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FRACTIONAL CAUCHY TRANSFORMS, MULTIPLIERS

AND CESÀRO OPERATORS

EVGUENI DOUBTSOV

(Communicated by Franc Forstneric)

Abstract. Let Bn denote the unit ball in Cn, n ≥ 1. Given an α > 0, let
Kα(n) denote the class of functions defined for z ∈ Bn by integrating the
kernel (1 − 〈z, ζ〉)−α against a complex Borel measure on the sphere {ζ ∈
Cn : |ζ| = 1}. We study properties of the holomorphic functions g such that
fg ∈ Kα(n) for all f ∈ Kα(n). Also, we investigate extended Cesàro operators

on Kα(n).

1. Introduction

For n ≥ 1, put Bn = {z ∈ C
n : |z| < 1}. Let M(n) denote the space of

complex-valued Borel measures defined on the sphere ∂Bn.
Let α > 0. Given a measure µ ∈ M(n), its fractional Cauchy transform of order

α is defined by the formula

Kα[µ](z) =

∫
∂Bn

1

(1− 〈z, ζ〉)α dµ(ζ), z ∈ Bn.

Here and in what follows we use the principal branch of the logarithm. Put

Kα(n) = {Kα[µ] : µ ∈ M(n)} .
Let Hol(Bn) denote the space of holomorphic functions in the ball Bn. A

function g ∈ Hol(Bn) is called a (pointwise) multiplier for Kα(n) provided that
fg ∈ Kα(n) for every f ∈ Kα(n). Let Mα(n) denote the set of all multipliers for
Kα(n).

Standard arguments show that Kα(n), α > 0, is a Banach space with respect to
the norm defined by

‖f‖Kα(n) = inf
{
‖µ‖M(n) : f = Kα[µ]

}
, f ∈ Kα(n).

The space Mα(n), α > 0, is a Banach algebra with the natural norm defined by

‖g‖Mα(n) = sup
{
‖fg‖Kα(n) : ‖f‖Kα(n) ≤ 1

}
, g ∈ Mα(n).

The classical spaces K1(1) and M1(1) are investigated in monograph [4]. Various
properties of the spaces Kα(1) and Mα(1) are collected in monograph [10]. For
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664 EVGUENI DOUBTSOV

n ∈ N, certain properties of Kα(n) are obtained in [8]. The present work focuses
on the study of Mα(n), n ∈ N.

Necessary conditions. The main properties of Mα(1), α > 0, were obtained in
[16, 15, 9, 12, 10]. As far as the author is aware, only basic properties of the spaces
Mα(n) are known for arbitrary n ∈ N. Namely, assume that g ∈ Mα(n), α > 0,
n ∈ N. Then, as shown in [8, Proposition 7.3], we have

sup
ξ∈∂Bn

∫ 1

0

|Rg(rξ)| dr < +∞,

where the radial derivative Rg is defined by the identity

Rg(z) =

n∑
j=1

zj
∂g

∂zj
(z), z ∈ Bn.

In particular, Mα(n) ⊂ H∞(Bn), where H∞(Bn) denotes the space of bounded
holomorphic functions in the ball. Also, the embedding Mα(n) ⊂ Kα(n) holds.

On the other hand, let νn denote the normalized Lebesgue measure on the ball
Bn. The following theorem is formulated in [12].

Theorem 1.1 (F. Nazarov, unpublished). Assume that 0 < α < 1, g ∈ Mα(1) and
α < β ≤ 1. Then

sup
ζ∈∂B1

∫
B1

|g′(z)|(1− |z|)β−1

|1− zζ|β
dν1(z) < ∞.

Put R = R+ I. In this paper, we prove the following result for arbitrary n ∈ N.

Theorem 1.2. Suppose that n ∈ N, M ∈ {1, . . . , n}, α > n−M and g ∈ Mα(n).
Then

(1.1) sup
ζ∈∂Bn

∫
Bn

|Rkg(z)|(1− |z|)α+M−n−1

|1− 〈z, ζ〉|α+M−k

(
log

e

1− |z|

)−1−ε

dνn(z) < ∞

for k = 1, . . . ,M and any ε > 0.

The proof of Theorem 1.2 uses the following fact.

Proposition 1.3 ([8, Proposition 2.5]). Let n ∈ N and let 0 < β < α. Then
Mβ(n) ⊂ Mα(n).

Sufficient conditions. Some explicit conditions sufficient for the property g ∈
Mα(n), n ∈ N, are given in [7]. In the present paper, we apply a different method,
so we obtain the following improvement of [7, Theorem 4.1].

Theorem 1.4. Let n ∈ N. Suppose that M ∈ {1, . . . , n}, n > α > n − M ,
g ∈ Mn(n) and

(1.2) sup
ζ∈∂Bn

∫
Bn

|Rkg(z)|(1− |z|)α+M−n−1

|1− 〈z, ζ〉|α+M−k
dνn(z) < ∞, k = 1, . . . ,M.

Then g ∈ Mα(n).

Note that the sufficient condition in Theorem 1.4 is not too far from the necessary
one in Theorem 1.2. Indeed, dropping the logarithmic term in (1.1), we obtain (1.2).
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Organization of the paper. Some definitions and auxiliary results are collected
in Section 2. Theorem 1.2 is proved in Section 3. Theorem 1.4 and other sufficient
conditions are obtained in Section 4. Taking into account Proposition 1.3, it is
natural to ask whether Mβ(n) 	= Mα(n) for β 	= α. A partial answer to this
question is given in Section 5. Finally, extended Cesàro operators on Kα(n) are
investigated in Section 6.

2. Preliminaries

For t ∈ R, define an operator Rt : Hol(Bn) → Hol(Bn) as follows. If

f(z) =

∞∑
k=0

fk(z), z ∈ Bn,

is the homogeneous expansion of f ∈ Hol(Bn), then

Rtf(z) =
∞∑
k=0

(k + 1)tfk(z), z ∈ Bn.

In particular, R1 = R = R+ I. Also, note that

(2.1) R(fg) = f ·Rg +Rf · g for all f, g ∈ Hol(Bn).

Theorem 2.1 ([8, Corollaries 5.6 and 5.7]). Suppose that n ∈ N, f ∈ Hol(Bn) and
α > 0. Then f ∈ Kα(n) if and only if Rf ∈ Kα+1(n) if and only if Rf ∈ Kα+1(n).

Let q, p > 0. Put

Lp
q(Bn) = Lp(Bn, (1− |z|)q−1 dνn(z)).

Let s ≥ 0. By definition, the Bergman–Sobolev space Ap
q,s(Bn) consists of those

f ∈ Hol(Bn) for which Rsf ∈ Lp
q(Bn).

Theorem 2.2 ([8, Propositions 5.2 and 5.3]). Let n ∈ N. Suppose that j ∈
{0, 1, . . . , n} and α > n− j. Then A1

α−n+j,j(Bn) ⊂ Kα(n).

Proposition 2.3. Let n ∈ N. Suppose that j ∈ {0, 1, . . . , n}, α > n − j and
f ∈ Kα(n). Then∫

Bn

|Rjf(z)|(1− |z|)α+j−n−1

(
log

e

1− |z|

)−1−ε

dνn(z) < ∞

for all ε > 0.

Proof. By Theorem 2.1, Rjf ∈ Kα+j(n); that is,

Rjf(z) =

∫
∂Bn

1

(1− 〈z, ζ〉)α+j
dµ(ζ), z ∈ Bn,

for some µ ∈ M(n). Let σn denote the normalized Lebesgue measure on the sphere
∂Bn. Then we obtain∫

∂Bn

|Rjf(rξ)| dσn(ξ) ≤
∫
∂Bn

∫
∂Bn

1

|1− r〈ξ, ζ〉|α+j
dσn(ξ) d|µ|(ζ)

for 0 ≤ r < 1. We have α+ j > n; hence,∫
∂Bn

|Rjf(rξ)| dσn(ξ) ≤ C‖µ‖M(n)(1− r)n−α−j
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by [14, Proposition 1.4.10]. Thus, integrating in polar coordinates, we obtain∫
Bn

|Rjf(z)|(1− |z|)α+j−n−1

(
log

e

1− |z|

)−1−ε

dνn(z)

≤ C‖µ‖
∫ 1

0

(1− r)−1

(
log

e

1− r

)−1−ε

dr < ∞

for all ε > 0. �

3. Proof of Theorem 1.2

Lemma 3.1. Suppose that n ∈ N, β > 0 and g ∈ Mβ(n). Then

(3.1) fRmg ∈ Kβ+j+m(n) for all f ∈ Kβ+j(n), j = 0, 1, . . . , m = 0, 1, . . . .

Proof. We argue by induction on m. By Proposition 1.3, we have Mβ(n) ⊂
Mβ+j(n), j = 0, 1, . . . . Hence, (3.1) holds for m = 0.

Now, assume that (3.1) holds for some m ≥ 0. Let f ∈ Kβ+j(n). For the
induction step we use identity (2.1), which guarantees that fRm+1g = R(fRmg)−
Rf ·Rmg.

On the one hand, the induction hypothesis and Theorem 2.1 imply R(fRmg) ∈
Kβ+j+m+1(n). On the other hand, Rf ∈ Kβ+j+1(n) by Theorem 2.1. Hence,
Rf ·Rmg ∈ Kβ+j+m+1(n) by the induction hypothesis.

In sum, (3.1) holds for m+ 1. The induction step is complete. �

Proof of Theorem 1.2. Let k ∈ {1, . . . ,M}. We have α + M − k ≥ α; therefore,
g ∈ Mα+M−k(n) by Proposition 1.3. Applying Lemma 3.1 with j = 0, m = k and
β = α+M − k, we obtain

(3.2) fRkg ∈ Kα+M (n) for all f ∈ Kα+M−k(n).

Fix an ε > 0. Given h ∈ Kα+M (n), we have∫
Bn

|h(z)|(1− |z|)α+M−n−1

(
log

e

1− |z|

)−1−ε

dνn(z) < ∞

by Proposition 2.3 with j = 0. So, (3.2) and the closed graph theorem guarantee
that ∫

Bn

|f(z)||Rkg(z)|(1− |z|)α+M−n−1

(
log

e

1− |z|

)−1−ε

dνn(z)

≤ C‖f‖Kα+M−k(n)

for all f ∈ Kα+M−k(n). We remark that∥∥∥∥ 1

(1− 〈·, ζ〉)α+M−k

∥∥∥∥
Kα+M−k(n)

= 1 for all ζ ∈ ∂Bn

by the definition of Kα+M−k(n). Hence,

sup
ζ∈∂Bn

∫
Bn

|Rkg(z)|(1− |z|)α+M−n−1

|1− 〈z, ζ〉|α+M−k

(
log

e

1− |z|

)−1−ε

dνn(z) < ∞.

The proof is finished. �
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Recall that Mα(n) ⊂ H∞(Bn) for all α > 0, n ∈ N. So, condition (1.1) provides
no new information when α+M > n+ k and ε > 0. Indeed, if g ∈ H∞(Bn), then

|Rkg(z)| ≤ C(1− |z|)−k, z ∈ Bn.

Since α+M − k > n, we have∫
∂Bn

dσn(ξ)

|1− r〈ξ, ζ〉|α+M−k
≤ C(1− r)k+n−α−M , 0 ≤ r < 1, ξ ∈ ∂Bn,

by [14, Proposition 1.4.10]. So, integrating in polar coordinates, we obtain

sup
ζ∈∂Bn

∫
Bn

|Rkg(z)|(1− |z|)α+M−n−1

|1− 〈z, ζ〉|α+M−k

(
log

e

1− |z|

)−1−ε

dνn(z)

≤ C

∫ 1

0

(1− r)−1

(
log

e

1− r

)−1−ε

dr

< ∞
for any ε > 0.

4. Sufficient conditions

Lemma 4.1. Suppose that n ∈ N, g ∈ Hol(Bn) and 0 < α ≤ β. Then the following
properties are equivalent:

(i) fg ∈ Kβ(n) for all f ∈ Kα(n).
(ii) For all ζ ∈ ∂Bn, ∥∥∥∥ g(z)

(1− 〈z, ζ〉)α

∥∥∥∥
Kβ(n)

≤ Σ < ∞.

To prove Lemma 4.1, it suffices to repeat mutatis mutandis the arguments used
in the proofs of [16, Theorem 1] and [9, Lemma 2.1] for n = 1 and α = β.

Proof of Theorem 1.4. Fix a function f ∈ Kα(n).
Let k ∈ {1, . . . ,M}. Theorem 2.2 and the closed graph theorem guarantee that

‖ · ‖Kα+M (n) ≤ C‖ · ‖A1
α+M−n,0(Bn). Thus,

sup
ζ∈∂Bn

∥∥∥∥ Rkg(z)

(1− 〈z, ζ〉)α+M−k

∥∥∥∥
Kα+M (n)

≤ C sup
ζ∈∂Bn

∥∥∥∥ Rkg(z)

(1− 〈z, ζ〉)α+M−k

∥∥∥∥
A1

α+M−n,0(Bn)

< ∞

by (1.2). Therefore, FRkg ∈ Kα+M (n) for all F ∈ Kα+M−k(n) by Lemma 4.1.
Also, we have RM−kf ∈ Kα+M−k(n) by Theorem 2.1. Hence,

(4.1) RM−kf ·Rkg ∈ Kα+M (n), k = 1, . . . ,M.

We have RMf ∈ Kα+M (n) by Theorem 2.1 and g ∈ Mn(n) ⊂ Mα+M (n) by
Proposition 1.3. Thus,

(4.2) RMf · g ∈ Kα+M (n).

Identity (2.1) and properties (4.1) and (4.2) imply that RM (fg) ∈ Kα+M (n).
Therefore, fg ∈ Kα(n) by Theorem 2.1. So, by the definition, g ∈ Mα(n). �
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For n = 1, it is known that the hypothesis g ∈ M1(1) in Theorem 1.4 can
be replaced by g ∈ H∞(B1) (see [12]). Nevertheless, Theorem 1.4 yields explicit
sufficient conditions which will be used in Section 5.

For δ > 0, the holomorphic Lipschitz space Λδ(Bn) consists of those f ∈ Hol(Bn)
for which

|Rjf(z)| ≤ C(1− |z|)δ−j , z ∈ Bn,

where j is the least integer such that j > δ.

Corollary 4.2 (cf. [7, Corollary 5.1]). Let n ∈ N. Suppose that 0 < α < n and
g ∈ Λβ(Bn) for some β > n− α. Then g ∈ Mα(n).

Proof. In order to apply Theorem 1.4 let us first prove that g ∈ Mn(n). We have

|Rg(z)| ≤ C(1− |z|)δ−1, z ∈ Bn,

for some δ ∈ (0, 1/2). Note that

g(z) =

∫ 1

0

Rg(tz) dt, z ∈ Bn.

Hence,

(4.3) |Rg(z)| ≤ C(1− |z|)δ−1, z ∈ Bn.

Consider the real Lipschitz space ΛR

δ (Bn) which consists of those f : Bn → C for
which

|f(z)− f(w)| ≤ C|z − w|δ for all z, w ∈ Bn.

By (4.3) and [14, Theorem 6.4.10], there exists G ∈ ΛR

δ (Bn) such that G(z) = g(z)
for all z ∈ Bn. So, if n = 1, then g ∈ M1(1) by [10, Corollary 7.5]. If n ≥ 2, then
g = Kn[G |∂Bn

] ∈ Mn(n) by [8, Corollary 7.6].
Without loss of generality, we may assume that β ∈ (0, n) \N. Let j be the least

integer such that j > β. Remark that j ∈ {1, . . . , n}.
By the definition of Λβ(Bn), we have

|Rjg(z)| ≤ C(1− |z|)β−j , z ∈ Bn.

Therefore, using the inequalities α+ β > n and β > 0, we obtain

sup
ζ∈∂Bn

∫
Bn

|Rjg(z)|(1− |z|)α+j−n−1

|1− 〈z, ζ〉|α dνn(z)

≤ C sup
ζ∈∂Bn

∫
Bn

(1− |z|)α+β−n−1

|1− 〈z, ζ〉|α dνn(z)

< ∞

by [14, Proposition 1.4.10]. Note that α > n − β > n − j. So, if j = 1, then
g ∈ Mα(n) by Theorem 1.4 with M = 1.

Now, suppose that j ∈ {2, . . . , n} and k ∈ {1, . . . , j − 1}. We have k ≤ β and
β /∈ N; hence, k < β. So, g ∈ Λβ(Bn) implies Rkg ∈ H∞(Bn). Therefore, using
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the inequalities α+ j − n > 0 and k > 0, we obtain

sup
ζ∈∂Bn

∫
Bn

|Rkg(z)|(1− |z|)α+j−n−1

|1− 〈z, ζ〉|α+j−k
dνn(z)

≤ C sup
ζ∈∂Bn

∫
Bn

(1− |z|)α+j−n−1

|1− 〈z, ζ〉|α+j−k
dνn(z)

< ∞

by [14, Proposition 1.4.10]. So, g ∈ Mα(n) by Theorem 1.4 with M = j. �

Other sufficient conditions can be expressed in terms of the Hardy–Sobolev
spaces Hp

s (Bn). Given p > 0 and s > 0, the space Hp
s (Bn) consists of those

f ∈ Hol(Bn) for which Rsf is in the classical Hardy space Hp(Bn). The following
result improves [7, Corollary 5.4].

Proposition 4.3. Let n ≥ 2. Assume that j ∈ {1, . . . , n− 1} and g ∈ Hp
j (Bn) for

some p > n/j. Then g ∈ Mn−j(n).

Proof. Fix a function f ∈ Kn−j(n). By [3, Theorem 5.13], there exist pk > n/k
such that g ∈ Hpk

k (Bn), k = j, . . . , 1.
Property R1g ∈ Hp1(Bn) implies that

|R1g(z)| ≤ (1− |z|)−n/p1 , z ∈ Bn.

Since n < p1, Corollary 4.2 guarantees that g ∈ Mn(n). Note that Rjf ∈ Kn(n)
by Theorem 2.1; therefore,

(4.4) Rjf · g ∈ Kn(n).

Now, assume that k ∈ {1, . . . , j}. By Theorem 2.1 and [8, Corollary 3.3(i)],
we obtain Rj−kf ∈ Kn−k(n) ⊂ Hq(Bn) for all q ∈ (0, n/(n − k)). Recall that
Rkg ∈ Hpk(Bn) for some pk > n/k; hence,

(4.5) Rj−kf ·Rkg ∈ H1(Bn)

by Hölder’s inequality.
Note that H1(Bn) ⊂ Kn(n) by [8, Corollary 3.3(ii)]. Therefore, identity (2.1)

and properties (4.4) and (4.5) guarantee that Rj(fg) ∈ Kn(n). Thus, fg ∈ Kn−j(n)
by Theorem 2.1. So, g ∈ Mn−j(n), as required. �

5. Non-coincidence of multiplier families

Proposition 5.1. Suppose that n ∈ N, β < n and 0 < β < α. Then Mβ(n) is a
proper subset of Mα(n).

Proof. Recall that Mβ(n) ⊂ Mβ̃(n) for all β̃ > β. So, without loss of generality,

we may assume that n− j < β < α < n− j + 1 for some j ∈ {1, . . . , n}.
Fix γ such that β < γ < α.
We have n−j−γ < 0. Hence, [6, Lemma 1.2] provides a number M = M(n) ∈ N

and functions hm ∈ Hol(Bn), m = 0, 1, . . . ,M , such that

|hm(z)| ≤ C(1− |z|)n−j−γ , z ∈ Bn, m = 0, 1, . . . ,M,(5.1)
M∑

m=0

|hm(z)| ≥ (1− |z|)n−j−γ , z ∈ Bn.(5.2)
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By (5.2), there exists m0 ∈ {0, 1, . . . ,M} such that

(5.3)

∫
Bn

|hm0
(z)|(1− |z|)γ+j−n−1 dνn(z) = ∞.

Put g = R−jhm0
. Note that j is the least integer such that j > n − γ > 0, so,

g ∈ Λn−γ(Bn) by (5.1). Since n−γ > n−α, we obtain g ∈ Mα(n) by Corollary 4.2.
Recall that Mβ(n) ⊂ Kβ(n). Next, we have γ > β > n − j; thus, Kβ(n) ⊂

A1
γ+j−n,j(Bn) by [8, Proposition 5.3(ii)]. Hence, g /∈ Mβ(n) by (5.3). �

Note that a different proof of Proposition 5.1 is known for n = 1 (see [10,
Proposition 7.26]).

6. Extended Cesàro operators

Given g ∈ Hol(Bn), the extended Cesàro operator Jg is defined by the identity

Jgf(z) =

∫ 1

0

f(tz)Rg(tz)
dt

t
, f ∈ Hol(Bn), z ∈ Bn.

For n = 1, the studies of the operator Jg were initiated by Pommerenke [13]; see
also [1, 2]. For arbitrary n ∈ N, the operator Jg was introduced by Hu [11].

Direct calculations show that

(6.1) R(Jgf)(z) = f(z)Rg(z), f, g ∈ Hol(Bn), z ∈ Bn.

Proposition 6.1. Assume that n ∈ N, g ∈ Hol(Bn) and α > 0. Then the following
properties are equivalent:

(i) Jgf ∈ Kα(n) for all f ∈ Kα(n).
(ii) fRg ∈ Kα+1(n) for all f ∈ Kα(n).
(iii) For all ζ ∈ ∂Bn,∥∥∥∥ Rg(z)

(1− 〈z, ζ〉)α

∥∥∥∥
Kα+1(n)

≤ Σ < ∞.

Proof. Given f ∈ Kα(n), identity (6.1) and Theorem 2.1 guarantee that Jgf ∈
Kα(n) if and only if fRg = R(Jgf) ∈ Kα+1(n). So, properties (i) and (ii) are
equivalent. It remains to remark that (ii)⇔(iii) by Lemma 4.1. �

For n ∈ N, denote by K0(n) the family of f ∈ Hol(Bn) such that

f(z)− f(0) =

∫
∂Bn

log
1

1− 〈z, ζ〉 dµ(ζ), z ∈ Bn,

for some µ ∈ M(n). Given α > 0, put

Cα(n) = {g ∈ Hol(Bn) : Jg is bounded on Kα(n)}.

Proposition 6.2. Assume that n ∈ N and α > 0. Then K0(n) ⊂ Cα(n).

Proof. Suppose that g ∈ K0(n) and f ∈ Kα(n). Elementary calculations show that
Rg ∈ K1(n). Thus, fRg ∈ Kα(n) · K1(n) ⊂ Kα+1(n) by [8, Corollary 2.3]. It
remains to apply Proposition 6.1 and the closed graph theorem. �

For g ∈ Hol(B1), it is more natural to consider the following operator:

Cgf(z) =
1

z
Jgf(z) =

1

z

∫ z

0

f(w)g′(w) dw, f ∈ Hol(B1), z ∈ B1.
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Indeed, if g(z) = log 1
1−z for z ∈ B1, then Cg coincides with the classical Cesàro op-

erator C : Hol(B1) → Hol(B1), which is defined as follows. If f(z) =
∑∞

j=0 ajz
j ∈

Hol(B1), then

Cf(z) =
∞∑
j=0

(
1

j + 1

j∑
k=0

ak

)
zj , z ∈ B1.

It is known that C is a bounded operator on various spaces of holomorphic functions.
We will need the following auxiliary result.

Proposition 6.3. Assume that f ∈ Hol(B1), α > 0 and zf(z) ∈ Kα(1). Then
f ∈ Kα(1).

Proof. For z ∈ B1, put h(z) = zf(z). Since h ∈ Kα(1), we have h′ ∈ Kα+1(1) by
[10, Theorem 2.8]. Note that Rf(z) = zf ′(z) + f(z) = h′(z). So, f ∈ Kα(1) by
Theorem 2.1. �

Corollary 6.4. Let g ∈ Hol(B1) and α > 0. Then Cg is bounded on Kα(1) if and
only if g ∈ Cα(1). In particular, Cg is bounded on Kα(1) for any g ∈ K0(1).

Proof. Recall that z ∈ Mα(1). So, it remains to apply Propositions 6.3 and 6.2. �

The following result was obtained in [5] for α ≥ 1.

Corollary 6.5. The classical Cesàro operator C is bounded on Kα(1) for all α > 0.

Proof. Clearly, log 1
1−z ∈ K0(1), so, Corollary 6.4 applies. �

In the final part of this paper, we prove that Cβ(n) is a proper subset of Cα(n)
when 0 < β < α and β < n (cf. Proposition 5.1).

For n ∈ N and 0 < β ≤ γ, put

Mβ,γ(n) = {g ∈ Hol(Bn) : fg ∈ Kγ(n) for all f ∈ Kβ(n)}.
We will need the following generalization of Proposition 1.3.

Lemma 6.6. Assume that n ∈ N, γ ≥ β > 0 and α > β. Then Mβ,γ(n) ⊂
Mα,α+γ−β(n).

Proof. Let g ∈ Mβ,γ(n). By Lemma 4.1, there exist measures µζ ∈ M(n), ζ ∈ ∂Bn,
and a constant Σ > 0 such that ‖µζ‖ ≤ Σ and

g(z)

(1− 〈z, ζ〉)β =

∫
∂Bn

1

(1− 〈z, ξ〉)γ dµζ(ξ), z ∈ Bn.

So, we have

g(z)

(1− 〈z, ζ〉)α =

∫
∂Bn

1

(1− 〈z, ζ〉)α−β

1

(1− 〈z, ξ〉)γ dµζ(ξ), z ∈ Bn, ζ ∈ ∂Bn.

Given ζ, ξ ∈ ∂Bn, property (2.1) from [8] yields a probability measure ρζ,ξ ∈ M(n)
such that

1

(1− 〈z, ζ〉)α−β

1

(1− 〈z, ξ〉)γ =

∫
∂Bn

1

(1− 〈z, η〉)γ+α−β
dρζ,ξ(η), z ∈ Bn.

Therefore,

g(z)

(1− 〈z, ζ〉)α =

∫
∂Bn

∫
∂Bn

1

(1− 〈z, η〉)γ+α−β
dρζ,ξ(η) dµζ(ξ), z ∈ Bn.
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Fix a point ζ ∈ ∂Bn and put µ = µζ . Given ξ ∈ ∂Bn, let δξ denote the
Dirac measure at ξ. Applying the Banach–Alaoglu theorem, select measures µk =∑J(k)

j=1 aj,kδξj,k , aj,k ∈ C, ξj,k ∈ ∂Bn, such that ‖µk‖ ≤ Σ and the sequence {µk}
converges to µ in the weak* topology. Put λk =

∑J(k)
j=1 aj,kρζ,ξj,k . Note that

‖λk‖ ≤ Σ, so {λk} has a subsequence which converges in the weak* topology to,
say, λ = λζ ∈ M(n). So, we obtain

g(z)

(1− 〈z, ζ〉)α =

∫
∂Bn

1

(1− 〈z, η〉)α+γ−β
dλζ(η), z ∈ Bn,

where ‖λζ‖ ≤ Σ. Now, Lemma 4.1 guarantees that g ∈ Mα,α+γ−β(n). �

Corollary 6.7. Assume that n ∈ N and α > β > 0. Then Cβ(n) ⊂ Cα(n).

Proof. We apply Proposition 6.1 and Lemma 6.6 with γ = β + 1. �

Lemma 6.8. Assume that n ∈ N and α > 0. Then Mα(n) = Mα+1(n) ∩ Cα(n).

Proof. Assume that g ∈ Mα+1(n) ∩ Cα(n) and f ∈ Kα(n). By Theorem 2.1,
Rf ∈ Kα+1(n); hence, Rf · g ∈ Kα+1(n). Proposition 6.1 guarantees that fRg ∈
Kα+1(n). In sum, we have R(fg) = Rf · g + fRg ∈ Kα+1(n); thus, fg ∈ Kα(n).
So, g ∈ Mα(n).

Now, assume that g ∈ Mα(n) and f ∈ Kα(n). We have g ∈ Mα(n) ⊂ Mα+1(n)
and Rf ∈ Kα+1(n); therefore, Rf · g ∈ Kα+1(n). Also, fg ∈ Kα(n); hence,
Rf · g+ fRg ∈ Kα+1(n) by Theorem 2.1. Thus, fRg ∈ Kα+1(n) for all f ∈ Kα(n).
By Proposition 6.1, g ∈ Cα(n). So, g ∈ Mα+1(n) ∩ Cα(n). �

Proposition 6.9. Assume that n ∈ N, β < n and 0 < β < α. Then Cβ(n) is a
proper subset of Cα(n).

Proof. By Corollary 6.7, we may assume that α < β+1. By Proposition 5.1, there
exists a function g ∈ Mα(n) \Mβ(n). On the one hand, g ∈ Mα(n), so g ∈ Cα(n)
by Lemma 6.8. On the other hand, g ∈ Mα(n) ⊂ Mβ+1(n) and g /∈ Mβ(n). Hence,
g /∈ Cβ(n) by Lemma 6.8. �

By [10, Proposition 7.27], Mα(1)\M1(1) 	= ∅ for any α > 1. Thus, we also have
the following result.

Proposition 6.10. Assume that α > 1. Then C1(1) is a proper subset of Cα(1).

Finally, let g ∈ M2(1) \M1(1). Then g ∈ H∞(B1); moreover,

sup
ξ∈∂B1

∫ 1

0

|g′(rξ)| dr < +∞.

Nevertheless, g /∈ C1(1) by Lemma 6.8.

Acknowledgement

The author is grateful to the anonymous referee for constructive remarks and
suggestions.



FRACTIONAL CAUCHY TRANSFORMS 673

References

1. A. Aleman and A. G. Siskakis, An integral operator on Hp, Complex Variables Theory Appl.
28 (1995), no. 2, 149–158. MR1700079 (2000d:47050)

2. A. Aleman and A. G. Siskakis, Integration operators on Bergman spaces, Indiana Univ. Math.
J. 46 (1997), no. 2, 337–356. MR1481594 (99b:47039)

3. F. Beatrous and J. Burbea, Holomorphic Sobolev spaces on the ball, Dissertationes Math.
(Rozprawy Mat.) 276 (1989), 60 pp. MR1010151 (90k:32010)

4. J. A. Cima, A. L. Matheson, and W. T. Ross, The Cauchy transform, Mathematical Surveys
and Monographs, vol. 125, American Mathematical Society, Providence, RI, 2006. MR2215991
(2006m:30003)

5. J. A. Cima and A. G. Siskakis, Cauchy transforms and Cesàro averaging operators, Acta Sci.
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Stieltjes type integrals, Zap. Naučn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 19
(1970), 55–78 (Russian); English transl.: Seminars in Math., V. A. Steklov Math. Inst.,
Leningrad 19 (1972), 29–42. MR0291471 (45:562)

St. Petersburg Department of V.A. Steklov Mathematical Institute, Fontanka 27,

St. Petersburg 191023, Russia

E-mail address: dubtsov@pdmi.ras.ru

http://www.ams.org/mathscinet-getitem?mr=1700079
http://www.ams.org/mathscinet-getitem?mr=1700079
http://www.ams.org/mathscinet-getitem?mr=1481594
http://www.ams.org/mathscinet-getitem?mr=1481594
http://www.ams.org/mathscinet-getitem?mr=1010151
http://www.ams.org/mathscinet-getitem?mr=1010151
http://www.ams.org/mathscinet-getitem?mr=2215991
http://www.ams.org/mathscinet-getitem?mr=2215991
http://www.ams.org/mathscinet-getitem?mr=1737267
http://www.ams.org/mathscinet-getitem?mr=1737267
http://www.ams.org/mathscinet-getitem?mr=2516277
http://www.ams.org/mathscinet-getitem?mr=1120775
http://www.ams.org/mathscinet-getitem?mr=1120775
http://www.ams.org/mathscinet-getitem?mr=2189294
http://www.ams.org/mathscinet-getitem?mr=2189294
http://www.ams.org/mathscinet-getitem?mr=1963765
http://www.ams.org/mathscinet-getitem?mr=1963765
http://www.ams.org/mathscinet-getitem?mr=1629835
http://www.ams.org/mathscinet-getitem?mr=1629835
http://www.ams.org/mathscinet-getitem?mr=0454017
http://www.ams.org/mathscinet-getitem?mr=0454017
http://www.ams.org/mathscinet-getitem?mr=601594
http://www.ams.org/mathscinet-getitem?mr=601594
http://www.ams.org/mathscinet-getitem?mr=0586560
http://www.ams.org/mathscinet-getitem?mr=0586560
http://www.ams.org/mathscinet-getitem?mr=0291471
http://www.ams.org/mathscinet-getitem?mr=0291471

	1. Introduction
	Necessary conditions
	Sufficient conditions
	Organization of the paper

	2. Preliminaries
	3. Proof of Theorem 1.2
	4. Sufficient conditions
	5. Non-coincidence of multiplier families
	6. Extended Cesàro operators
	Acknowledgement
	References

