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NONEXISTENCE OF HORIZONTAL SOBOLEV SURFACES

IN THE HEISENBERG GROUP

VALENTINO MAGNANI

(Communicated by Mario Bonk)

Abstract. Involutivity is a well known necessary condition for integrability
of smooth tangent distributions. We show that this condition is still necessary
for integrability with Sobolev surfaces. We specialize our study to the left
invariant horizontal distribution of the first Heisenberg group H

1. Here we
answer a question raised in a paper by Z.M. Balogh, R. Hoefer-Isenegger, and
J.T. Tyson.

The Heisenberg group H
1 can be represented as R3, equipped with the couple of

left invariant vector fields

X1(x) = ∂x1
− x2∂x3

, X2(x) = ∂x2
+ x1∂x3

with respect to the group operation x y = x + y + (0, 0, x1y2 − x2y1), for every
x, y ∈ R

3. In the sequel, we will use the standard Euclidean norm | · | on H
1,

especially when we consider rectifiable sets, in the Federer sense. We denote by
Hα

|·| the α-dimensional Hausdorff measure with respect to | · |. Sobolev mappings

with values in H
1 are thought of as having values in R

3. The measures Sα and Hα

are assumed to be constructed with respect to a fixed left invariant homogeneous
distance of the Heisenberg group.

Definition 1. We say that a countably H2
|·|-rectifiable set S of H1 is a Sobolev

surface if it can be written, up to H2
|·|-negligible sets, as the countable union of

graphs of precisely represented Sobolev functions of class W 1,1
loc and defined on open

sets of R2.

Remark 1. In view of recent results by J. Malý, D. Swanson and W. P. Ziemer,
graphs of precisely represented functions in our assumptions are countably H2

|·|-

rectifiable; see [10]. Then the hypothesis of rectifiability in Definition 1 could be
removed.

The distribution of admissible directions in the Heisenberg group is given by the
following horizontal subspaces:

HxH
1 = {λ1X1(x) + λ2X2(x) | λj ∈ R} for every x ∈ H

1.

The collection of all horizontal subspaces HyH
1, y ∈ H

1, seen as a subbundle of
TH1, is the so-called horizontal subbundle and it is denoted by HH

1.
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Definition 2. A countably H2
|·|-rectifiable set S in H

1 is horizontal if for H2
|·|-a.e.

x ∈ S, we have Tan(S, x) ⊂ HyH
1. We also say that S is H2

|·|-a.e. tangent to HH
1.

A Sobolev surface is horizontal if it is H2
|·|-a.e. tangent to HH

1.

Remark 2. Then the nonexistence of horizontal smooth 2-dimensional submanifolds
in H

1 is a simple consequence of the fact that the horizontal distribution given by
horizontal subspaces HyH

1 is noninvolutive. In fact, [X1, X2] = 2∂y3
and this

vector field clearly is not a linear combination of X1 and X2.

Lemma 1. Let f ∈ W 1,1
loc (Ω,H

1) be a graph parametrization of a Sobolev surface.
Then there exists a set of positive measure in Ω such that the system{

f3
x1

= f1f2
x1

− f2f1
x1

f3
x2

= f1f2
x2

− f2f1
x2

(1)

fails to hold in all points of this set.

Proof. Recall that Ω is an open subset of R2. We can rewrite the system (1) in
terms of differential forms as the a.e. pointwise validity of

df3 = f1df2 − f2df1 .

Since f parametrizes a graph, it can be represented in three possible ways, where
it always happens that either f1 or f2 is a coordinate function. Thus, one of
these components clearly is in W 1,1

loc (Ω) and the remaining one is smooth. As a
consequence, both f1df2 and f2df1 can be weakly differentiated and the weak
exterior differential satisfies the formula

d
(
f1df2 − f2df1

)
= 2 df1 ∧ df2 .

Clearly, d(df3) = 0 in the distributional sense; hence∫
Ω

∗
(
df1 ∧ df2

)
φ dL2 = 0

for φ ∈ C∞
c (Ω), where ∗

(
df1 ∧ df2

)
= det(f i

xj
). We have proved that ∇f1(x) and

∇f2(x) are not linearly independent for a.e. x ∈ Ω. Due to (1), it follows that the
rank of ∇f(x) is less than or equal to one for a.e. x ∈ Ω. This conflicts with the
fact that f parametrizes a graph. �
Remark 3. In the previous proof we have used the notion of weak exterior differen-
tial of a locally summable k-form α on an open set Ω of Rn. Recall that the locally
summable (k + 1)-form β is the weak exterior differential of α if for every smooth
compactly supported (n− k − 1)-form φ, we have∫

Ω

〈α, ∗ dφ〉 dLn = (−1)k+1

∫
Ω

〈β, ∗φ〉 dLn.

Here ∗ denotes the Hodge operator with respect to the volume form dx1∧· · ·∧dxn.
Notice also that β is uniquely defined. The validity of the formulae d(f1 df2) =
df1 ∧ df2 and d(f2 df1) = df2 ∧ df1 used in the previous proof can be obtained by
standard smooth approximation arguments.

Remark 4. One can check that the pointwise validity of (1) coincides with the
pointwise validity of either df(x)(TxR

2) ⊂ Hf(x)H
1 or equivalently Tan(S, f(x)) =

Hf(x)H
1, where S is parametrized by f .

Theorem 1. There do not exist horizontal Sobolev surfaces in H
1.
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Proof. By contradiction, we assume that Σ is a horizontal Sobolev surface in H
1.

Then we have an f ∈ W 1,1
loc (Ω,H

1) that is the graph of some W 1,1
loc -function and

such that f(Ω) is H2
|·|-a.e. tangent to HH

1. If we could find a set E ⊂ Ω of

positive measure where (1) fails to hold, then by Theorem 1.2 of [10] and in view
of Remark 4, we would get a subset f(E) ⊂ Σ of positive measure H2

|·| that is a.e.

not tangent to HH
1. This conflicts with our assumption of horizontality; hence we

have proved that (1) holds a.e. in Ω. The latter assertion conflicts with Lemma 1
and concludes the proof. �

Remark 5. Notice that, by definition, each Sobolev surface has positive measure
H2

|·|; hence one immediately observes that it also has positive measure H2. On the

other hand, H2
|·|-negligible sets cannot have positive measure H3, since this measure

is absolutely continuous with respect to H2
|·|, as has been shown in [3].

Theorem 2. Every Sobolev surface Σ ⊂ H
1 satisfies H3(Σ) > 0.

Proof. By definition of a Sobolev surface, we can find a precisely represented func-
tion u ∈ W 1,1

loc (Ω), where Ω is an open subset of R2, such that the graph of u is
contained in Σ. Suppose that the graph is of the form

Ω � (x1, x2) −→ f(x1, x2) =
(
u(x1, x2), x1, x2

)
.(2)

Lemma 1 ensures that there is a subset A ⊂ Ω of positive measure such that{
u− x1ux1

= 0
1 + x1ux2

= 0
does not hold at every point of A.(3)

Taking into account the classical Whitney extension theorem, see for instance 3.1.15
of [5] and the lemma of Section 3 in [6], one can find a bounded subset with positive
measure A0 ⊂ A and a C1 smooth function v : R2 −→ R such that u is everywhere
differentiable in A0 and coincides there with v along with its gradient. We define
the submanifold

Σ1 = {(y1, y2, y3) ∈ H
1 | v(y2, y3)− y1 = 0, (y2, y3) ∈ Ω} .

To avoid ambiguity, we have introduced the variables (y1, y2, y3), since y2 and y3
correspond to x1 and x2, respectively, of (2). Taking into account formulae (5.1)
and (5.2) of [2] for n = 1, we have

(4) S3�Σ1 = |nH | dH2
|·|�Σ1,

where S3 is the spherical Hausdorff measure with respect to a fixed Heisenberg
metric. The length of the horizontal normal with respect to the Euclidean metric
is given by

|nH(v(y), y)|2 = (1 + y2vy3
(y))2 + (vy2

(y) + v(y)vy3
(y))2

since it is equal to 〈n(v(y), y), X1(n(v(y), y))〉2 + 〈n(n(v, y)), X2(n(v, y))〉2, where
we have set y = (y2, y3). Taking into account (3), for every y ∈ A0, we have that
v(y) = u(y) and either

|v(y)− y2vy2
(y)| > 0 or |1 + y2vy3

(y)| > 0 .

If (1+y2vy3
(y)) 
= 0 on a subset E ⊂ A0 of positive measure, then |nH(v(y), y)| > 0

for every y ∈ E. By Theorem 1.2 of [10], f preserves H2
|·|-negligible sets and also

H2
|·|(f(E)) > 0. As a result, due to (4) we get S3(f(E)) > 0, where f(E) ⊂ Σ. The
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remaining case is that 1 + y2vy3
(y) = 0 for a.e. y ∈ A0. In particular, y2 
= 0 and

|v(y)− y2vy2
(y)| > 0 for a.e. y ∈ A0. As a consequence,

0 < |y2vy2
(y)− v(y)| = |y2| |vy2

(y) + v(y)vy3
(y)| ≤ |y| |nH(v(y), y)|

for a.e. y ∈ A0. Thus, arguing as before, we get S3(f(A0)) > 0, where f(A0) ⊂ Σ.
This concludes the proof in the case that the graph has the form (2). The remaining
two cases have analogous proofs. �

Corollary 1. There do not exist Sobolev surfaces Σ in H
1 such that 0 < H2(Σ) <

∞.

This corollary answers a question raised in [4] by Z. M. Balogh, R. Hoefer-
Isenegger and J. T. Tyson about the possibility of constructing sets with finite and
positive measure H2 with regularity between BV and Lipschitz. The authors show
that there exist graphs of BV functions that have this property, although this is not
true for Lipschitz parametrizations, as has been shown in [1] by L. Ambrosio and
B. Kirchheim. Precisely, Lipschitz parametrizations from R

2 to H
1 are considered

with respect to the Carnot-Carathéodory distance of H1, and this also implies the
local Lipschitz property with respect to the Euclidean distance fixed in H

1. Here
we wish to mention that Lipschitz maps between stratified groups a.e. satisfy their
associated contact equations, [9], and these equations in our case exactly correspond
to the system (1).

Remark 6. Notice that the previous lemma precisely shows that the closure of the
set where (1) fails to hold coincides with Ω. On the other hand, it is still possible
to construct even C1,α parametrizations of graphs in H

1, with 0 < α < 1, where
(1) holds in a subset of positive measure, [2]. Then this subset must have empty
interior.

It is natural to consider our previous results for parametrized surfaces, that are
not necessarily graphs. In fact, one can extend the notion of a Sobolev surface
to suitable images of Sobolev mappings. Clearly, this is a weaker notion than the
previous one.

Definition 3. We say that a countably H2
|·|-rectifiable set S of H1 is a parametrized

W 1,p-Sobolev surface if it can be written, up to H2
|·|-negligible sets, as the countable

union of images of W 1,p
loc -Sobolev mappings on open subsets of R2 that send H2

|·|-

negligible sets into H2
|·|-negligible sets and that have a.e. maximal rank.

Although in the previous definition rectifiability is a consequence of the assump-
tions on the Sobolev parametrizations, we prefer stressing this important property.

Remark 7. In Definition 3, we have assumed also a sort of Lusin’s condition on the
parametrization, namely, that of preserving H2

|·|-negligible sets. This is an impor-

tant assumption, since one can find for instance Sobolev mappings of W 1,2(R2,R3)
whose image coincides with all of R3; see [7] for more general results in this vein.

Remark 8. It is also natural to assume that the Sobolev parametrizations considered
in Definition 3 have a.e. maximal rank. In fact, without this assumption one can
consider the smooth mapping {x ∈ R

2 | 0 < |x| < 1} � x −→ (0, 0, |x|) ∈ H
1 whose

image has positive and finite measure H2, as was already pointed out in [4].
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Definition 4 (Distributional Jacobian). Let F ∈ W 1, n2

n+1 (Ω,Rn), where Ω is an
open set of Rn. Then for any ϕ ∈ C∞

c (Ω) the distributional Jacobian is defined as

〈JF , ϕ〉 = −
∫
Ω

f1dϕ ∧ df2 ∧ · · · ∧ dfn ,

where F = (f1, . . . , fn).

By the classical Sobolev embedding theorem, the previous definition is well
posed. Using Calderón-Zygmund differentiability of Sobolev functions, S. Müller in
[11] proved the validity of the following theorem; see also Section 7.1 of [8].

Theorem 3. Let Ω be an open subset of R
n and let F ∈ W 1, n2

n+1 (Ω,Rn). Let
Φt = t−nΦ(t−1x), where Φ ∈ C∞

c

(
{x ∈ R

n : |x| < 1}
)
and

∫
Rn Φ(x) dx = 1. Then

defining JF ∗ Φt(x) = 〈JF , y → Φt(x− y)〉, it follows that for a.e. x ∈ Ω the limit

(5) lim
t→0+

JF ∗ Φt(x) = J(x, F )

holds, where J(x, F ) = det
((
f i
xj
(x)

)
i,j=1,...,n

)
.

Lemma 2. Let Ω be an open subset of R
2 and f ∈ W

1,4/3
loc (Ω,H1) be a Sobolev

mapping with a.e. maximal rank. Then the conclusions of Lemma 1 still hold.

Proof. Suppose by contradiction that (1) holds a.e. in Ω. Then it can be written
as

df3 = f1df2 − f2df1 .

Set F = (f1, f2) : Ω −→ R
2 and observe that in view of Definition 4 the dis-

tributional Jacobian JF is well defined. Then the weak exterior differential of
f1df2 − f2df1 is vanishing. In fact, we have

0 =

∫
Ω

dϕ ∧ df3 =

∫
Ω

f1dϕ ∧ df2 −
∫
Ω

f2dϕ ∧ df1 = −2 〈JF , ϕ〉 .

The last identities can be proved using standard smooth convolutions. In particular,

〈JF , ϕ〉 = −
∫
Ω

f1 dϕ ∧ df2 = 0 for every ϕ ∈ C∞
c (Ω) .

Due to Theorem 3, for a.e. x ∈ Ω there exists the following:

lim
t→0+

JF ∗ Φt(x) = J(x, F ) ,

where J(x, F ) = det
(
(f i

xj
)i,j=1,2

)
is the pointwise Jacobian. Since the distribu-

tional Jacobian is vanishing, we have that J(x, F ) = 0 for a.e. x ∈ Ω. Taking
into account that (1) corresponds to ∇f3 = f1∇f2 − f2∇f1 a.e. in Ω, we have
proved that the rank of f is a.e. less than or equal to one. This conflicts with our
assumptions on f . �
Remark 9. The previous lemma relies on the notion of a distributional Jacobian
and its properties. We direct the reader to the recent monograph [8] for a thorough
presentation of this topic, along with a number of related arguments.

Lemma 3. Let f ∈ W 1,1
loc (Ω,R

n), where Ω ⊂ R
k is an open subset and k ≤ n and

suppose that f preserves Hk
|·|-negligible sets. Then the following area formula holds:

(6)

∫
E

Jf(x) dx =

∫
Rn

Nf (y, E) dHk
|·|(y) ,
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where E is a measurable set in Ω and Jf(x) denotes the Jacobian of the approximate
differential of f at x.

Proof. One argues as in [6]. In fact, the area formula holds for Lipschitz mappings
and it is possible to find an increasing sequence of measurable sets Xk, whose
union gives E up to an Hk

|·|-negligible set and such that f|Xk
is Lipschitz. By our

assumption, Hk
|·|
(
f(E \

⋃
k Xk)

)
= 0; hence the Beppo-Levi convergence theorem

concludes the proof. �

Theorem 4. There do not exist horizontal parametrized W 1,p-Sobolev surfaces in
H

1 for every p ≥ 4/3.

Proof. Let Σ be a parametrized W 1,4/3-Sobolev surface. By definition we can find
a Sobolev mapping f ∈ W 1,4/3(Ω,H1) with a.e. maximal rank that sends H2

|·|-

negligible sets into H2
|·|-negligible sets and such that f(Ω) ⊂ Σ. By contradiction,

suppose that Σ is horizontal. We wish to prove that df(x)(TxR
2) ⊂ Hf(x)H

1 a.e.
in Ω. In fact, if this were not the case, then one could find a set of positive measure
E in Ω where the previous condition of horizontality does not hold. By the area
formula (6) and the hypothesis on the rank of f we would get H2

|·|(f(E)) > 0, where

f(E) is not tangent to HH
1 at an H2

|·|-a.e. point. This conflicts with our hypothesis

on Σ. Since df(x)(TxR
2) ⊂ Hf(x)H

1 is equivalent to the validity of (1) at x, we
have proved the a.e. validity of (1) in Ω, and this conflicts with Lemma 2. �

Theorem 5. Let p ≥ 4/3 and let Σ be a parametrized W 1,p-Sobolev surface in H
1.

Then H3(Σ) > 0.

Proof. By hypothesis, we have a W 1,p
loc -mapping f : Ω −→ H

1 with a.e. maximal
rank that sends H2

|·|-negligible sets into H2
|·|-negligible sets and such that f(Ω) ⊂ Σ.

By Lemma 2, one can find a set E ⊂ Ω of positive measure such that f is everywhere
approximately differentiable on E and the system (1) fails to hold everywhere on
this set. It is also not restrictive to assume that each point of E is a density point
and that the approximate differential has maximal rank. Again, by the Whitney
extension theorem and the lemma of Section 3 in [6], one can find a subset E0 of
E with positive measure and a C1 mapping g : R2 −→ H

1 such that g|E0
= f|E0

and the approximate differential of f along with the differential of g coincide on
E0. Let us fix x0 ∈ E0 and notice that for a fixed r0 > 0 sufficiently small we have
both L2(Bx0,r0 ∩E0) > 0 and g(Bx0,r0) = Σ0 ⊂ H

1 is an embedded surface. Up to
possibly shrinking S0, it is not restrictive to assume that it is a graph around x0.
As in the proof of Theorem 2, we apply (4), then getting

(7) S3�Σ0 = |nH | dH2
|·|�Σ0.

By properties of g and (6), we have S0 = f(Bx0,r0 ∩E0) ⊂ Σ0∩Σ and H2
|·|(S0) > 0.

Since (1) does not hold on E0, then nH(f(x)) 
= 0 for every x ∈ E0; hence (7) gives
S3(S0) > 0. This concludes the proof. �

Corollary 2. For every p ≥ 4/3, there do not exist parametrized W 1,p-Sobolev
surfaces Σ such that 0 < H2(Σ) < ∞.

As a final comment, we wish to point out how this note leaves open the question
about existence of horizontal parametrizedW 1,p-Sobolev surfaces with 1 ≤ p < 4/3.
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