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A FORMULA ON SCATTERING LENGTH OF POSITIVE

SMOOTH MEASURES

MASAYOSHI TAKEDA

(Communicated by Richard C. Bradley)

Abstract. M. Kac studied the scattering length probabilistically and con-
jectured that its semi-classical limit equals the capacity of the support of the
potential. This conjecture has been proved independently by Taylor, Taka-
hashi, and Tamura. In this paper we give another simple proof by the random
time-change argument for Dirichlet forms and extend the previous results to
positive measure potentials.

1. Introduction

In [4] and [5], M. Kac and J. Luttinger studied the scattering length Γ(V ) of
a positive L1-function V on the 3-dimensional Euclidean space R3. They gave a
probabilistic expression of Γ(V ),

Γ(V ) = lim
t→∞

1

t

∫
R3

(
1−EW

x

(
e−

∫ t
0
V (Bs)ds

))
dx,

where (PW
x , Bt) is the Brownian motion on R3, and proved in [7] that for a compact

set K ⊂ R3 with Kac regularity, Γ(α1K) converges to the capacity of K as α → ∞.
Here 1K is the indicator function of K. Moreover, M. Kac conjectured in [4] that
for any positive L1-function V with compact support,

γV := lim
α→∞

Γ(αV )

equals the capacity of the support of V . M. Taylor [10] probabilistically verified the
conjecture and H. Tamura [9] proved it analytically. Y. Takahashi [8] gave a new
probabilistic representation of Γ(V ) for more general symmetric Markov processes
and proved that if V is a positive continuous function with compact support, then
the limit γV exists and depends only on the set {x : V (x) > 0}. Our aim is to
extend these results and to give another simple proof of the conjecture. In fact, we
will prove the following theorem by the time-change argument for Dirichlet forms.
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Theorem 1.1. Let µ be a finite smooth measure with fine support Fµ. Then

(1.1) lim
α→∞

Γ(αµ) = Cap(Fµ).

Here Cap is the capacity.

2. A formula for scattering length

Let X = (Ω,Px, Xt, θt, ζ) be an m-symmetric Hunt process on a locally com-
pact separable metric space E. Here m is a positive Radon measure on E, θt is
the shift operator satisfying Xs(θt) = Xs+t identically for s, t ≥ 0, and ζ is the
lifetime of X. Let µ be a positive smooth measure on E and denote by {Aµ

t }t≥0

a positive continuous additive functional in the Revuz correspondence to µ (cf. [3,
Theorem 5.1.3]). We define its right continuous inverse of Aµ

t by

τt(ω) = inf{s > 0 : Aµ
s (ω) > t}, (inf ∅ := ∞).

Let Fµ denote the fine support of {Aµ
t }t≥0:

Fµ = {x ∈ E : Px (τ0 = 0) = 0}.

We assume that the measure µ is finite, µ(E) < ∞.
In this paper we define the scattering length by

(2.1) Γ(µ) =

∫
E

Ex

(
e−Aµ

ζ

)
µ(dx).

In fact, if the Hunt process X is conservative, that is, Px(ζ = ∞) = 1, then the
scattering length Γ(µ) is also expressed as

(2.2) Γ(µ) = lim
t→∞

1

t

∫
E

(
1−Ex

(
e−Aµ

t

))
m(dx).

Indeed, let {pµt }t≥0 be the Feynman-Kac semigroup,

pµt f(x) = Ex

(
e−Aµ

t f(Xt)
)

for a bounded Borel function f . Denote by Pµ
x the subprocess of X by e−Aµ

t ,

Pµ
x(dω) = e−Aµ

t (ω) ·Px(dω). We see from [2, Theorem 2.2.2] that the Revuz measure
of Aµ

t with respect to the subprocess Pµ
x is also µ and from [6, (62.13)] that

Ex

(∫ t

0

e−Aµ
s dAµ

s

)
= Eµ

x (A
µ
t ) .

Hence by [3, Theorem 5.1.3 (iii)],〈
m, 1−Ex

(
e−Aµ

t

)〉
=

〈
m,Ex

(∫ t

0

e−Aµ
s dAµ

s

)〉
= 〈m,Eµ

x (A
µ
t )〉

=

∫ t

0

〈µ, pµs 1〉ds.

Here we use the notation 〈ν, f〉 =
∫
E
f(x)ν(dx) for a measure ν and a function f .

Since pµt 1(x) converges to Ex(e
−Aµ

∞) as t → ∞, we have the equation (2.2).
Let Cap be the 0-capacity associated with the Dirichlet form (E ,D(E)) of X

(Chapter 2 in [3]). Then the next lemma leads us to Theorem 1.1.
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Lemma 2.1.

(2.3) Γ(αµ) = α

∫
E

Ex

(
e−αAµ

ζ

)
µ(dx) ↑ Cap(Fµ), α ↑ ∞.

For the proof of Lemma 2.1, we apply the time-change theory for Dirichlet forms
([1], [3]).

3. Proof of Lemma 2.1

We define the time-changed process by Yt = Xτt . Then Yt is a µ-symmetric
Markov process with state space Fµ and life time Aµ

ζ (cf. [3, Theorem 6.2.1], [6,

Theorem 65.9]). Denote by P̌x the law of the time-changed process Yt and by ζ̌ its
life time. We then have for x ∈ Fµ:

Ex

(
e−αAµ

ζ

)
= Ěx

(
e−αζ̌

)
= 1− α Ěx

(∫ ζ̌

0

e−αtdt

)

= 1− αŘα1(x),

where Řα is the α-resolvent of Yt and 1 is the identity function on Fµ: 1 = 1Fµ(x).
Hence the left-hand side of (2.3) equals α(1, 1− αŘα1)µ.

Let (Ě ,D(Ě)) be the Dirichlet form on L2(Fµ;µ) generated by the time-changed
process Yt. Noting that the function 1Fµ is in L2(Fµ;µ) by the finiteness of µ, we
know that if 1Fµ ∈ D(Ě), then Ě(α)(1, 1) := α(1, 1 − αŘα1)µ is non-decreasingly

convergent to Ě(1, 1) as α ↑ ∞ (in [3], the form Ě(α) is said to be the approximating
form of Ě). The Dirichlet space D(Ě) is identified by Theorem 6.2.1 in [3], and the
Dirichlet form Ě is expressed by the original Dirichlet form E ([3, Theorem 6.2.1]);
in particular,

Ě(1, 1) = E(HFµ1, HFµ1), HFµ1(x) = Ex(1Fµ(XσFµ );σFµ < ∞),

where σFµ = inf{t > 0 : Xt ∈ Fµ}. We thus have

(3.1) Γ(αµ) = α(1, 1− αŘα1)µ ↑ Ě(1, 1) = E(HFµ1, HFµ1)

as α ↑ ∞. Since Fµ is a nearly Borel, finely closed set (cf. [3, p. 192]), Px(XσFµ ∈
Fµ) = 1 and thus

HFµ1(x) = Px(σFµ < ∞).

Therefore, the right-hand side of (3.1) equals Cap(Fµ) by [3, Theorem 4.3.3].
If 1Fµ 
∈ D(Ě), then limα→∞ Ě(α)(1, 1) ↑ ∞ as α ↑ ∞ and Cap(Fµ) = ∞. The

proof of the lemma is complete.
Finally we would like to make a comment on the fine support Fµ. Let F be the

topological support of µ. Then the set Fµ \ F is of zero capacity, while F \ Fµ is
not necessarily of zero capacity (cf. [3, §5.1]). We see that

(3.2) Px(A
µ
ζ > 0) = Px(σFµ < ζ).

Indeed, noting that if σFµ < ζ, then Aµ
ζ = Aµ

ζ (θσFµ ); and if σFµ = ∞, then Aµ
ζ = 0,

we have

Px(A
µ
ζ > 0) = Px(A

µ
ζ > 0, σFµ < ζ) +Px(A

µ
ζ > 0, σFµ = ∞)

= Px(A
µ
ζ (θσFµ ) > 0, σFµ < ζ)

= Ex(PXσFµ
(Aµ

ζ > 0);σFµ < ζ) (by the strong Markov property).
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Since PXσFµ
(Aµ

ζ > 0) = 1 on {σFµ < ζ}, the right-hand side above equals

Px(σFµ < ζ).
We consider the Brownian motion PW

x on R3 and µ(dx) = 1K(x)dx with
a compact set K ⊂ R3. Then the Kac regularity of K is, in [7], defined by
Cap(K \ Fµ) = 0 and thus PW

x (σK = σFµ) = 1. As a result, we see that if a
compact set K is Kac regular, then Cap(Fµ) = Cap(K).
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