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ABSTRACT. This paper is a continuation and a complement of our previous
work on isomorphic classification of some spaces of compact operators. We
improve the main result concerning extensions of the classical isomorphic clas-
sification of the Banach spaces of continuous functions on ordinals. As an
application, fixing an ordinal a and denoting by X¢, ws < € < wa+1, the
Banach space of all X-valued continuous functions defined in the interval of
ordinals [0, £] and equipped with the supremum, we provide complete isomor-
phic classifications of some Banach spaces KC(X¢,Y") of compact operators
from X¢ to Y, n > w.

It is relatively consistent with ZFC (Zermelo-Fraenkel set theory with the
axiom of choice) that these results include the following cases:

1. X* contains no copy of ¢ and has the Mazur property, and Y = ¢o(J)
for every set J.

2. X =co(I) and Y = [4(J) for any infinite sets [ and J and 1 < g < oo.

3. X =1p(I)and Y = l4(J) for any infinite sets ] and J and 1 < ¢ <p< oo.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

We mostly use standard Banach space notation as may be found in [I3]. In
particular, if K is a compact Hausdorff space and X is a Banach space, by C(K, X)
we will denote the Banach space of all X-valued continuous functions defined on
K and equipped with the supremum norm. As in [I], when K is the interval of
ordinals [0, £] endowed with the order topology, this space will also be indicated
by X¢. We write X ~ Y when the Banach spaces X and Y are isomorphic. The
cardinality of a set T will be denoted by |I'| and the cardinality of an ordinal £ by
€. As usual, for a fixed ordinal «, w, stands for the first ordinal of cardinality R,.
We also write w = wy.

The main goal of the present paper is to complete the partial isomorphic classi-
fications of some Banach spaces of compact operators recently obtained in [10] and
[22]. In order to do this, we first prove Theorem 1.1, which is a refinement of [10]
Theorem 1.1]. This result is an extension of the classical isomorphic classification
of the R® spaces accomplished by Bessaga and Pelezytiski [I], in the case where
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w < a < wy; Semadeni [23], in the case where w; < o < w; w; Labbé [17], in
the case where wy w < a < wy; and independently Kislyakov [16] and Gul’ko and
Os’kin [12], in the general case.

Theorem 1.1. Let X be a Banach space having the Mazur Property and containing
no copy of co, I' a set, a an initial ordinal and & < n two infinite ordinals.

(1) If co(T, X)& ~ co(T', X)", then € = 7.

(2) Suppose &€ = 7 = a and assume that & = w, or « is a singular ordinal,
or a is a nondenumerable regular ordinal with o < &. Then co(T', X )¢ ~
co(T, X)) if and only if n < £%.

(3) Suppose that « is a nondenumerable regular ordinal, £,1 € [, @] and let
&.n',v and § be ordinals such that £ = o' +v, n = an’ +94, ;7 < «
and 7,8 < a. Then co(T', X)¢ ~ co(T, X)" if and only if [T| & < Ry and
XIPHe o XTI op Ry < D] & = |T| 7.

(4) Suppose that « is a nondenumerable regular ordinal and o < & < a? < 7.
Then co(T', X)& o co(T, X).

We recall that a Banach space X is said to have the Mazur Property (in short,
MP) if every element of X** which is sequentially weak™ continuous is weak* con-
tinuous and thus is an element of X. Such spaces were investigated in [6] and [I5],
and sometimes they are also called d-complete [I8] or uB-spaces [24].

Remark 1.2. First of all, notice that the sufficiency of the statements (2) and (3)
of Theorem 1.1 follows immediately from the isomorphic classification of the spaces
RE, with ¢ > w, [16, Theorem 1] and [16, Theorem 2]. Because X¢ is isomorphic to

the injective tensor product X@RE and

co(T, X)E ~ co(T, X)GRE ~ co(D)DXERE ~ co(I)HXE,
hence for any X, I and &, 1, we have
(1) RE ~ R = X& ~ X7 = ¢o(T, X)¢ ~ co(T, X).

Further, in some cases the inverse implication of (1) holds. More precisely, The-
orem 1.1 implies that the inverse of implication (1) holds if X has MP, does not
contain a copy of ¢y, &, n are infinite ordinals with & < n and the cardinality of ¢ is
either countable or singular or it is a regular ordinal o with & > 2. The only case
when T" and X really enter is that described in the assertion (3).

To present some applications of the above theorem, we need to recall some results
of the set theory based on the axioms of Zermelo-Fraenkel and the axiom of choice.
Let m, denotes the least real-valued measurable cardinal. It is well known that the
existence of measurable cardinals cannot be proved in ZFC [14, pages 106 and 108].
On the other hand, it is relatively consistent with ZFC that measurable cardinals
do not exist [I1, Theorem 4.14, page 972].

So it is relatively consistent with ZFC that Corollary 1.3 and Remarks 1.6 and
1.7 provide a complete isomorphic classification of the considered spaces.

Corollary 1.3. Let £,m, A and p be ordinals with w < € <n, Rg < X =i < m,, o
an initial ordinal, T a set and X a Banach space such that X* contains no copy of
co and has MP.

(1) IF KX, o)) ~ K(XH, co(T)"), then € =1
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(2) Suppose &€ =) = & and assume that a = w, or « is a singular ordinal, or
a is a nondenumerable regular ordinal with o® < &. Then K(X?, co(T')%) ~
K(XH,co(T)") if and only if n < &~.

(3) Suppose that o is a nondenumerable regular ordinal, £,m € [, 2] and let
&.n',v,8 be ordinals such that £ = af' +~v, n=an' +6, &7 < a and
7,6 < a. Then K(X*,co(I)8) ~ K(XH*, co()7) if and only if |T| € < Ry
or Ry < [T & = |T| 7.

(4) Suppose that « is a nondenumerable regular ordinal and o < & < a® < 7.
Then K(X*, co(I)8) # K(XH, co(T)7).

Proof. Suppose first that Y is any Banach space. Since co(I')¢ has the approxima-
tion property [5l Corollary 5, page 242] and [5, Example 11, page 245], it follows
from [3, Proposition 5.3] and [5, Example 6, page 224] that

K(Y, co(T)%) ~ Y*&co(T)¢ ~ Y*&co(T)RRE ~ co(T, Y*)ORE ~ ¢o(T, Y*)E.

Then, taking Y = X* and using the fact that (X*)*=(C[0, \], X))* ~11 ([0, A], X*),
we see that

KX, ¢o(D)%) ~ co(T, 11 ([0, A], X))
By a standard gliding hump argument we can prove that I([0, A\], X*) contains
no copy of cop; see for instance [2]. Moreover, since X* has MP, [;([0, A], X*) also
has MP because A < m,. [I5, Theorem 3.1]. Then the result follows directly from
Theorem 1.1. O

Remark 1.4. Observe that, as is very easily seen, by [9, Theorem 2.3], if K(R*, R¢)
~ K(R*,R") for some ordinals &, 7, A and p, then A\ = fi. Therefore, Corollary 1.3
furnishes a complete isomorphic classification of the spaces (R, R"7), where & > w
and n > w. The case w < £ = 1 < wy is due to C. Samuel [22], and the case
w < € <w; and n > w was obtained in [I0] under the Continuum Hypothesis.

Remark 1.5. (a) We stress that when I' is a singleton, ¢o(I', X) ~ X, and thus
Theorem 1.1 provides in particular the isomorphic classification of the spaces X¢,
with £ > w, whenever X has MP and contains no copy of c¢g.

(b) If X is in addition isomorphic to its square X2, then the third statement of
Theorem 1.1 is reduced to X¢ ~ X7 if and only if & < Ry or Rg < & =1/,

Remark 1.6. Fix 1 < p,q < oo, a an ordinal, I and J infinite sets satisfying
Ro|I| < m,. As we have already mentioned above, cy(I')¢ has the approximation
property for every ordinal £. So, for every ordinal n > w, we infer that

K(eo(1), (D)) ~ 1 (10, €], L (D) &l (J)" ~ (1 ([0, €] x DSly())".

Moreover, the spaces 11 ([0, ] x I )élq(J )) contain no copy of ¢y [21, Main Theorem].
Now if we suppose that £ = X, then £ |I| < m, and consequently the spaces

11([0, €] x I)®14(J)) have MP ([15, Theorem 3.1] and [15, Corollary 5.2.1]). Thus by
Remark 1.5(b) we get the isomorphic classification of the spaces K(co(I)$,1,(J)")
for £ in the interval [wq,wq+1[ and 7 > w.

Remark 1.7. Fix 1 < p,q < oo with p > ¢, « an ordinal, I and J infinite sets
satisfying X, < m,.. Since 1,(I)¢ has the approximation property for every ordinal
¢ [BL Example 11, page 245], we deduce that, for every n > w,

K1), 1g())") ~ 1([0, €], Ly (D)8l () ~ (1((0, €], Ly (D)l ()",
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where 1/p 4+ 1/p’ = 1. Furthermore, by the classical Pitt’s compactness theorem
[19, Proposition 2.c.3], every linear operator from cq or [, into I, is compact. So
by [4, Proposition 6] the same is true for every linear operator from c,(l,) into

l;. Then by [25, Corollary 14] we conclude that the spaces 11 ([0, €], L (I))®14(J)
contain no copy of cg. -
On the other hand, if we assume that £ = X, then according to [I5, Theorem 3.1]

and [I5] Corollary 5.2.1], we have that the spaces I3 ([0, £], lp/(l))élq(J) have MP.
Thus again by Remark 1.5(b) we obtain the isomorphic classification of the spaces
K(1,(I)%,14(J)") for € in the interval [wa,wa+1[ and n > w.

2. SOME PRELIMINARY RESULTS

In this section, we introduce Definition 2.2, which allows us to strengthen earlier
results of [7]; see Lemmas 2.4 and 2.6 and Propositions 2.7 and 2.8. In contrast to
the analogous results of [7], these new results need no additional hypothesis on the
space X*. As a consequence, we generalize some results of [10]; see Propositions 2.13
and 3.2 and Lemma 3.1, which, in turn, will be useful in the proof of Theorem 1.1.

We begin by recalling a few necessary definitions that have been introduced in
[7. Let v be an ordinal. A 7-sequence in a set A is a function f : [1,7[— A and
will be denoted by (z¢)s<~. If A is a topological space and 3 is an ordinal, we will
say that the y-sequence (z4)g<~ is S-continuous if for every S-sequence of ordinals
(0¢)e<p of [0,~] which converges to 3 when & converges to 3, we have that xg,
converges to g,-

Let X be a Banach space, a an ordinal number and ¢ a cardinal number. By X2
we will denote the space of all z** € X™** having the following property: for every
set B with |B| = ¢, 8 < a and B-family 2 = (xZ(b))§<g, b € B, of p-sequences of
X* such that there exists M € R with || z£(b) || < M for every b € B and § < f3
and such that zf(b)() =0 0, Vo € X, uniformly in b, we have 2**(x{(b)) =80
uniformly in b.

Remark 2.1. Let X, o, B, o, B, 2° = (xz(b))5<ﬁ and M be as above. Suppose that
(23" )n<w 1s an w-sequence in X converging to x** in X**. Since

2% (g (0))| < [l — 2™ || M + |2, (2 (D)),
for every n < w, b € B and £ < f3, it follows that X¢ is a closed subspace of X™**.

Clearly ¢X C X2, where c¢X is the canonical image of X in X**. Observe also
that if X has MP, then X? = cX.

We now come to the central definition of this paper:

Definition 2.2. Let X be a Banach space and a a nondenumerable regular ordinal.

Then we set
(Xl = [ X£.
p<a
Remark 2.3. It is readily verified that if X and Y are isomorphic Banach spaces,

then
Xl, [,

cX cYy

From now on, X < Y means that the Banach space Y contains a copy of the
Banach space X. The next lemma was inspired by [16, Lemma 1.4].
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Lemma 2.4. Let X be a closed subspace of the Banach space Y and o« a nondenu-
merable regular ordinal. Then

Ko, Mo

cX Y’
Proof. Let i be the identity embedding of X into Y. It is easy to see that i**([X],) C
[Y]a. Thus we can consider the quotient operator 7' : % — % We will show
that 7" is an isomorphism onto its image. Notice that it suffices to prove that there
exists no F' € [X], such that d(F,cX) > 1 and d(i**(F),cY) < 1/3. Suppose then
that such an F exists. Fix y € Y satisfying [|i**(F) — cy|| < 1/3. Then we can
check that d(y,i(X)) > 2/3. Next, by the Hahn-Banach theorem, pick y* € Y*
such that |ly*|| = 1, y*(iz) = 0 for every x € X and |y**(y)| > 2/3. Therefore
P (F)(y™) = 0 and 5" ()] = |(cy — " (F))(y*)| < lley — i**(F)]| < 1/3, which is
absurd. O

We also define:

Definition 2.5. Let X be a Banach space, a a nondenumerable regular ordinal
and v an arbitrary ordinal. By m([0,7], X) we will denote the closed subspace of
lso([0,7], X**) consisting of (v + 1)-sequences z}* which are S-continuous for every
f < « and such that x3* € [X], for every 6 < 7.

The proof of the following lemma is straightforward from the definitions.

Lemma 2.6. Let X be a Banach space, a a nondenumerable regular ordinal, ~y
an arbitrary ordinal and g € my([0,7],X). Then for every limit ordinal 5 < ~
there exists the limit §(f) = lime,3 ¢(€). Moreover, writing §(0) = g(8) for every
non-limit-ordinal 0 € [0,7], we have that § is continuous and h = g — g is in
co([0,7]; [X]a)-

The key to refining [10, Theorem 1.1] and obtaining Theorem 1.1 is the following
proposition, which is an improvement of [7, Proposition 2.6]. As we will see just
below, by virtue of the definition of the spaces [X],, part of Proposition 2.7 can
be proved by contradiction. This method of proof does not work when we are
considering only a fixed space X¢ as is the case of [7, Proposition 2.6]. That is why
in [7, Proposition 2.6] an additional hypothesis on the density character of X* was
necessary.

Proposition 2.7. Let X be a Banach space, a a nondenumerable reqular satisfying
[X],, = ¢X and v an arbitrary ordinal. Then [X"], = (H*)"'(ma([0,7], X)), where
H is the usual isometry from 11([0,7], X*) onto (X7)*.

Proof. We split the proof into three parts.

o If H*(F) = (Fp)g<y with F € [X],, then Fy € [X],, for every § < ~. Indeed,
fix 6y <. We must show that Fp, € X2 for every ¢ < &. Pick ¢ < &. Now take a
set B with |B| = ¢, 8 < a, and 2 = (2£(b))¢<p, b € B, a B-family of -sequences
in X* such that there exists M € R satisfying [|zf(b)[| < M for every b € B and
§ < f and z¢(b) () 8 0, Va € X, uniformly in b.

Let ub = (ug (b))e<p be the B-family of S-sequences in ([0, 7], X*) defined by

uz(b)(ﬂ){ zf(b) it 6=6p,

0 otherwise.
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Observe that H(u (5))(f) = 5 (6) (/(60)). VS € X7 and F(H(uz())) = Fy, (z7(5).
for every b € B and £ < f3.
Moreover, since x¢(b)(f(6o)) — =0 — 0, Vf € X7, uniformly in b and || H (ug(b))[| <
) —

M, for every b € B and { < 3, it follows that Fp,(2¢(b)) = F(H (ug (b)) =80
because by hypothesis F' € [X7], C (X")£. So we are done.

o [X7] C (H*)"'(mqa([0,7], X)). By the first part of the proof it is enough to
prove that if F' € [X7],, then H*(F) = (Fy)p<~ is B-continuous for every 8 < .

Indeed, let us suppose for a contradiction that there exists f§ < « such that
(Fp)o<~ is not B-continuous. Let (6¢)e<p be a B-sequence of ordinals in [0, 7]
converging to 3 when £ converges to 3 such that Fy, does not converge to Fy,. Then
there exists € > 0 such that for every n < 3, there exists an ordinal n < d(n) <
satisfying ||Fo;,, — Fo,ll > €.

Therefore, for each n < 3, there exists xg(n) in the unit ball of X* such that

(2) |F95(T,) (Ig(n)) Feﬁ (l'(; )‘ 2 5

Next we define a -sequence v" = (vg(n))5<ﬁ, n < f, of B-sequences in {1 ([0, 7], X™*)
by setting
Ty, Af 0=10c,
ve(m)(0) = —xj,, if 6=0g,
0 otherwise.

Then, for every f € X7, n < g and £ < 3, since ||x§(n)|| < 1, we have
[H (vg (M) ()| = |25y (F(0c)) — x50 (F(O))] < [1f(0e) — f(O3].

Hence H (vg(n))(f) =— =0 — 0,V f € X7, uniformly in n < S.
Furthermore, ||H (vg(n))|| <2 for every n < 8 and § < 3. Since F € [X7],, we
would have

* * * E ﬂ . .
F(H(ve(n))) = Fo.(x5,)) — Fou (x5,)) =% 0, uniformly in n < 8,

which is a contradiction with (2).

o (H*)"(ma([0,7], X)) C [X7],. This part of the proof is essentially the same
as the analogous part of the proof of [7, Proposition 2.6]. Fix ¢ < & We must
show that (H*)™1(ma([0,7], X)) C (X7)?. Suppose that g € m4([0,~], X). Write
h =g — g as in Lemma 2.6. By hypothesis [X]a = ¢X; therefore g € (cX)Y =
H*(e(X7)) € H*((X")£), that is, (H*)71(g) € (X?)¢. Then it is enough to prove
that (H*)~1(h) € (X7)¢.

To do this, let B be a set with |B| = ¢, 8 < a and a B-family u® = (ug (b))e<p
b € B, of f-sequences in [;([0,7], X*) such that there exists M € R satisfying
[ug (b)|| < M, for every b € B, § < 3 and H(ug(b))(f) — &8 = 0, Vf € X7, uniformly
in b.

From now on, our task is to show that

(3) (H*)*l(h)(H(uz(b))) = Zh()\)uz(b)( =8 ~— 0, Vf € X7, uniformly in b.

To see this, let ¢ = {\ € [0,7] : h(A) # 0} and D = {X € [0,7] : uZ(b)(\) #
0, for some b € B and some £ < 8}.



CLASSIFICATIONS OF SPACES OF COMPACT OPERATORS 731

Notice that the cardinality of D is smaller than &, because the support of each
uz(b) is enumerable and ¢ < @. In particular, no element of C is a limit point
of D. Indeed, if there exist ¢ € C, 81 < a and a fi-sequence (d¢)ecp, in D
such that dg 28 ¢, then by the definition of m([0, ], X), it would follow that
g(de) 28 g(c) = g(c). Hence h(c) = 0, and we would have a contradiction.

Thus each point of £ = C'N D is isolated in D. Therefore, if A € F, there exists
a non-limit-ordinal § < A such that [0, \] N D = {A}. So u(b)(0) = 0 for every
beB,{<fand § <O <A

Let = belong to X and consider f in X7 defined by f(0) = z if § < 0 < A
f(8) = 0 otherwise. Then

Hug0)(H) = Y wz®)O)(f(8) = uf(D)(N)(@).
5<H<A
Hence ug (b)(A)(z) e 0, Vz € X, uniformly in b. Observe also that [[ug(b)(A)[| <
[ug(b)]] < M for every b€ B and £ < .
Let € > 0 and By = {\ € E : ||h()\)]| > ¢}. It follows from Lemma 2.6 that E;
is finite. Since h(A\) € X, for every A in Ej, we see that

3 A @g®)(A) =F 0 uniformly in b,
AEE;
On the other hand,
1Y @GO Y hN)ug ()] + e
AEE AEE,
Consequently (3) holds. O

As in [16], if « is a nondenumerable regular ordinal and + is an arbitrary ordinal,
by AS we will denote the set of all ordinals from [0,~] with cofinality at least &.

Proposition 2.8. Let a be a nondenumerable reqular ordinal, v an arbitrary or-
dinal and X a Banach space satisfying [X], = c¢X. Then
X7y ma((0.7],X)
e(X) (eX)
Proof. The first isomorphism is an immediate consequence of Proposition 2.7 and

the fact that (H*)~!((cX)?) = ¢(X7). To prove the second isomorphism it suffices
to apply Lemma 2.6. (]

~ C()(A?;,X).

We are now ready to improve [10, Lemma 2.6] when T is a singleton as follows:

Lemma 2.9. Let X be a Banach space having MP, o a nondenumerable regular
ordinal. If R <y X7 for some n < o2, then cg — X.

Proof. We distinguish two cases:

Case 1. 1) < . In this case, it follows from R® < R® < X" and [10, Lemma 2.3]
that ¢g — X.

Case 2. a <n < a?. Thus = af + 6 for some ordinals £ < a and § < «. Since
R"” ~ R [16, Theorem 2], we have

R <y X7 ~ XQR ~ X QR ~ X
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Let I and J be two sets with |I| = @ and |J| = €. According to Lemma 2.4 and
Proposition 2.8 we have

R (X4
<

c(R%) (X )

Thus by [10, Lemma 2.4] we infer that ¢y — X. O

Co(I) ~ NCO(J,X).

The following result is a generalization of [I0, Lemma 2.7] when I is a singleton.

Lemma 2.10. Let o be an initial ordinal and & < n ordinals with € = 7 = a.
Put apg = w” if a = w, g = a if a is a singular ordinal and oy = o2 if a is a
nondenumerable reqular ordinal. Suppose that X is a Banach space having MP and
containing no copy of co. If R" — X¢ and ag < &, then R — RE.

Proof. We introduce two sets of ordinals:

L={0:0=a, ag <0, R' L RY, Vy <6},

12:{9252@, ap < 0, RQ%X’Y, V"/<9}.

By [10, Lemma 2.2], [I0, Lemma 2.3] and Lemma 2.9, ag € I. It suffices to
proceed as in the proof of [10, Lemma 2.7] to complete the proof of this lemma. O

Finally, we will state Proposition 2.13, which extends [I0, Lemma 2.3]. We will
need two lemmas in the course of the proof of this proposition.

Lemma 2.11. Let & be an infinite ordinal. If RE" — X¢ for some Banach space
X having MP, then ¢y — X.

Proof. Let o be the initial ordinal of cardinality . It is convenient to consider
three cases:

Case 1. a = w. Assume first that w* < £. Since R¢” <4 R¢ [16, Theorem 1], by
Lemma 2.10, ¢g — X. Now suppose that £ < w®. Then again by [16, Theorem 1],
R ~ R¥. Therefore R¥” < R&” < X¢ ~ XQRE ~ XQRY ~ X*. Thus according
to [10, Lemma 2.2], ¢y — X.

Case 2. « is a singular ordinal. Once again by [16, Theorem 1], R¢” ¢ RS, Hence
Lemma 2.10 implies that ¢y — X.

Case 3. « is a nondenumerable regular ordinal. If a? < &, by [16, Theorem 1],
RE™ <4 RE. So by Lemma 2.10, ¢y < X. Otherwise, o < ¢ < o?. Consequently
a? < a¥ < €9, Therefore R < RE” < RE and by Lemma 2.9, ¢y — X. (]

The framework of the proof of the next lemma was inspired by the proof of
[IL Lemma 2], where Bessaga and Pelczynski obtained the complete isomorphic
classification of the R¢ spaces, with w < & < wy.

Lemma 2.12. Let T be a set, (X5) er a family of Banach spaces and n an infinite
ordinal.

IfR" < (Z Xy)o, then R" = X, & X, ®... 0 X,, for somel <n <w.
~el’

Proof. Suppose for contradiction that we have

R"™ < () X,)o and R? o4 X, @ X, @ ... © X,
~yel
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for every 1 <n <w. Let Y be a subspace of (}_ . X)o isomorphic to R””. Thus
there exists a linear operator 7' : Y — R"” and a € R, such that

(4) [zl < T (@) < alle], V2 €Y.

Fix an integer n such that n > 4a, and let X, be a subspace of (3_ . Xy)o

satisfying T'(X,,) = . We next consider R”" embedded into R"” in such a way
that the elements of R"" are completed by zeros on (n™,n“]. Pick yo € R", the
characteristic function of [0,7"], and zo = T~ (yo) € X,.

There exists a finite subset I'; of I' such that ||zq(7)]| <
0 <& < n, write

n+1, Vv & I'y. For every

Ag= "1 T E+ ).
Let Y7 be the subspace of R"" given by

ﬂ {y € R"" : y is constant in A%}
0<€<n

Evidently Y7 is isomorphic to R".

We now claim that there exist xl € X,, and y; € Y; such that z; = T~ (1),
lz1]] < |yl =1 and ||z1(y)]| < n+1 for every v € I';.

In order to show this, we consider the operator Pr, T~ L.y, — > _—
P, : Z'yel—‘ Xy = Zyerl X, is defined by Pr, ((zy)yer) = (z4)er, -

Since R" <+ ZveFl X, it follows that Ppr, 7! is not an isomorphism of Y} into
> er, X~ So there exists y1 € Y1 with |[y1]| = 1 such that ||[Pr, T~ Yy < n+1
Put 1 = T 1(y1). Hence

X, where

1
sup {lz1() : v € 1} = 1P, (w0)ll = [P, T~ ()] < il

Finally, in view of (2) we see that ||z1]| < ||T(x1)| = |TT  (y1)|| = w1l =
which establishes our claim.

Let & be an ordinal such that |y, (t)| > 1/2 for every t € Af .

For the second step, let I's be a finite set containing I'y such that ||z1(y)|| <
Vv & I'y. For every 0 < £ < 0, write

N (U S K I K S Kl (S D]

Let Y5 be the subspace of R"" given by

n+1’

ﬂ {y € R"" :yis constant in Ag and y(t) =0, Vt ¢ Aél}.
0<€<n

It is simple to check that Y5 is isomorphic to R".

Arguing similarly as above, there exist azg € X, and yo € Y5 such that zo =
T (y2), llz2]l < lly2ll = 1 and [Jz2()]| < ;37 for every v € T2,

Let & be an ordinal such that |y2(t)| Z 3 for every t € A12.

Repeating this procedure n times we will find

elycIlyc..cT,CT,

ai,as, ...,an € R with |a;| > 1/2, for every 1 <i <n,
ZOy L1y ooy Ty € Xy, with |lz;]| < 1, for every 1 <i < n,

Yo = T(JIQ), Y1 = T(xl)v vy Yn = T(.’I}n),
AO = [I,T]n] DA = A%l DAy = Aé D...D An;
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satisfying
1
(5) |lz:l <1 and |lz;:(v)] < ] whenever vy € I'; or v € I'; 11 and 1 < i < n,
n
(6) yi(t) = a; for every t € A; and 1 < i < n.
Let ¢; be the sign of a; for every 1 <i <n and z = Z?:o CiT;.

Since A,, = m?:o A;, there exists ¢y belonging to all A;, 0 < i < n. Therefore
by (6),

- n + 1
HT |_Hzczyz|>|zczyz tO :Z
=0
On the other hand, put A1 =1 and Ai+1 =T \I‘i for 1 <i<n-—1. By (5)
and by the fact that T" is the disjoint union of the sets A;, 1 < i < n and T'\ T,
we have

1
2l < =

for every t € I' and for all indices 1 < ¢ < n except at most one. Thus by the fact
that ||z;]| < 1 for every 1 < i < mn, we conclude that

Izl <1+n < 2.

n+1
Hence ||T| > HT(H 0 )|| > 2=, which is absurd by (4) and the choice of n. O

Proposition 2.13. Let X be a Banach space having MP and « an infinite initial
ordinal. Suppose that R* — ¢o(T', X)" for some set I' and 1 < n < a. Then
cog — X.

Proof. If n < w, then the result follows immediately from [I0, Lemma 2.2]. Next
suppose that n > w. Since 77“’2 < «, by our hypothesis we see that

w2 2 2 2 2
R" < co(T, X)" ~ co(T, X)&R" ~ o (D)X DR ~ co(T)@X" ~ co(T, X).
Then, according to Lemma 2.12, there exists 1 < n < w such that
R S X" X" ..o X"~ (XOX®...0X)" ~ (X"
Thus by Lemma 2.11, ¢g < X™ and [20, Theorem 1] implies that ¢y — X. O
3. PROOF OF THEOREM 1.1

Before presenting the proof of Theorem 1.1 we still need to extend Lemma 2.9
and Proposition 2.10 for an arbitrary set I'. The preceding proposition will play an
important role in the proofs of these results.

Lemma 3.1. Let X be a Banach space having MP, o a nondenumerable regular
ordinal and T a set. If R < co(T, X)" for some n < o2, then ¢y — X.

Proof. As in Lemma 2.9, we distinguish two cases:

Case 1. n < a. In this case, we have that R* — ¢(T", X)". Hence Proposition 2.13
implies that ¢y — X.

Case 2. a < n < a?. Write n = a& + 0 for some ordinals ¢ < a and 6 < «. Notice
that R” ~ R [16, Theorem 2]. Then,

R < ¢o(T, X)" ~ co(T, X)GR" ~ co(T, X )R ~ co(T, X) ¢
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Let I and J be two sets with |I| = @ and |J| = . Since co(T, X) has MP [15]
Corollary 5.3.4], we deduce by Lemma 2.4 and Proposition 2.8 that

R)a . feo(T, X)%a

o) ~ Re®y 7 tleo(T, X756

~ Co(J,X).

Then according to [10, Lemma 2.4] we conclude that ¢y — X. O

Proposition 3.2. Let o be an initial ordinal and & < n ordinals with € = 7 = a.
Put ap = w* if a = w, ag = « if a is a singular ordinal and oy = o2 if a is
a nondenumerable regular ordinal. Suppose that X is a Banach space having MP
and containing no copy of co and I is a set. If R" < co(T, X)¢ and oy < €, then
R7 < RE.

Proof. We introduce two sets of ordinals:

L={0:0=a, ag <60, RV L RY, Yy <6},

Li={0:0=a, ap <0, RV L co(T', X), Vy < 0}

According to [10, Lemma 2.2], Proposition 2.13 and Lemma 3.1, ag € I5. It is
enough to proceed as in the proof of [10, Lemma 2.7] to complete the proof of this
proposition. O

Proof of Theorem 1.1. (1) Assume that co(I', X)¢ ~ co(I', X)" and € < 7. Let a
be the initial ordinal of cardinality 7. Then R® < ¢o(T, X)7 ~ ¢o(I', X)¢ and by
Proposition 2.13, ¢y — X, which is absurd.

For the sufficiency of the statements (2) and (3), see Remark 1.2. Next we will
prove the necessity of these statements.

(2) Suppose thus that co(T', X)7 ~ co(I', X)&. We distinguish two cases:

Case 1. o = w. First assume that £ > w*. Then by hypothesis, R? < ¢o(T", X )7 ~
co(T', X)§. Thus Proposition 3.2 implies that R” < R¢ and by [16, Theorem 1], we
have that n < £“.

Now suppose that £ < w*. By [16], Theorem 1] and [I, Lemma 1.2] we conclude
that RS ~ R“ ~ ¢y. Let N be the set of natural numbers. Then

co(T x N, X) ~ co(D)@&X@co ~ co(T)DXERE ~ ¢o(T, X)E.

Therefore, if n > & > w*, we would have R¥” < R" < ¢o(I' x N, X). Thus [10,
Lemma 2.2] would imply that ¢y <— X, which is absurd.

Case 2. a > w. If n > € then R" < ¢o(T, X)" ~ co(I', X)¢. According to
Proposition 3.2, R” < R, which is absurd by [16, Theorem 1].

(3) Let I and J be two sets with |I| = ¢ and |J| = 7. Since co(I', X) has MP
, Corollary 5.3.4], by Remark 2.3 and Proposition 2.8,
15, Corollary 5.3.4], by R k 2.3 and P ition 2.8

[co(L, X)*]a_ [eo(T, X)* o

co(I,co(T, X)) ~ c(eo(T, X)o€) ~ c(co(T, X)omn')

~ CQ(J7 Co(F,X)).

Hence if || & and |T'| 7/ are finite, then XTI € ~ X1 7" On the other hand, if
IT| & or |T| 7' is infinite, then applying [10, Lemma 2.4] we see that |I'| & = |T'| 7'.

(4) Suppose that co(T, X)¢ ~ ¢o(I', X)" with a < ¢ < a® < 7. Then R
R"” < ¢o(T', X)¢. Hence by Lemma 3.1, ¢y < X, and the proof is complete.
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