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ON A SERIES REPRESENTATION

FOR CARLEMAN ORTHOGONAL POLYNOMIALS

PETER DRAGNEV AND ERWIN MIÑA-DÍAZ

(Communicated by Walter Van Assche)

Abstract. Let {pn(z)}∞n=0 be a sequence of complex polynomials (pn of de-
gree n) that are orthonormal with respect to the area measure over the interior
domain of an analytic Jordan curve. We prove that each pn of sufficiently large
degree has a primitive that can be expanded in a series of functions recursively
generated by a couple of integral transforms whose kernels are defined in terms
of the degree n and the interior and exterior conformal maps associated with
the curve. In particular, this series representation unifies and provides a new
proof for two important known results: the classical theorem by Carleman
establishing the strong asymptotic behavior of the polynomials pn in the ex-
terior of the curve, and an integral representation that has played a key role

in determining their behavior in the interior of the curve.

1. Introduction and results

Let G1 be a bounded simply connected domain of the complex plane C, whose
boundary L1 is an analytic Jordan curve. Let {pn(z)}∞n=0 be the sequence of poly-
nomials of a complex variable z that are orthonormal over G1 with respect to the
normalized area measure π−1dxdy, that is, satisfying the conditions

pn(z) = κnz
n + lower degree terms, κn > 0, n ≥ 0,(1)

1

π

∫
G1

pn(z)pm(z)dxdy =

{
0, n �= m,
1, n = m.

(2)

The study of the asymptotic properties of these polynomials as their degree
n → ∞ was initiated by T. Carleman in [1], who established the strong asymptotic
formula

(3) lim
n→∞

pn(z)√
n+ 1[φ(z)]n

= φ′(z), z ∈ Ω1,

where Ω1 is the exterior of the curve L1 and φ is the conformal map of Ω1 onto
the exterior of the unit circle, normalized so that φ(∞) = ∞, φ′(∞) > 0. For more
complete statements of this result, see Corollary 1.3 below and [4, Sec. 2].

Recently in [3], we have determined the largest open set where an asymptotic
formula such as (3) holds true, a set with the property that each of its boundary
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points is a limit point of the zeros of the pn’s. The main tool in the derivation of
this result has been the asymptotic integral representation

(4) pn(z) =

√
n+ 1ϕ′(z)

2πi

∮
L1

φ′(ζ)[φ(ζ)]ndζ

ϕ(ζ)− ϕ(z)
+ o(1), z ∈ G1,

where ϕ is a conformal map of G1 onto the unit disk, and the o(1) error term decays
geometrically faster than pn(z) as n → ∞ on compact subsets of G1. For more
details, see Corollary 1.4 below and Theorem 2.1.2 of [7], where this representation
was originally obtained and applied to derive precise asymptotics for pn in G1 under
some additional geometric considerations.

In the present paper, we prove that every polynomial pn of sufficiently large
degree has a primitive that can be expanded in series of certain functions fn,k,
k = 0, 1, 2, . . . , constructed from the degree n and the conformal maps φ and ϕ
by a recursive procedure in which the function fn,k+1 is defined as an integral
transform of fn,k. This result, precisely formulated as Theorems 1.1 and 1.2 below,
unifies and provides a new proof for the formulas (3) and (4) above, as these are
easily derived by analyzing the behavior of the expansion as n → ∞.

Series representations similar to those established in this paper but for polyno-
mials orthogonal over analytic Jordan curves were recently obtained in [5] and [6].
It is certainly worth exploring whether representations of this kind are also valid for
other systems of orthogonal polynomials, in particular within the context of planar
orthogonality, where the available tools for their asymptotic analysis are typically
more limited.

The following notation is needed for the precise statements of our results. For
a planar set K and a function f defined on K, K and ∂K denote, respectively,
the closure and the boundary of K in the extended complex plane C, and f(K) :=
{f(z) : z ∈ K}.

Given r ≥ 0, we set

Tr := {w : |w| = r}, Δr := {w : r < |w| ≤ ∞}, Dr := {w : |w| < r}.
Let Ω1 be the unbounded component of C \ L1, and let ψ(w) be the unique

conformal map of Δ1 onto Ω1 satisfying that ψ(∞) = ∞, ψ′(∞) > 0. Let ρ ≥ 0
be the radius of univalency of ψ, that is, the smallest number such that ψ has
an analytic and univalent continuation to {w : ρ < |w| < ∞}. Because L1 is an
analytic Jordan curve, ρ < 1. For every ρ ≤ r < ∞, set

(5) Ωr := ψ(Δr), Lr := ∂Ωr, Gr := C \ Ωr,

and let
φ(z) : Ωρ → Δρ

be the inverse of ψ. Observe that for r > ρ, Lr is an analytic Jordan curve.
Let ϕ be a conformal map of G1 onto D1. Because L1 is a Jordan curve, any

such map ϕ can be extended as a continuous and bijective function ϕ : G1 → D1.
Moreover, L1 being analytic, ϕ has a meromorphic continuation to G1/ρ, which is
indeed given by

(6) ϕ(z) =
1

ϕ (z∗)
, z ∈ G1/ρ \G1 ,

where

(7) z∗ = ψ
(
1
/
φ(z)

)
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is the Schwarz reflection about L1 of the point z ∈ G1/ρ ∩ Ωρ (see [2] for details).
Suppose z0 is that point of G1 such that ϕ(z0) = 0. Then ϕ is analytic on G1/ρ

if z0 �∈ G1 ∩ Ωρ. If z0 ∈ G1 ∩ Ωρ, then ϕ is analytic on G1/ρ \ {z∗0}, with a simple

pole at z∗0 ∈ G1/ρ \G1.
Then, fix a number r such that ρ < r < 1, and for a conformal map ϕ of G1

onto D1 and an integer n ≥ 0, let us recursively define the sequence of functions,

fϕ
n,0(z) := 1, z ∈ C,

and for all k ≥ 0,

fϕ
n,2k+1(z) := − 1

2πi

∮
Lr

fϕ
n,2k(ζ)ϕ

′(ζ) [φ(ζ)]n+1dζ

ϕ(ζ)− ϕ(z)
, z ∈ G1/ρ \ Lr,(8)

fϕ
n,2k+2(z) :=

1

2πi

∮
L1/r

fϕ
n,2k+1(ζ)φ

′(ζ) [φ(ζ)]−n−1dζ

φ(ζ)− φ(z)
, z ∈ Ωρ \ L1/r.(9)

If ϕ1 is another conformal map of G1 onto D1, then

ϕ′(ζ)

ϕ(ζ)− ϕ(z)
=

ϕ′
1(ζ)

ϕ1(ζ)− ϕ1(z)
+

ϕ1(z0)ϕ
′
1(ζ)

1− ϕ1(z0)ϕ1(ζ)
,

so that for r fixed, the above-defined functions corresponding to ϕ and ϕ1 are
related as follows. For all k ≥ 0,

fϕ
n,2k+1(z) = fϕ1

n,2k+1(z) + cn,k, z ∈ G1/ρ \ Lr,

fϕ
n,2k+2(z) =

{
fϕ1

n,2k+2(z), z ∈ Ωρ ∩G1/r ,

fϕ1

n,2k+2(z)− cn,k[φ(z)]
−n−1, z ∈ Ω1/r,

where

cn,k := −ϕ1(z0)

2πi

∮
Lr

fϕ1

n,2k(ζ)ϕ
′
1(ζ) [φ(ζ)]

n+1dζ

1− ϕ1(z0)ϕ1(ζ)

depends on both ϕ and ϕ1, but not on z.
We suppose that a map ϕ has been fixed and abbreviate by writing fn,k(z)

instead of fϕ
n,k(z). Recall that pn is the nth orthonormal polynomial defined by

(1)-(2), whose corresponding monic polynomial is

Pn(z) := κ−1
n pn(z).

We shall see that for n large enough, the two series

(10)

∞∑
k=0

fn,2k(z), z ∈ Ωρ \ L1/r,

∞∑
k=0

fn,2k+1(z), z ∈ G1/ρ \ Lr,

converge absolutely and locally uniformly in their respective regions of definition,
and we have the following representation.
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Theorem 1.1. For all n sufficiently large,

(n+ 1)[φ′(∞)]n+1Pn(z)

=
d

dz

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

[φ(z)]n+1
∞∑
k=0

fn,2k(z), z ∈ Ω1/r,

[φ(z)]n+1
∞∑
k=0

fn,2k(z)−
∞∑
k=0

fn,2k+1(z), z ∈ Ωr ∩G1/r ,

−
∞∑
k=0

fn,2k+1(z), z ∈ Gr,

(11)

and

(12) (n+ 1)[φ′(∞)]2n+2κ−2
n = 1 +

∞∑
k=0

1

2πi

∮
L1/r

fn,2k+1(ζ)φ
′(ζ)[φ(ζ)]−n−2dζ.

A similar expansion derives from a slight modification in one of the integral trans-
forms. As above, we fix a number r ∈ (ρ, 1), a conformal map ϕ, and recursively
define for each integer n ≥ 0 the sequence of functions {gn,k}∞k=0 as

gn,0(z) := 1, z ∈ C,

and for all k ≥ 0,

gn,2k+1(z) := − 1

2πi

∮
Lr

gn,2k(ζ)ϕ
′(ζ) [φ(ζ)]n+1dζ

ϕ(ζ)− ϕ(z)
, z ∈ G1/ρ \ Lr,

gn,2k+2(z) :=
φ(z)

2πi

∮
L1/r

gn,2k+1(ζ)φ
′(ζ) [φ(ζ)]−n−2dζ

φ(ζ)− φ(z)
, z ∈ Ωρ \ L1/r.

Then, the following representation holds true.

Theorem 1.2. For all n sufficiently large,

[φ′(∞)]n+1κ2
nPn(z)

=
d

dz

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

[φ(z)]n+1
∞∑
k=0

gn,2k(z), z ∈ Ω1/r,

[φ(z)]n+1
∞∑
k=0

gn,2k(z)−
∞∑
k=0

gn,2k+1(z), z ∈ Ωr ∩G1/r,

−
∞∑
k=0

gn,2k+1(z), z ∈ Gr.

In particular,

(13) κ2
n = (n+ 1)[φ′(∞)]2n+2

∞∑
k=0

gn,2k(∞).

We shall only prove Theorem 1.1, the proof of Theorem 1.2 being similar. Ana-
lyzing the behavior as n → ∞ of the expansions in Theorem 1.1 we get the following
two corollaries.
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Corollary 1.3.

(14) κn =
√
n+ 1[φ′(∞)]n+1

(
1 +O

(
nρ2n

))
(n → ∞)

and

(15) Pn(z) =
φ′(z)[φ(z)]n

[φ′(∞)]n+1
(1 + hn(z)), z ∈ Ωρ,

with hn(z) converging uniformly to zero as n → ∞ with the following rate:

(16) hn(z) =

{
O(nρ2n), z ∈ Ωη, η > 1/ρ,
O ((ρ/η)n) , z ∈ Ωη, ρ < η < 1/ρ.

Corollary 1.3 was first obtained by Carleman [1, Satz IV] with different estimates
for the error terms. Carleman’s method of proof yields that the O

(
nρ2n

)
error term

in (14) is indeed O
(
ρ2n

)
, and that hn(z) = O

(
n−1/2(ρ/η)n

)
for z ∈ Ωη, ρ < η < 1.

But for 1 ≤ η < ∞, our estimate for hn is better than his (cf. [4, Sec. 2]).

Corollary 1.4.

(17) [φ′(∞)]n+1Pn(z) =
ϕ′(z)

2πi

∮
L1

φ′(ζ)[φ(ζ)]ndζ

ϕ(ζ)− ϕ(z)
+ εn(z), z ∈ G1,

where εn(z) = O
(
n ηnρ2n

)
uniformly as n → ∞ on Gη, ρ < η < 1.

Stated as above, Corollary 1.4 suffices to obtain precise asymptotics for Pn(z)
in G1 under the geometric assumption that (roughly speaking) ∂Ωρ is a piecewise
analytic curve (see [7]). To derive more general results, the following improvement
is needed: if E ⊂ G1 is such that for some 0 ≤ τ < 1, pn(z) = O(

√
nτn) uniformly

on E as n → ∞, then εn(z) = O(nτnρ2n) uniformly on E as n → ∞. This is
obtained by combining Corollary 1.3 with the expansion in the orthonormal basis
{pn} of the reproducing kernel of the space of functions that are analytic and square
integrable in G1 (see Theorem 2.1.2 of [7] and its proof).

With this estimate at hand, one can extend the validity of formula (3) to a
maximal open set that is, in general, larger than Ωρ, and whose boundary points
are all limit points of the zeros of the pn’s. This has been recently done in [3].

2. Proofs

Proof of Theorem 1.1. Define

Λr := max
ζ∈Lr

|φ′(ζ)|−1
, Mr := max

(ζ,z)∈Lr×L1/r

∣∣∣∣ ϕ′(ζ)

ϕ(ζ)− ϕ(z)

∣∣∣∣ < ∞.

From the definition of the functions fn,k in (8)-(9), we find by mathematical induc-
tion that for every integer k ≥ 0,

|fn,2k+1(z)| ≤ Λrr
n+2

[
ΛrMrr

2n+2

1/r − r

]k
max
ζ∈Lr

∣∣∣∣ ϕ′(ζ)

ϕ(ζ)− ϕ(z)

∣∣∣∣ , z ∈ G1/ρ \ Lr,(18)

|fn,2k+2(z)| ≤
ΛrMrr

2n+2

|1/r − |φ(z)||

[
ΛrMrr

2n+2

1/r − r

]k
, z ∈ Ωρ \ L1/r,(19)

which guarantees that for all n so large that

(20)
ΛrMrr

2(n+1)

1/r − r
< 1,
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the series
∑∞

k=0 fn,2k(z) and
∑∞

k=0 fn,2k+1(z) converge absolutely and locally uni-
formly in their respective regions of definition.

Let us denote by Hn(z) the function under the differential operator on the right-
hand side of (11), which was originally defined on C \

(
Lr ∪ L1/r

)
. We prove that

Hn(z) admits an analytic continuation to the entire complex plane.
In effect, by the estimate (18), the function

(21) H+
n (z) := [φ(z)]n+1

[
1 +

∞∑
k=0

1

2πi

∮
L1

fn,2k+1(ζ)φ
′(ζ)dζ

[φ(ζ)− φ(z)][φ(ζ)]n+1

]
, z ∈ Ω1,

is well-defined and analytic on Ω1. For z ∈ Ω1/r, the value of the integral defining
fn,2k+2(z) is not changed when deforming the contour of integration L1/r into L1,
so that H+

n (z) provides the analytic continuation of Hn|Ω1/r
to Ω1.

Moreover, by the residue theorem (deforming L1 back into L1/r in (21)), we find
that for every z ∈ Ω1 ∩G1/r,

H+
n (z) = [φ(z)]n+1

[
1 +

∞∑
k=0

1

2πi

∮
L1/r

fn,2k+1(ζ)φ
′(ζ)dζ

[φ(ζ)− φ(z)][φ(ζ)]n+1

]
−

∞∑
k=0

fn,2k+1(z);

that is, the analytic continuation H+
n of Hn|Ω1/r

to Ω1 coincides for values of

z ∈ Ω1 ∩G1/r with Hn|Ωr∩G1/r
.

Similarly, one shows that the analytic continuation of Hn|Gr
to G1 coincides for

values of z ∈ Ωr ∩G1 with Hn|Ωr∩G1/r
.

Thus, Hn(z) is an entire function and (see (19))

lim
z→∞

Hn(z)

zn+1
= [φ′(∞)]n+1

∞∑
k=0

fn,2k(∞) = [φ′(∞)]n+1.

By Liouville’s theorem, the function

Pn+1(z) := (n+ 1)−1[φ′(∞)]−n−1Hn(z)

is a polynomial of exact degree n + 1. We now prove that the monic polynomial
P ′
n+1(z) is orthogonal to all integer powers zm, 0 ≤ m < n.
From the complex version of Green’s formula (see, e.g., [8, pp. 240-241]) and the

definition of Hn(z) for values of z ∈ L1, we find that for every integer m ≥ 0,

1

π

∫
G1

P ′
n+1(z)z

mdxdy =
1

2πi

∮
L1

Pn+1(z)z
mdz

=
[φ′(∞)]−n−1

n+ 1

∞∑
k=0

1

2πi

∮
L1

[φ(z)]n+1fn,2k(z)z
mdz

− [φ′(∞)]−n−1

n+ 1

∞∑
k=0

1

2πi

∮
L1

fn,2k+1(z)z
mdz.

(22)

We proceed to compute the integrals on the right-hand side of (22). The inverse
χ(w) of ϕ(z) is analytic on D1, and from the definition of fn,2k+1(z), we see that

fn,2k+1(χ(w)) = − 1

2πi

∮
Lr

fn,2k(ζ)ϕ
′(ζ) [φ(ζ)]n+1dζ

ϕ(ζ)− w
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is analytic on Δ1, so that by Cauchy’s theorem, for every integer m ≥ 0,

(23)
1

2πi

∮
L1

fn,2k+1(z)z
mdz =

1

2πi

∮
T1

fn,2k+1(χ(1/w))[χ(w)]
mχ′(w)dw = 0.

Similarly, from the definition of fn,2k, we see that

(24) fn,2k(ψ(w)) =
1

2πi

∮
T1/r

fn,2k−1(ψ(t))t
−n−1dt

t− w
, k ≥ 1,

is indeed analytic in C \ T1/r, and again by Cauchy’s theorem and the integral
formula, we have that for all k ≥ 0,

∮
L1

[φ(z)]n+1fn,2k(z)z
mdz = −

∮
T1

fn,2k(ψ(w))wn−1[ψ(1/w)]mψ′(1/w)dw.

=

{
0, 0 ≤ m < n,

2πi [ψ′(∞)]
n+1

(fn,2k ◦ ψ)(0), m = n.

(25)

Coupling (22), (23), (24) and (25) yields that Pn(z) = P ′
n+1(z) and that κ−2

n =

π−1
∫
G1

P ′
n+1(z)z

ndxdy satisfies (12). �

Proof of Corollaries 1.3 and 1.4. We first establish some needed bounds. From
inequalities (18) and (19), we see that for n large enough,

∞∑
k=1

|fn,2k+1(z)| ≤ αrr
3n max

ζ∈Lr

∣∣∣∣ ϕ′(ζ)

ϕ(ζ)− ϕ(z)

∣∣∣∣ , z ∈ G1/ρ \ Lr,(26)

∞∑
k=1

|fn,2k+2(z)| ≤
βrr

4n

|1/r − |φ(z)|| , z ∈ Ωρ \ L1/r,(27)

with αr and βr certain constants that only depend on r.
Similarly, from the definition of the functions fn,k in (8)-(9), we see that

d

dz
fn,2k+1(z) = −ϕ′(z)

2πi

∮
Lr

fn,2k(ζ)ϕ
′(ζ)[φ(ζ)]n+1dζ

[ϕ(ζ)− ϕ(z)]2
, z ∈ G1/ρ \ Lr,(28)

d

dz
fn,2k+2(z) =

φ′(z)

2πi

∮
L1/r

fn,2k+1(ζ)φ
′(ζ) [φ(ζ)]−n−1dζ

[φ(ζ)− φ(z)]2
, z ∈ Ωρ \ L1/r,

which, combined with (26)-(27), yield that for all n large enough,

∞∑
k=1

∣∣∣∣ ddz fn,2k+1(z)

∣∣∣∣ ≤ α′
rr

3n max
ζ∈Lr

∣∣∣∣ ϕ′(ζ)ϕ′(z)

[ϕ(ζ)− ϕ(z)]2

∣∣∣∣ , z ∈ G1/ρ \ Lr,(29)

∞∑
k=1

∣∣∣∣ ddz fn,2k+2(z)

∣∣∣∣ ≤ β′
rr

4n|φ′(z)|
(1/r − |φ(z)|)2 , z ∈ Ωρ \ L1/r,(30)

with α′
r and β′

r certain constants that only depend on r.
Now, fix a conformal map ϕ and a number r ∈ (ρ, 1) such that ϕ (more precisely,

its meromorphic continuation to G1/ρ) has no poles in Ω1/r. Then, for every z ∈
Ω1/r ∩G1/ρ, it is possible to find a branch of ζ → log(ϕ(ζ)−ϕ(z)) in G1 such that
for every ζ ∈ G1 and z ∈ Ω1/r ∩G1/ρ,

(31) | log(ϕ(ζ)− ϕ(z))| ≤ Rϕ,r



4278 PETER DRAGNEV AND ERWIN MIÑA-DÍAZ

for some constant Rϕ,r that depends on ϕ and r, but not on ζ and z. Hence, for the
functions fn,1 and fn,2 corresponding to these ϕ and r, the following inequalities
hold true for every μ ∈ (ρ, r):

|fn,1(z)| =
n+ 1

2π

∣∣∣∣∣
∮
Lμ

log(ϕ(ζ)− ϕ(z))φ′(ζ)[φ(ζ)]ndζ

∣∣∣∣∣(32)

≤ (n+ 1)Rϕ,rμ
n+1, z ∈ Ω1/r ∩G1/ρ,

|fn,2(z)| =
1

2π

∣∣∣∣∣
∮
L1/μ

fn,1(ζ)φ
′(ζ) [φ(ζ)]−n−1dζ

φ(ζ)− φ(z)

∣∣∣∣∣(33)

≤ (n+ 1)Rϕ,rμ
2n+1

|1/μ− |φ(z)|| , z ∈ Ω1/ρ ∪
(
G1/r ∩ Ωρ

)
,

∣∣∣∣ ddz fn,2(z)
∣∣∣∣ ≤ (n+ 1)Rϕ,r|φ′(z)|μ2n+1

(1/μ− |φ(z)|)2 , z ∈ Ω1/ρ ∪
(
G1/r ∩ Ωρ

)
,(34)

∣∣∣∣ ddz fn,1(z)
∣∣∣∣ = (n+ 1)|ϕ′(z)|

2π

∣∣∣∣∣
∮
Lμ

φ′(ζ)[φ(ζ)]ndζ

ϕ(ζ)− ϕ(z)

∣∣∣∣∣(35)

≤ (n+ 1)μn+1 max
ζ∈Lμ

∣∣∣∣ ϕ′(z)

ϕ(ζ)− ϕ(z)

∣∣∣∣ , z ∈ Ωr ∩G1/ρ.

We are now ready to prove the corollaries. Let η ∈ (ρ, 1/ρ) ∪ (1/ρ,∞) be a
fixed number. We pick a number r ∈ (ρ, 1) not only satisfying the condition above
in relation to a conformal map ϕ, but also satisfying that r2 < ρ, and in case
ρ < η < 1/ρ that

r < η < 1/r , r3 < ηρ2.

According to Theorem 1.1 and the estimates (27) and (30), we have that uni-
formly in z ∈ Ω1/ρ as n → ∞,

(n+ 1)[φ′(∞)]n+1Pn(z) = (n+ 1)φ′(z)[φ(z)]n
(
1 + fn,2(z) +O(r4n)

)

+ [φ(z)]n+1

(
d

dz
fn,2(z) +O(r4n)

)
.

(36)

Then, formulas (15)-(16) for z ∈ Ωη, η > 1/ρ, follow immediately by combining
(36) with the inequalities that result from (33) and (34) by letting μ → ρ.

If ρ < η < 1/ρ, then we obtain from Theorem 1.1 and the estimates (27), (29),
(30), (33) and (34) (having let μ → ρ in the latter two), that uniformly in z ∈ Lη

as n → ∞,

(n+ 1)[φ′(∞)]n+1Pn(z) = (n+ 1)φ′(z)[φ(z)]n − d

dz
fn,1(z) +O(n2ηnρ2n).(37)

This, together with (35) proves the formulas (15)-(16) for z ∈ Lη, ρ < η < 1/ρ

(and by the maximum modulus principle, for z ∈ Ωη too).
If ρ < η < 1, then from (28) and the residue theorem we obtain that for every

z ∈ Lη,

d

dz
fn,1(z) = − (n+ 1)ϕ′(z)

2πi

∮
Lr

φ′(ζ)[φ(ζ)]ndζ

ϕ(ζ)− ϕ(z)

= (n+ 1)φ′(z)[φ(z)]n − (n+ 1)ϕ′(z)

2πi

∮
L1

φ′(ζ)[φ(ζ)]ndζ

ϕ(ζ)− ϕ(z)
,
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which together with (37) yields that (17) holds for z ∈ Lη, and by the maximum

modulus principle, it also holds for z ∈ Gη.
Finally, (14) follows from (12), (26) and (32). �
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