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Abstract. Let Λ be a connected tame hereditary algebra over an algebraically

closed field. We show that if Λ = kQ is of type Ãn, D̃n, Ẽ6 or Ẽ7, then
every Gabriel-Roiter submodule of a quasi-simple module of rank 1 (i.e. a
simple homogeneous module) has defect −1. In particular, any Gabriel-Roiter
submodule of a simple homogeneous module yields a Kronecker pair, and thus

induces a full exact embedding of the category mod kÃ1 into modΛ, where

Ã1 is the Kronecker quiver. Consequently, we obtain that all quasi-simple
modules are Gabriel-Roiter factor modules.

1. Introduction and main results

Throughout the paper, we assume that k is an algebraically closed field. By
algebras, we mean finite dimensional basic connected k-algebras, unless stated oth-
erwise. The modules over an algebra are always assumed to be finitely generated
left modules. We denote by |M | the length of a module M . The symbol ⊂ is used
to denote proper inclusion.

The Gabriel-Roiter measure of an Artin algebra is a combinatorial invariant that
was used by Gabriel and Roiter in the 1970s in the proof of the first Brauer-Thrall
conjecture, dealing with algebras of finite representation type (see [7] for example).
Several years ago, Ringel has demonstrated in [8, 9] its relevance for the study of
algebras of infinite representation type. Let Λ be an Artin algebra. The Gabriel-
Roiter (GR for short) measure μ(M) for a Λ-module M was defined (see [9]) by
induction as follows:

μ(M) =

⎧⎨
⎩

0, M = 0;
maxN⊂M{μ(N)} if M is decomposable;
maxN⊂M{μ(N)}+ 1

2|M| if M is indecomposable.

The so-called Gabriel-Roiter submodules of an indecomposable module are defined
to be the indecomposable proper submodules with maximal measure. An inclusion
X ⊂ Y with X and Y indecomposable is called a Gabriel-Roiter inclusion if X is a
Gabriel-Roiter submodule of Y . The factor module Y/X of a GR inclusion X ⊂ Y
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is called a Gabriel-Roiter factor. It was proved in [8] that a Gabriel-Roiter factor
is indecomposable, which gives the first proof that every indecomposable module is
an extension of two indecomposable ones.

Let Λ be a tame hereditary algebra, i.e. a path algebra Λ = kQ with Q a

quiver of type Ãn, D̃n, Ẽ6, Ẽ7 or Ẽ8 (for a reference, see [5] for example). A quasi-
simple module is an indecomposable regular module such that the Auslander-Reiten
sequence starting with it has indecomposable middle term. Each indecomposable
regular Λ-module M can be uniquely written as X[t] for some quasi-simple module
X = X[1] and some natural number t, where t is the length of the unique sequence
of irreducible monomorphisms X = X[1] → X[2] → · · · → X[t] ∼= M . The rank of a
quasi-simple module X over Λ is the minimal natural number r such that τ rX ∼= X,
where τ is the Auslander-Reiten translation. We use Hi, instead of X[i], if X is a
quasi-simple module of rank 1, and in this case H1 is called a simple homogeneous
module. Let δ be the minimal radical vector, which corresponds to the minimal
positive imaginary root of the corresponding affine Lie algebra. Then the dimension
vector of X[r] is δ for each quasi-simple module X of rank r. It has been shown
that the Gabriel-Roiter measures of indecomposable modules with dimension vector
δ play an important role when comparing (computing) the measures of regular
modules (see [4], or Proposition 2.5 below). Thus it is important to know the
Gabriel-Roiter measures of these indecomposable modules.

We first study the Gabriel-Roiter submodules of simple homogeneous modules.
We also denote by δ the well-known defect function (see section 2.2 for details).

Theorem. Let Λ = kQ be a tame hereditary algebra of type Ãn, D̃n, Ẽ6 or Ẽ7.
Assume that X ⊂ H1 is a Gabriel-Roiter inclusion with H1 a simple homogeneous
module. Then δ(X) = −1.

Under the assumption of the theorem, we may conclude that (H1/X,X) is
a Kronecker pair, i.e. X and H1/X are orthogonal exceptional modules with
dimExt 1(H1/X,X) = 2. Let A be the full subcategory of modΛ with filtrations
with factors X and H1/X. Then A is equivalent to the category of Kronecker
modules. It follows that starting with one simple homogeneous module H1, any
GR submodule yields a Kronecker pair and thus the whole one-parameter family
of simple homogeneous modules.

In the proof of the theorem, we will see why the Ẽ8 case is excluded. Namely, the
proof that will be presented depends on the τ -orbit of the preprojective modules of

defect −1. For the Ẽ8 case there is only one such τ -orbit. However, for the other
cases, there are at least two.

As an application of the theorem, we have the following proposition, which con-
cerns the GR measures of some indecomposable regular modules with dimension
vector δ:

Proposition. Let Λ be a tame hereditary algebra of type Ãn, D̃n, Ẽ6 or Ẽ7, and
let X1 be a quasi-simple module of rank r > 1 and Xi = τ−(i−1)X1. Then there
exist some 1 ≤ j ≤ r such that μ(Xj [r]) ≥ μ(H1).

This proposition tells us that given a regular tube of rank r > 1 over a tame

hereditary algebra which is not of Ẽ8 type, there is always a quasi-simple module X
such that μ(X[r]) ≥ μ(H1). However, there may not exist a quasi-simple module

X with μ(X[r]) < μ(H1). For example, Λ = kÃn with sink-source orientation (see
[3] for details).



GR SUBMODULES OF SIMPLE HOMOGENEOUS MODULES 3417

The Auslander-Reiten sequences ending at Gabriel-Roiter factors were studied
in [1, 2] for representation-finite hereditary algebra and tame hereditary algebras,
respectively. Most of these Auslander-Reiten sequences have indecomposable mid-
dle terms. Assume that Λ is a representation-infinite hereditary algebra. A regular
Gabriel-Roiter factor must be a quasi-simple module since an irreducible map to
a Gabriel-Roiter factor is always an epimorphism. However, it is not known yet if
every quasi-simple module is a Gabriel-Roiter factor. Using the above proposition,
we can answer the question for tame cases as follows:

Corollary. Let Λ = kQ be a tame hereditary algebra of type Ãn, D̃n, Ẽ6 or Ẽ7.
Then each quasi-simple module X is a Gabriel-Roiter factor and there are, up to
isomorphism, infinitely many Gabriel-Roiter inclusions with factor X.

2. Preliminaries and known results

2.1. General results on Gabriel-Roiter measures. We first recall some re-
sults on Gabriel-Roiter measures. The following property follows directly from the
definition.

Lemma 2.1. Let Λ be an Artin algebra and X, Y and Z be indecomposable Λ-
modules.

(1) If X is a proper submodule of Y , then μ(X) < μ(Y ).
(2) If μ(X) < μ(Y ) < μ(Z) and X is a GR submodule of Z, then |Y | > |Z|.

The following Main Property can be found in [8].

Main Property. Let Λ be an Artin algebra and X, Y1, · · · ,Yt be indecomposable
modules. Assume that there is a monomorphism f : X −→

⊕t
i=1 Yi. Then

(1) μ(X) ≤ max{μ(Yi)}.
(2) If μ(X) = max{μ(Yi)}, then f splits.

2.2. Defect function. Let Λ = kQ be a tame hereditary algebra. We quickly
recall some preliminaries and refer to [5] for details and non-explained notions.

We denote by δ = (δi) the minimal dimension vector such that 〈δ, δ〉 = 0, where
〈−,−〉 is the associated Tits form given by

〈dimX, dimY 〉 = dimHom (X,Y )− dimExt 1(X,Y )

for Λ-modules X,Y , where dim denotes the dimension vector. The defect of a
module X is defined to be 〈δ, dimX〉 = −〈dimX, δ〉. We thus get a defect function,
which is also denoted by δ : δ(X) = 〈δ, dimX〉. It is well-known that an indecom-
posable Λ-module X is preprojective (respectively, regular, preinjective) if and only
if δ(X) < 0 (respectively, = 0, > 0). Note that the defect function is a constant on
each τ -orbit, and for an indecomposable projective module Pi,

δ(Pi) = −〈dimPi, dimH1〉 = −dimHom (Pi, H1) = −(dimH1)i = −δi.

Using the defect function, we may easily get the following consequence for tame
hereditary aglebras.

Lemma 2.2. (1) An indecomposable preprojective module of defect −1 has no
proper preprojective factor.

(2) Every nonzero homomorphism from an indecomposable preprojective module
of defect −1 to a quasi-simple module is either injective or surjective.
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Proof. We show (1), and (2) follows directly from (1). Let X be an indecomposable

preprojective module of defect δ(X) = −1, and letX
f→ Y be a proper epimorphism

with Y indecomposable preprojective. We denote by K the kernel of f . Then
δ(K) = δ(X)− δ(Y ) ≥ 0 since δ(X) = −1 and δ(Y ) < 0. But K is a submodule of
X, which is thus preprojective and δ(K) < 0, a contradiction. �

2.3. The Gabriel-Roiter measure for tame hereditary algebras. From now
on, we fix a tame hereditary algebra Λ = kQ. If X is a quasi-simple module of

rank r, then dimX[r] = δ. It has been shown in [4] (for the Ãn case, also see
[3]) that the Gabriel-Roiter measures of indecomposable modules with dimension
vector δ play an important role when comparing the measures of regular modules
(Proposition 2.5 below).

The following propositions can be used to compute (or compare) the Gabriel-

Roiter measures of Λ-modules. We refer to [4] (for the Ãn case, also see [3]) for the
proofs and details.

Proposition 2.3. Let H1 be a simple homogeneous module. Then μ(H1) > μ(M)
for each indecomposable preprojective module M .

As a direct consequence of the above proposition, we have

Proposition 2.4. Let H1 → H2 → H3 → · · · be a sequence of irreducible mono-
morphisms with H1 a simple homogeneous module. Then for each i ≥ 2, Hi contains
Hi−1 as the unique GR submodule.

The following proposition is very useful when comparing the Gabriel-Roiter mea-
sures of regular modules.

Proposition 2.5. Let X be a quasi-simple module of rank r > 1.
(1) If μ(X[r]) ≥ μ(H1), then μ(X[j]) > μ(Hi) for all j > r, i ≥ 1. In this case,

X[j] is, up to isomorphism, the unique Gabriel-Roiter submodule of X[j + 1] for
each j ≥ r.

(2) If μ(X[r]) < μ(H1), then μ(X[j]) < μ(H1) for all j ≥ 1.

3. Proof of the Theorem

The main aim of this section is to prove the following theorem:

Theorem. Let Λ = kQ be a tame hereditary algebra of type Ãn, D̃n, Ẽ6 or Ẽ7.
Assume that X ⊂ H1 is a Gabriel-Roiter inclusion with H1 a simple homogeneous
module. Then δ(X) = −1.

We first give a generalized version of Lemma 4.1 in [6], which says that if Λ is a
hereditary algebra and X,Y are indecomposable Λ-modules with Ext 1(X,Y ) = 0,
then any non-zero homomorphism from Y to X is either injective or surjective. For
a natural number m, we denote by [1,m] the set {1, 2, 3, · · · ,m}.

Lemma 3.1. Let Λ be a hereditary algebra and X,X1, · · · , Xm be indecomposable
Λ-modules such that Hom(Xi, Xj) = 0 for all i 	= j. If Ext 1(

⊕
i∈[1,m] Xi, X) =

0 and f : X →
⊕

i∈[1,m] Xi is a nonzero homomorphism such that imf is not

contained in any direct sum of m− 1 terms, then f is either an epimorphism or a
monomorphism.
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Proof. The proof is similar to the original one given in [6]. Assume that f is such
a map as in the assumption, and that f is neither injective nor surjective. Denote
by U the image of f and by C the cokernel of f . Let ι be the inclusion U →

⊕
Xi.

Since Λ is hereditary, the induced map Ext 1(C, f) : Ext 1(C,X) → Ext 1(C,U) is
surjective. Thus there exists a commutative diagram:

0 �� X ��

f

��

V ��

��

C �� 0

0 �� U
ι��
⊕

i∈[1,m] Xi �� C �� 0

Therefore, we obtain a short exact sequence

0 → X → U ⊕ V →
⊕

i∈[1,m]

Xi → 0.

We claim that the sequence does not split and thus get a contradiction. Namely, if
it splits, then U is isomorphic to

⊕
j∈J Xj for some J ⊂ [1,m] by the Krull-Remak-

Schmidt Theorem. Let t ∈ [1,m] \ J , and let π be the canonical projection⊕
i∈[1,m] Xi → Xt. Since Hom (Xi, Xj) = 0 for all i 	= j, the restriction π|U = πι

is zero. Thus U is contained in kerπ =
⊕

i �=t Xi. This contradicts the assumption
on f . We are done. �

Proof of the Theorem. For the Ãn cases, this is clear since any indecomposable
preprojective module has defect −1.

Now we consider the D̃n case. Notice that in this case the defect of an inde-
composable preprojective module is either −1 or −2. Assume that δ(X) = −2
and consider the following full subquiver of the preprojective component of the
Auslander-Reiten quiver:
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�

•

������ ��

���
��
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������

���
��
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������
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���
•

		����

X
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•

������
•

����
��

•
���
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�����
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����
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		���� ��

����
�� • �� •
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		����

Note that both X1 and X2 are of defect −1. Since there is a sectional path from
X to X1, we get Ext 1(X1, X) = 0 and dimHom (X,X1) = 1. The same is true
for X2. Let fi : X → Xi be a nonzero homomorphism for i = 1, 2. Then fi is
either a monomorphism or an epimorphism by Lemma 3.1 (or the original version).

Since Ext 1(X1 ⊕ X2, X) = 0 and the map X
f=(f1,f2)

⊥

−−−−−−−→ X1 ⊕ X2 satisfies the
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assumption in Lemma 3.1, it is thus either an epimorphism or a monomorphism.
Assume that it is an epimorphism and denote by K the kernel. Then δ(K) =
δ(X) − δ(X1 ⊕X2) = 0 since δ(X) = −2 and δ(X1) = δ(X2) = −1. This implies
thatK has to be zero, and therefore f is a monomorphism. Thus the Main Property
implies that μ(X) < max{μ(X1), μ(X2)}. Without loss of generality, we assume
that μ(X1) = max{μ(X1), μ(X2)}.

Denote by X = Ys → · · · → Y1 → X1 the sectional path from X to X1. If both
τ sX1 and τ sX2 are non-zero, then there is a sectional path from τ sX2 (respectively
τ sX1) to X. An easy calculation shows that

|X| − |X1| =
{

|τ sX2| if s is even;
|τ sX1| if s is odd.

In any case, we get |X| − |X1| > 0. Therefore, f1 has to be an epimorphism.
Thus |X1| < |X| < |H1|. If one of τ sX1 and τ sX2 is zero (this implies that for-
mally, X1 is not far away from projective modules in the Auslander-Reiten quiver),
one can thus calculate the possible dimension vectors of X1, i.e. the possible
dimensions of the Hom-spaces between the projective modules and X1, via the
paths in the preprojective component, and get that dimX1 < dimH1 = δ. (In
fact, it is sufficient to find one indecomposable projective module Pi such that
dimHom (Pi, X1) = (dimX1)i < δi = (dimH1)i.)

In each case, we get that dimX1 < dimH1. Thus there is always a monomor-
phism from X1 to H1 by Lemma 2.2. It follows that μ(X1) < μ(H1). It turns
out that μ(X) < max{μ(X1), μ(X2)} = μ(X1) < μ(H1). Therefore, we obtain a
contradiction since X ⊂ H1 is a Gabriel-Roiter inclusion.

The proof of the D̃n case provides an idea of how to prove the Ẽ6 and Ẽ7 cases.
We give the main steps under the assumption that X is a Gabriel-Roiter submodule
of H1 with defect δ(X) 	= −1.

Step 1. On each full sectional path starting with X in the preprojective compo-
nent, we select (at most) one indecomposable module Xi that lies on the
boundary of the component; i.e. the middle term of the Auslander-Reiten
sequence ending at Xi is indecomposable. Then clearly, the relations satisfy
Hom(Xi, Xj) = 0 for all i 	= j, Ext 1(Xi, X) = 0 and dimHom (X,Xi) = 1.

Step 2. We may select those Xi such that
∑

i δ(Xi) = δ(X). Let fi : X → Xi be

a nonzero homomorphism and f = (fi)
⊥
i : X →

⊕
Xi. Then f is either

injective or surjective by Lemma 3.1. However, it cannot be an epimorphism
since δ(X) =

∑
i δ(Xi). Thus by the Main Property, μ(X) < max{μ(Xi)},

say μ(X1) is the maximum measure.
Step 3. If δ(X1) 	= −1, we may repeat the above steps for X1, and obtain an

indecomposable preprojective module M with δ(M) = −1 and μ(X) <
μ(X1) < μ(M). If δ(X1) = −1, set X1 = M .

Step 4. We may show step by step that the dimensional vector of M is smaller than
δ in the following two ways: either there is an epimorphism from X to M ,
or there exists an indecomposable projective module Pt with defect s, such
that (dimM)t = dimHom (Pt,M) < −s = δt.

Step 5. Finally, since |M | < |H1| and δ(M) = −1, we may obtain a monomorphism
from M to H1 by Lemma 2.2. Thus we get μ(X) < μ(M) < μ(H1), which
is a contradiction.
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In the following tables, we indicate the selection of such modulesXi for a givenX.
There, � and �1 denote the modules selected for X with δ(�) = −1 and δ(�1) 	= −1.
We use �2 to denote the modules selected for �1 in case μ(�1) = max{μ(�), μ(�1)}.
The black bullets indicate the modules with 3 arrows starting with those in the
preprojective component of the Auslander-Reiten quiver.
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For the Ẽ7 case, there are four possibilities:
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The proof is completed. �

Remark. As mentioned in the Introduction, the method in the proof of the Theorem

cannot be applied to the Ẽ8 case since there is only one τ -orbit of defect −1. Thus

it is not known at the moment if the theorem holds for the Ẽ8 case.
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4. Kronecker pairs

Let Λ be a hereditary algebra over an algebraically closed field. An indecompos-
able Λ-moduleM is exceptional if Ext 1(M,M) = 0. A pair of indecomposable mod-
ules (Y,X) is an orthogonal exceptional pair if X and Y are both exceptional mod-
ules, and Hom(X,Y ) = Hom (Y,X) = 0 = Ext 1(X,Y ). In [1], we have shown that
for a representation-finite hereditary algebra over an algebraically closed field, each
GR inclusion yields a Schofield sequence; i.e. if X is a GR submodule of M , then
(M/X,X) is an orthogonal exceptional pair. In this case dimExt 1(M/X,X) = 1.

This can be in some sense generalized to tame hereditary algebras. A pair of
indecomposable modules (Y,X) is called a Kronecker pair if (Y,X) is an orthogonal

exceptional pair with dimExt 1(Y,X) = 2. We fix a tame hereditary algebra Λ.

Proposition 4.1. Let H1 be a simple homogeneous Λ-module and X a submodule
of defect −1. Then (H1/X,X) is a Kronecker pair.

Proof. Since H1 contains no proper regular submodules and since the defect
δ(X) = −1, we see that X is an indecomposable preprojective module. It fol-
lows that dimHom (X,H1) = 1. Using the Auslander-Reiten formula, we obtain
dimExt 1(H1, X) = dimHom (X, τH1) = dimHom (X,H1) = 1. Let ε : 0 →
X → H1 → H1/X → 0 be the canonical short exact sequence. Then δ(H1/X) =
δ(H1) − δ(X) = 1. By duality, H1/X is indecomposable preinjective and
dimHom (H1, H1/X) = 1. Thus both X and H1/X are exceptional. Applying
Hom (X,−) to ε, we obtain the exact sequence

0 → Hom(X,X) → Hom(X,H1) → Hom(X,H1/X) → Ext 1(X,X) = 0.

Thus Hom(X,H1/X) = 0 and (H1/X,X) is an orthogonal exceptional pair. Ap-
plying Hom (−, X) to ε, we see that

0 = Hom(H1, X) → Hom(X,X) → Ext 1(H1/X,X)

→ Ext 1(H1, X) → Ext 1(X,X) = 0.

Therefore, dimExt 1(H1/X,X) = 2 and (H1/X,X) is a Kronecker pair. �

One of the most important properties of a tame hereditary algebra Λ is the
fact that there are full exact subcategories, which are equivalent to the category of

modules over the Kronecker algebra kÃ1. Thus our theorem shows that (at least for

the Ãn, D̃n, Ẽ6, and Ẽ7 cases) any GR submodule of a simple homogeneous module
yields a Kronecker pair and thus induces a full exact embedding of the category of
Kronecker modules into modΛ.

5. Regular Gabriel-Roiter factors

Let Λ = kQ be a tame hereditary algebra. We have seen in Proposition 2.5 that
the GR measures of the indecomposable modules with dimension vector δ play an
important role when comparing the GR measures of regular modules. Thus, given
a quasi-simple module X of rank r > 1, we want to know if μ(X[r]) ≥ μ(H1) (or
μ(X[r]) < μ(H1)). However, there may not exist a quasi-simple module of rank

r > 1 such that μ(X[r]) < μ(H1). For example, Q is a quiver of type Ãn with
sink-source orientation (radical-square zero) (see [3] for details). In [3], it has been

shown that given a regular tube of rank r > 1 over Λ = kÃn, there always exists a
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quasi-simple X such that μ(X[r]) ≥ μ(H1). This can be generalized to the D̃n, Ẽ6

and Ẽ7 cases since the main thing is that δ(Y ) = −1 for a Gabriel-Roiter submodule
Y of H1.

Proposition. Let Λ be a tame hereditary algebra of type Ãn, D̃n, Ẽ6 or Ẽ7, and
let X1 be a quasi-simple module of rank r > 1 and Xi = τ−(i−1)X1. Then there
exist some 1 ≤ j ≤ r such that μ(Xj [r]) ≥ μ(H1).

Proof. We first claim that for each indecomposable projective Λ-module P with
δ(P ) = −1, there exists an index 1 ≤ j ≤ r such that Hom(P,Xj[r − 1]) = 0.
If not, we take an indecomposable projective module Pt with δ(Pt) = −1 such
that dimHom (Pt, Xi[r − 1]) = (dimXi[r − 1])t ≥ 1 for all 1 ≤ i ≤ r. Applying
Hom (Pt,−) to the short exact sequence 0 → X2 → X2[r] → X1[r − 1] → 0, we
obtain that dimHom (Pt, X2) = 0. Similarly, for each 1 ≤ i ≤ r, (dimXi)t =
dimHom (Pt, Xi) = 0. This implies that δt =

∑
i(dimXi)t = 0, a contradiction.

Assume that Y is a Gabriel-Roiter submodule of H1. Then, by the Theorem,
Y is a preprojective module with defect δ(Y ) = −1, say Y = τ−mP for some
indecomposable projective module P with δ(P ) = −1. Note that Hom(Y,Xi[r −
1]) ∼= Hom(P, τmXi[r − 1]) ∼= Hom(P,Xs[r − 1]), where m ≡ i − s (mod r). Since
for P there is an index 1 ≤ j′ ≤ r such that Hom (P,X ′

j[r− 1]) = 0, we may get an
index j such that Hom (Y,Xj [r − 1]) = 0. On the other hand, Hom (Y,Xj [r]) 	= 0.
If f is a nonzero map in Hom (Y,Xj [r]), then the image is isomorphic to Y or a
regular submodule of Xj [r] by Lemma 2.2. However, Hom (Y,Xj [r − 1]) = 0 and
|Y | < |H1| = |Xj [r]| imply that imf cannot be regular. Thus f is a monomorphism.
It follows that μ(Xj [r]) > μ(Y ). If μ(Xj [r]) < μ(H1), then |Xj [r]| > |H1| by
Lemma 2.1 since Y is a GR submodule of H1. This is a contradiction. Thus
μ(Xj [r]) ≥ μ(H1). �

Corollary. Let Λ = kQ be a tame hereditary algebra of type Ãn, D̃n, Ẽ6 or Ẽ7.
Then each quasi-simple module X is a Gabriel-Roiter factor and there are, up to
isomorphism, infinitely many Gabriel-Roiter inclusions with factor X.

Proof. It is clear if X ∼= H1 is a simple homogeneous module by Proposition 2.4.
Thus we may assume that the rank of X is larger than 1.

Let X = X1 = X1[1] be a quasi-simple module of rank r > 1. Write Xi =
Xi[1] = τ i−1X1; then Xr+1

∼= X1 and in general Xsr+j
∼= Xj for each integer s ≥ 0

and 1 ≤ j ≤ r. There is a short exact sequence

0 → Xi[i− 1] → Xi[i] → X1 → 0

for each i ≥ 2. Assume that for a given integer s > 0, none of these inclusions
Xi[i − 1] → Xi[i] are Gabriel-Roiter inclusions for sr + 1 ≤ i ≤ (s + 1)r. Then
Proposition 2.5 implies that μ(Xi[r]) < μ(H1) for each sr + 1 ≤ i ≤ (s + 1)r.
Since Xsr+j

∼= Xj , we obtain that μ(Xj [r]) < μ(H1) for all 1 ≤ j ≤ r, which is a
contradiction. Therefore, for each given positive integer s there is a Gabriel-Roiter
inclusion Xi[i− 1] ⊂ Xi[i] with sr + 1 ≤ i ≤ (s+ 1)r. We are done. �
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