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ABSTRACT. Let B, denote the unit ball in C*, n > 1. Given an o > 0, let
Ka(n) denote the class of functions defined for z € B, by integrating the
kernel (1 — (z,{))~“ against a complex Borel measure on the sphere {¢ €
C™: |¢] = 1}. We study properties of the holomorphic functions g such that
fg € Ka(n) for all f € Ko(n). Also, we investigate extended Cesaro operators
on Kq(n).

1. INTRODUCTION

For n > 1, put B, = {z € C" : |z| < 1}. Let M(n) denote the space of
complex-valued Borel measures defined on the sphere 9B,,.

Let o > 0. Given a measure p € M(n), its fractional Cauchy transform of order
« is defined by the formula

1
Kalpllo) = [ = gy Q) ze B

Here and in what follows we use the principal branch of the logarithm. Put
Ka(n) ={Ka[p]: p€ M(n)}.

Let Hol(B,,) denote the space of holomorphic functions in the ball B,. A
function g € Hol(B,,) is called a (pointwise) multiplier for Ky (n) provided that
fg € Ko(n) for every f € Kqo(n). Let M, (n) denote the set of all multipliers for
Ka(n).

Standard arguments show that K (n), a > 0, is a Banach space with respect to
the norm defined by

[fllicamy = f {lullmemy = f=Kalul}, f€Ka(n).
The space M, (n), a > 0, is a Banach algebra with the natural norm defined by

gllom. iy = sup {Ifallicain) = Iflicamy <1}, g € Ma(n).
The classical spaces K1(1) and 91 (1) are investigated in monograph [4]. Various
properties of the spaces Kn(1) and 9, (1) are collected in monograph [I0]. For
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664 EVGUENI DOUBTSOV

n € N, certain properties of IC,(n) are obtained in [8]. The present work focuses
on the study of M, (n), n € N.

Necessary conditions. The main properties of 9, (1), a > 0, were obtained in
[16, 15, [, 12, [10]. As far as the author is aware, only basic properties of the spaces
M, (n) are known for arbitrary n € N. Namely, assume that g € My (n), o > 0,
n € N. Then, as shown in [8] Proposition 7.3], we have

1
sup / [Rg(r&)|dr < 400,
£€0Bn JO

where the radial derivative Rg is defined by the identity

In particular, M, (n) C H>*(B,), where H>*(B,,) denotes the space of bounded
holomorphic functions in the ball. Also, the embedding M, (n) C K4 (n) holds.

On the other hand, let v, denote the normalized Lebesgue measure on the ball
B,,. The following theorem is formulated in [12].

Theorem 1.1 (F. Nazarov, unpublished). Assume that 0 < a < 1, g € M, (1) and

a< p<1. Then
/ 1— p—1
sup / AQII _|Z|) dvy(2) < 0.
(€0B1 J By ‘1 - Z<|ﬁ

Put R =R+ I. In this paper, we prove the following result for arbitrary n € N.

Theorem 1.2. Suppose thatn € N, M € {1,...,n}, a >n— M and g € M,(n).
Then

Reg(2)|(1 — [#]y+M-n-1 e\
1.1 , 1 .
LY sup / T a-GoporE o \lerTy) Al <ee

fork=1,...,M and any € > 0.

The proof of Theorem uses the following fact.

Proposition 1.3 ([8, Proposition 2.5]). Let n € N and let 0 < f < «. Then
Mp(n) C Ma(n).

Sufficient conditions. Some explicit conditions sufficient for the property g €
My (n), n € N, are given in [7]. In the present paper, we apply a different method,
so we obtain the following improvement of [7, Theorem 4.1].

Theorem 1.4. Let n € N. Suppose that M € {1,....,n}, n > a > n — M,
g € M,(n) and

[R*g(2)|(1 — |zt
(1.2) ngg / = (2. ) o 0F dvp(z) < o0, k=1,...,M.

Then g € My (n).

Note that the sufficient condition in Theorem [[4]is not too far from the necessary
one in Theorem[[.2] Indeed, dropping the logarithmic term in (1), we obtain (L.2]).
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Organization of the paper. Some definitions and auxiliary results are collected
in Section 2l Theorem is proved in Section Bl Theorem [[.4] and other sufficient
conditions are obtained in Section Ml Taking into account Proposition [[3] it is
natural to ask whether Mg(n) # My(n) for 8 # «. A partial answer to this
question is given in Section Bl Finally, extended Cesaro operators on K,(n) are
investigated in Section

2. PRELIMINARIES

For t € R, define an operator R? : Hol(B,,) — Hol(B,) as follows. If

z) = ka(z), z € By,
k=0

is the homogeneous expansion of f € Hol(B,,), then

R'f(z) = (k+1)'fr(2), z€ By,
k=0
In particular, R' = R = R + I. Also, note that
(2.1) R(fg)=f -Rg+Rf-g forall f,g € Hol(B,).

Theorem 2.1 ([8, Corollaries 5.6 and 5.7]). Suppose that n € N, f € Hol(B,,) and
a>0. Then f € Ko(n) if and only if Rf € Kay1(n) if and only if Rf € Kay1(n).

Let q,p > 0. Put
-1
LZ(Bn) = LP(Bp, (1 — |2|)77 " dv,(2)).

Let s > 0. By definition, the Bergman-Sobolev space A? (B,) consists of those
[ € Hol(B,,) for which R°*f € LF(B,,).

Theorem 2.2 ([8, Propositions 5.2 and 5.3]). Let n € N. Suppose that j €
{0,1,...,n} and a > n —j. Then Al n) C Ka(n).

Proposition 2.3. Let n € N. Suppose that j € {0,1,...,n}, « > n —j and
feKa(n). Then

RN )™ (log ) dua() < oo
/ (106 111)

n

a— n+jj(

for all e > 0.
Proof. By Theorem 2.1l R’ f € K j(n); that is,

RIE = [ e WO, 2e By

for some p € M(n). Let o, denote the normalized Lebesgue measure on the sphere
0B,,. Then we obtain

/ B9 £(r€)| o€ //
9B, 9B, JOB,,

for 0 <r < 1. We have a + j > n; hence,

/ |R7£(r€)| don(€) < Cllull pagmy (1 — )73
8B,

1= e ays o€ dlnl)
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by [14], Proposition 1.4.10]. Thus, integrating in polar coordinates, we obtain

[ s - o (o)

1 —1—e
SCHMH/ (1—7r)"* (log < ) dr < oo
0 1—7r
for all € > 0. O

3. PROOF OF THEOREM
Lemma 3.1. Suppose thatn € N, 8> 0 and g € Mg(n). Then
(3.1) fR™g € Kgyjim(n) for all f € Kgyj(n), j=0,1,..., m=0,1,....

Proof. We argue by induction on m. By Proposition [L3] we have Mg(n) C
Msyj(n), j=0,1,.... Hence, (BI) holds for m = 0.

Now, assume that (BI) holds for some m > 0. Let f € Kgyj(n). For the
induction step we use identity (Z.1]), which guarantees that fR™ g = R(fR™g) —
Rf-R™g.

On the one hand, the induction hypothesis and Theorem R.I]imply R(fR™g) €
Kgtjtm+1(n). On the other hand, Rf € Kgi;t1(n) by Theorem 21 Hence,
Rf-R™g € Kgtj+m+1(n) by the induction hypothesis.

In sum, BI) holds for m + 1. The induction step is complete. O

Proof of Theorem [L2 Let k € {1,...,M}. We have a + M — k > «; therefore,
g € Mayar—k(n) by Proposition L3l Applying Lemma Bl with j = 0, m = k and
B8 =a+ M — k, we obtain

(3.2) fR*g € Koyar(n) for all f € Koyarr(n).

Fix an € > 0. Given h € K,1p(n), we have

[ e e (1o e|z)_1_5 dun(2) < 00

by Proposition 23] with j = 0. So, (82) and the closed graph theorem guarantee
that

[ Bt g = ey (o ) e

< CHf| Katm—r(n)
for all f € Koqnr—r(n). We remark that
1

=1 forall ( € 0B,

o=
by the definition of Koy ar—r(n). Hence,
|R*g(2)|(1 — [2])otM—n—t ( e >_1_5
su lo dv,(z) < oo.
s [, P e (o )

The proof is finished. O

Katm—x(n)
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Recall that M, (n) C H>®(B,) for all & > 0, n € N. So, condition (LI provides
no new information when o + M > n + k and € > 0. Indeed, if g € H>(B,,), then
[Rfg(2)] < C(1—|2)™", 2 € Ba.

Since a + M — k > n, we have

dffn(f) k+n—a—M
<CA—-p)fmme=M 0<r<1, £€0B,,
|, v < C-n ¢

by [14], Proposition 1.4.10]. So, integrating in polar coordinates, we obtain

[ [REg(2)|(1 — [#])o Mt <

sup

CedB., |1 — (2, Q)|atM-F

B
1 ) e —1—¢
< =
_C’/O (1—7r) <1og1_r> dr

<0

for any € > 0.

4. SUFFICIENT CONDITIONS

Lemma 4.1. Suppose thatn € N, g € Hol(B,,) and 0 < a < . Then the following
properties are equivalent:

(i) fg e Kg(n) for all f € Ko(n).
(ii) For all ¢ € 0B,
H 9(2)
(1 - <Za C))a
To prove Lemma [£.]] it suffices to repeat mutatis mutandis the arguments used
in the proofs of [I6l Theorem 1] and [J, Lemma 2.1] for n =1 and o = 5.

<Y < oo
Kp(n)

Proof of Theorem [l Fix a function f € Ky (n).
Let k € {1,...,M}. Theorem and the closed graph theorem guarantee that

I licasarmy S Cll-Mlar,,, . o). Thus,

RFg(z)

sup -
ceaB, || (1 —(z,¢))atM-F Kt (n)
RFg(2)
< C sup <0
ceaB, || (1= (z,¢))atM=F Agyri—n,0(Bn)

by ([L2). Therefore, FR*g € Kuoyar(n) for all F € Koqpr—x(n) by Lemma BTl
Also, we have RM =% f € K ar_1(n) by Theorem 211 Hence,

(4.1) RM=Ff.RFg e Koyn(n), k=1,..., M.

We have RM f € Koy (n) by Theorem Bl and g € M, (n) C Moy (n) by
Proposition [[L3l Thus,

(4.2) RMf.ge Karr(n).

Identity ([ZI) and properties (@I) and @2) imply that RM (fg) € Kaynr(n).
Therefore, fg € Ky (n) by Theorem 211 So, by the definition, g € M, (n). O
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For n = 1, it is known that the hypothesis ¢ € 9%;(1) in Theorem [ can
be replaced by g € H*(B;) (see [12]). Nevertheless, Theorem [[4] yields explicit
sufficient conditions which will be used in Section B

For § > 0, the holomorphic Lipschitz space As(B,,) consists of those f € Hol(B,,)
for which

|Rf(z)] <C(L—|2))°7, =€ By,
where j is the least integer such that j > §.

Corollary 4.2 (cf. [7, Corollary 5.1]). Let n € N. Suppose that 0 < a < n and
g € Ag(By,) for some > mn—a. Then g € M, (n).

Proof. In order to apply Theorem [[4]let us first prove that g € M, (n). We have
[Rg(2)| < C(1—|2])°"", =€ By,

for some 6 € (0,1/2). Note that

1
g(z) = / Rg(tz)dt, =z € B,.
0
Hence,
(4.3) Rg(2)| < C(1—|2)°71, z¢€B,.
Consider the real Lipschitz space A?(En) which consists of those f : B,, — C for
which
If(2) = f(w)| < Clz—wl|® for all z,w € B,.

By ([@3) and [14, Theorem 6.4.10], there exists G € A (B,,) such that G(z) = g(2)
for all z € B,,. So, if n = 1, then g € M (1) by [10, Corollary 7.5]. If n > 2, then
g=K,|Glsp, ] € My,(n) by [8, Corollary 7.6].

Without loss of generality, we may assume that § € (0,n)\N. Let j be the least

integer such that j > 8. Remark that j € {1,...,n}.
By the definition of Ag(B,,), we have

|Rig(2)| < C(1—|2|)P~7, =zeB,.
Therefore, using the inequalities a + 8 > n and g > 0, we obtain

|Rig(2)|(1 — |z])oti—n1
/ T i mor @

(1 — |z])otp—n-1
<C<ESEH/B,L T-Gop
< 0

sup
(€dB,

by [14, Proposition 1.4.10]. Note that « > n — 5 > n — j. So, if j = 1, then
g € M, (n) by Theorem [[A with M = 1.

Now, suppose that j € {2,...,n} and k € {1,...,j — 1}. We have k < 8 and
B ¢ N; hence, k < 8. So, g € Ag(B,,) implies R*g € H*(B,,). Therefore, using
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the inequalities & + 7 —n > 0 and k£ > 0, we obtain

|RFg(2)|(1 — |z)@ti—n-1
o /n |1 - <Z7C>|a+j—k dl/"(z)

(€dB, JB
(1—[zpotimt
< C sup / — dv, (z
508 S = (e, Qi ()
< 0

by [I4, Proposition 1.4.10]. So, g € M, (n) by Theorem [[4 with M = j. O

Other sufficient conditions can be expressed in terms of the Hardy—Sobolev
spaces HP(B,). Given p > 0 and s > 0, the space HP(B,,) consists of those
f € Hol(B,,) for which R*f is in the classical Hardy space H?(B,,). The following
result improves [7, Corollary 5.4].

Proposition 4.3. Let n > 2. Assume that j € {1,...,n— 1} and g € H}(By) for
some p>n/j. Then g € M,,_;(n).

Proof. Fix a function f € K,_;(n). By [3l Theorem 5.13], there exist p; > n/k
such that g € H*(B,,), k=j,...,1.

Property R'g € HP'(B,,) implies that

[R'g(2)| < (1= |2)""/", =€ B,

Since n < py, Corollary guarantees that g € M, (n). Note that R/ f € K, (n)
by Theorem 2T} therefore,
(4.4) RIf g€ Kn(n).

Now, assume that k& € {1,...,5}. By Theorem 21] and [8, Corollary 3.3(i)],

we obtain RV"Ff € K,_r(n) C HI(B,) for all ¢ € (0,n/(n — k)). Recall that
RFg € HP*(B,,) for some p;, > n/k; hence,

(4.5) RI7Ff.RFg € HY(B,)
by Holder’s inequality.
Note that H*(B,) C K,(n) by [8, Corollary 3.3(ii)]. Therefore, identity (2.1

and properties (£4) and (£5]) guarantee that R’ (fg) € K,,(n). Thus, fg € K,,—;(n)
by Theorem 211 So, g € M,,_;(n), as required. O

5. NON-COINCIDENCE OF MULTIPLIER FAMILIES

Proposition 5.1. Suppose that n € N, 8 < n and 0 < 8 < a. Then Mg(n) is a
proper subset of My (n).

Proof. Recall that Mg(n) C zm/;(n) for all ,g > 3. So, without loss of generality,
we may assume that n —j < S <a <n—j+1 for some j € {1,...,n}.

Fix v such that 8 < v < a.

We have n—j—~ < 0. Hence, [0, Lemma 1.2] provides a number M = M(n) € N
and functions h,, € Hol(B,), m =0,1,..., M, such that

(5.1) | (2))] C(1— 2", z2€Bp, m=0,1,..., M,

(5:2) Y ()]

IN

(1—|z)"777, z€B,.

Vv
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By ([&2), there exists mg € {0,1,..., M} such that

65:3) | g1 = 277 i (2) = .

Put ¢ = R 7hy,,. Note that j is the least integer such that j > n —~v > 0, so,

g € Ap—~(By,) by [@1). Since n—~ > n—a, we obtain g € M, (n) by Corollary {2
Recall that Mg(n) C Kg(n). Next, we have v > 8 > n — j; thus, Kg(n) C

Al (By,) by [8 Proposition 5.3(ii)]. Hence, g ¢ Mg(n) by (E3). O

Y+i—n.g

Note that a different proof of Proposition Bl is known for n = 1 (see [10,
Proposition 7.26]).

6. EXTENDED CESARO OPERATORS

Given g € Hol(By,), the extended Cesaro operator J,, is defined by the identity

1
Jof(z) = /0 f(t2)Rg(tz) %, f € Hol(B,), z € B,.

For n = 1, the studies of the operator J, were initiated by Pommerenke [13]; see
also [I} [2]. For arbitrary n € N, the operator J, was introduced by Hu [11].
Direct calculations show that

(6.1) R(Jgf)(2) = f(2)Rg(2), f.g9 € Hol(By), z € By.

Proposition 6.1. Assume thatn € N, g € Hol(B,,) and o > 0. Then the following
properties are equivalent:
(1) Jgf € Ka(n) for all f € Ko(n).
(ii) fRg € Kax1(n) for all f € Ko(n).
(iii) For all ¢ € 0B,

Ry(2) <5y
H(l— (2N Nicwsrm) =

Proof. Given f € Kq(n), identity (6I) and Theorem 2] guarantee that J,f €
Ka(n) if and only if fRg = R(J,f) € Kat1(n). So, properties (i) and (ii) are
equivalent. It remains to remark that (ii)<(iii) by Lemma [Z1] O

For n € N, denote by Ky(n) the family of f € Hol(B,,) such that
1
z)— f(0) = log —d , 2€ By,
50 =10 = [ oy dut0)
for some p € M(n). Given a > 0, put
Co(n) ={g € Hol(B,) : J, is bounded on Kn(n)}.
Proposition 6.2. Assume that n € N and a > 0. Then Ko(n) C €4(n).

Proof. Suppose that g € Ko(n) and f € Kn(n). Elementary calculations show that
Rg € Ki(n). Thus, fRg € Kuo(n) - Ki(n) C Kot1(n) by [8, Corollary 2.3]. It
remains to apply Proposition and the closed graph theorem. (I

For g € Hol(By), it is more natural to consider the following operator:

Cof(2) = 20yf(2) = 7 [ fwigwydu, f € Hol(By). = € B,
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Indeed, if g(z) = log == for z € By, then C, coincides with the classical Cesaro op-
erator C : Hol(B1) — Hol(Bi), which is defined as follows. If f(2) = > 72, ajzl €
Hol(By), then

0o 1 7 .
Cf(Z) = Z (j—|—1 Zak> Zj, S Bl.
j=0 k=0

It is known that C is a bounded operator on various spaces of holomorphic functions.
We will need the following auxiliary result.

Proposition 6.3. Assume that f € Hol(B1), a > 0 and zf(z) € Ko(1). Then
feKa(l).

Proof. For z € By, put h(z) = zf(2). Since h € K(1), we have b’ € K,41(1) by
[10, Theorem 2.8]. Note that Rf(z) = zf'(z) + f(z) = h'(2). So, f € Ku(1) by
Theorem 2.1 O

Corollary 6.4. Let g € Hol(B1) and a > 0. Then C, is bounded on K. (1) if and
only if g € €4(1). In particular, Cq4 is bounded on Ko (1) for any g € Ko(1).

Proof. Recall that z € M, (1). So, it remains to apply Propositions[63and[6.2 O
The following result was obtained in [5] for o > 1.

Corollary 6.5. The classical Cesdaro operator C is bounded on K (1) for all a > 0.

Proof. Clearly, log i € Ko(1), so, Corollary applies. O

In the final part of this paper, we prove that €g(n) is a proper subset of €,(n)
when 0 < 8 < a and 8 < n (cf. Proposition B.1).
Forn e Nand 0 < 8 <, put

Mp(n) ={g € Hol(B,) : fg e Ky(n) forall fe Kg(n)}.
We will need the following generalization of Proposition [[.3l

Lemma 6.6. Assume thatn € N, v > 8 > 0 and o > . Then Mg (n) C
ma,a+7—ﬁ(n)'

Proof. Let g € Mp ,(n). By LemmalLT] there exist measures po € M(n), ¢ € 0B,
and a constant 3 > 0 such that ||p¢|| <X and

(GO N B S )
(1 - <z7<>)ﬁ N v/GB" (1 — <Z,€>)’Y duC(§)7 c Bn

So, we have

_ 9 _ 1 1 .
(1= (2,0 /aBn A= 0r P A= gy W& 2€Bn (0B

Given (,§ € 0By, property (2.1) from [8] yields a probability measure p¢ ¢ € M(n)
such that

1 1 1
(1= (z, )8 (1 - (z,6) /BBn (1= (z,m))to—PB dpce(n), 2 € By.

Therefore,

9(z) _ 1
1= (z0)~ /6an /8Bn (1 — (z,n))r+a="p dpce(n) duc(§), 2 € By,
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Fix a point ¢ € 0B, and put p = p¢c. Given £ € 0B, let §¢ denote the
Dirac measure at £. Applying the Banach—Alaoglu theorem, select measures py =

Z;}ikl) ajk0¢; > ajr € C, {x € OBy, such that [|u| < ¥ and the sequence {us}

converges to p in the weak™® topology. Put A\p = Z;]ikl) ajrpce, - Note that
Mgl < X, so {A\x} has a subsequence which converges in the weak* topology to,
say, A = A¢ € M(n). So, we obtain

_9a)  _ 1 ]
(1 - <27C>)a B /OB,L (1 — <z777>)oc+fy—6 d)‘C(n)a € B,,

where [|A¢]| < X. Now, Lemma Bl guarantees that g € Mq, aty—s(n). O

Corollary 6.7. Assume that n € N and o > 3> 0. Then €z(n) C €4(n).

Proof. We apply Proposition [6.1] and Lemma with vy =3+ 1. O

Lemma 6.8. Assume thatn € N and o > 0. Then M, (n) = Mar1(n) N Cq(n).

Proof. Assume that g € My11(n) N C(n) and f € Ky(n). By Theorem [21]
Rf € Kat1(n); hence, Rf - g € Kqq1(n). Proposition guarantees that fRg €
Kat+1(n). In sum, we have R(fg) = Rf - g+ fRg € Kay1(n); thus, fg € Ko(n).
So, g € My (n).

Now, assume that g € M, (n) and f € Ko(n). We have g € My (n) C Mat1(n)
and Rf € Kuot1(n); therefore, Rf - g € Koy1(n). Also, fg € Ku(n); hence,
Rf-g+ fRg € Kot1(n) by Theorem 2Tl Thus, fRg € Kor1(n) for all f € K, (n).
By Proposition[6.1] g € €4(n). So, g € My11(n) NEq(n). O

Proposition 6.9. Assume thatn € N, 8 <n and 0 < 8 < a. Then €5(n) is a

proper subset of €4 (n).

Proof. By Corollary [6.7] we may assume that o < 8+ 1. By Proposition [5.1], there
exists a function g € My (n) \ Ms(n). On the one hand, g € My (n), so g € C(n)
by Lemmal6.8 On the other hand, g € M, (n) C Mp41(n) and g ¢ Ms(n). Hence,
g ¢ €3(n) by Lemma [6.8 O

By [10, Proposition 7.27], M4 (1) \ M4 (1) # & for any o > 1. Thus, we also have
the following result.

Proposition 6.10. Assume that oo > 1. Then €1(1) is a proper subset of €,(1).
Finally, let g € DM5(1) \ My (1). Then g € H*°(B;); moreover,
1
sup / lg' (r&)] dr < +o0.
£€0B1 JO

Nevertheless, g ¢ €1(1) by Lemma
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