h

′
r are nonnegative integers such that (k′1, . . . , k

′
n) ∈ Ij(k

′, n, h′
1,

. . . , h′
r). Since

x
k′−n−

∑r
j=1 h′

j

1 x
n−h′

1
2 x

h′
1−h′

2
3 · · ·xh′

r−1−h′
r

r+1 x
h′
r

r+2

=

(
xr+2

xr+1
1

)n n∏
m=1

x
k′
m

1

(
xr
1x2

xr+2

)δk′
m,1
(
xr−1
1 x3

xr+2

)δk′
m,2

· · ·
(
x1xr+1

xr+2

)δk′
m,r

,

we have

Φj(q) =∑
k,n,h1,...,hr≥0

∑
(a1,...,an)∈I0(k,n,h1,...,hr)

S(j)(a1, . . . , an)x
k
1

(
xr+2

xr+1
1

)n

ζ[a1, . . . , an],

where for any fixed (a1, . . . , an) ∈ I0(k, n, h1, . . . , hr), we set

S(j)(a1, . . . , an) =
∑

k′
i≥ai,i=1,...,n,k′

1≥j+2

(
k′1 − 2

a1 − 2

) n∏
l=2

(
k′l − 1

al − 1

)
(q1x1)

∑n
l=1(k

′
l−al)

·
n∏

m=1

(
xr
1x2

xr+2

)δk′
m,1
(
xr−1
1 x3

xr+2

)δk′
m,2

· · ·
(
x1xr+1

xr+2

)δk′
m,r

.

We compute these terms. Setting

S
(j)
1 =

∑
i≥a1,i≥j+2

(
i− 2

a1 − 2

)
(q1x1)

i−a1

(
xr
1x2

xr+2

)δi,1 (xr−1
1 x3

xr+2

)δi,2

· · ·
(
x1xr+1

xr+2

)δi,r
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and

Sm =
∑
i≥am

(
i− 1

am − 1

)
(q1x1)

i−am

(
xr
1x2

xr+2

)δi,1 (xr−1
1 x3

xr+2

)δi,2

· · ·
(
x1xr+1

xr+2

)δi,r

for m = 2, . . . , n, we have S(j)(a1, . . . , an) = S
(j)
1 S2 · · ·Sn. For a1 ≥ r + 1, we have

S
(j)
1 =

∑
i≥a1

(
i− 2

a1 − 2

)
(q1x1)

i−a1 = (1− q1x1)
1−a1 ;

for a1 = l with j + 2 ≤ l ≤ r, we get

S
(j)
1 =

r∑
i=l

(
i− 2

l − 2

)
(q1x1)

i−lx
r+1−i
1 xi+1

xr+2
+
∑

i≥r+1

(
i− 2

l − 2

)
(q1x1)

i−l = Yl;

and for a1 = l with 2 ≤ l ≤ j+1, we have S
(j)
1 = Yl−Zl,j+1. For Sm, if am = l with

1 ≤ l ≤ r, then we have Sm = Xl; and if am ≥ r + 1, we get Sm = (1− q1x1)
−am .

Hence if we set X̃l = Xl(1− q1x1)
l for l = 1, . . . , r, then for a1 ≥ r + 1, we have

S(j)(a1, . . . , an) =(1− q1x1)
1−a1Xn−h1

1 Xh1−h2
2 · · ·Xhr−1−hr

r

· (1− q1x1)
−
∑n

l=2 al

(1− q1x1)−[(n−h1)+2(h1−h2)+···+r(hr−1−hr)]

=
1− q1x1

(1− q1x1)k
X̃n−h1

1 X̃h1−h2
2 · · · X̃hr−1−hr

r ;

for a1 = l with j + 2 ≤ l ≤ r, we have

S(j)(a1, . . . , an) =
YlX

−1
l

(1− q1x1)k
X̃n−h1

1 X̃h1−h2
2 · · · X̃hr−1−hr

r ;

and for a1 = l with 2 ≤ l ≤ j + 1, we get

S(j)(a1, . . . , an) =
(Yl − Zl,j+1)X

−1
l

(1− q1x1)k
X̃n−h1

1 X̃h1−h2
2 · · · X̃hr−1−hr

r .

Now the result follows from the fact that I0(k, n, h1, . . . , hr) is the disjoint union

Ir−1(k, n, h1, . . . , hr) �
r−2⊔
i=0

(Ii(k, n, h1, . . . , hr) \ Ii+1(k, n, h1, . . . , hr)) ,

and the formulas for S(j)(a1, . . . , an). �
We begin the proof of Theorem 3.2. Theorem 3.1 gives that

Φj(q) =
1

xr+2 − x1xr+1

{
r−1−j∑
i=0

A
(j)
i B̃ifi −A

(j)
0

}
,
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where fi = r+1φr

⎡⎢⎣ a1q
i,...,ar+1q

i

bqi,qi+1, . . . , qi+1︸ ︷︷ ︸
r−1

; q, b
a1...ar+1

⎤⎥⎦. Computing the inverse of the

matrices A and D in Lemma 3.5, we get

Ψ0 =

(1 + q1u1)
2

ur+2 − u1ur+1

⎧⎨⎩
r−1∑
j=0

[
A

(0)
j + xr+2

r−1∑
i=1

(Xi+1(1− q1x1)− Yi+1)
ci,j+1

xr−i
1

]
B̃jfj −A0

⎫⎬⎭.

Here we set

ci,j+1 =

min(i,r−j)∑
m=1

(
i− 1

m− 1

)
(−q1)

i−mam,j+1,

with

aij =

{
Sq(r − i, j − 1)− x1Sq(r − 1− i, j − 1), if i+ j ≤ r + 1,
0, if i+ j > r + 1.

We omit the details of the computations.

Let Ãj = A
(0)
j +Σ1 with

Σ1 = xr+2

r−1∑
i=1

(Xi+1(1− q1x1)− Yi+1)
ci,j+1

xr−i
1

.

Then we only need to prove that Ãj = Aj for any 0 ≤ j ≤ r − 1. In the rest of the
proof we fix one j with 0 ≤ j ≤ r − 1.

We have that for any 2 ≤ l ≤ r,

Xl(1− q1x1)− Yl =
ur+1−l
1 (1 + q1u1)

l−1

ur+2

r+1∑
k=l+1

(−q1)
k−l(u1uk − uk+1),

which induces

Σ1 =
1

1 + q1u1

r∑
i=2

r+1∑
k=i+1

min(i−1,r−j)∑
m=1

(
i− 2

m− 1

)
(−q1)

k−m−1(u1uk − uk+1)am,j+1.

Changing the order of the sums, we get

Σ1 =
1

1 + q1u1

r−j∑
m=1

r+1∑
k=m+2

(
k − 2

m

)
(−q1)

k−m−1(u1uk − uk+1)am,j+1.

In the above formula, am,j+1 = Sq(r − m, j) − x1Sq(r − m − 1, j), which implies
that

Σ1 =

r−1∑
m=j

{
r+1∑

k=r−m+1

[(
k − 2

r −m

)
+

q1u1

1 + q1u1

(
k − 2

r −m− 1

)]

× (−q1)
k−r+m−1

1 + q1u1
(u1uk − uk+1)

}
Sq(m, j)

+

[
u1

(1 + q1u1)2

r+1∑
k=2

(−q1)
k−1(u1uk − uk+1)

]
Sq(r − 1, j).
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By the definition of A
(0)
j , and after some computations, we obtain

A
(0)
j =

r−1∑
m=j

{
r+1∑

k=r−m+1

[(
k − 2

r −m

)
+

q1u1

1 + q1u1

(
k − 2

r −m− 1

)]

· (−q1)
k−r+m−2uk−r−2

1 (ur−k+2
1 uk − ur+2)

}
Sq(m, j)

+

[
u1

1 + q1u1

r+1∑
k=2

(−q1)
k−2uk +

(−q1)
ru1ur+2

(1 + q1u1)2

]
Sq(r − 1, j).

Finally, we get

Ãj = A
(0)
j +Σ1 =

r−1∑
m=j

c̃mSq(m, j) + cSq(r − 1, j),

where

c̃m =

r+1∑
k=r−m+1

[(
k − 2

r −m

)
+

q1u1

1 + q1u1

(
k − 2

r −m− 1

)]
· (−q1)

k−r+m−2uk−r−2
1 (ur−k+2

1 uk − ur+2)

+

r+1∑
k=r−m+1

[(
k − 2

r −m

)
+

q1u1

1 + q1u1

(
k − 2

r −m− 1

)]
(−q1)

k−r+m−1

1 + q1u1
(u1uk − uk+1)

and

c=
u1

1 + q1u1

r+1∑
k=2

(−q1)
k−2uk+

(−q1)
ru1ur+2

(1 + q1u1)2
+

u1

(1 + q1u1)2

r+1∑
k=2

(−q1)
k−1(u1uk−uk+1).

It is trivial to find that c = u1u2

(1+q1u1)2
, so what we need to show is c̃m = cm.

However this is clear. We have finished the proof of Theorem 3.2. �
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