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FAR-FROM-EXPIRY BEHAVIOR
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(Communicated by Walter Craig)

ABSTRACT. We provide a rigorous proof of sharp estimates for the long time
behavior of the early exercise boundary and the price for an American put
option on a dividend-paying asset that follows a geometric Brownian motion.

1. INTRODUCTION

Recently Ahn et al. [I] announced a proof of the following long time asymptotic
behavior of the infinite horizon (Merton) problem for the American put option on

a zero dividend asset as the scaled time-to-expiry s := (T —t) — oo
y

2
(1.1) b(s) = b* + o(1) e~ (RHD7s/4,
. s1/2e=hs if 0<k<1,
12 Iots) = r Ol =00 { oS st

where k = 2ra =2 (r is the risk-free interest rate and o is the volatility of the asset
that follows a geometric Brownian motion) and (b*,p*(-)) is the Merton solution
for the infinite horizon problem. In [2] we provided the outline of the proof of a
stronger result:

b(s) =b" +[m+ 0(1)]8_3/26_(k+1)2s/4 as s — 00,

where m is a positive constant that can be easily determined numerically. In this
paper, we follow the steps outlined in [2] to provide a proof of our sharper result
in the more general setting of a dividend-paying asset (i.e., for all dividend rates
D > 0). We also provide generalizations of ([L2)) for arbitrary D > 0. The precise
statements of these results are given in Theorems[IH3lin the next section. The proofs
capture the changes in the estimates arising from the variation in D. Moreover, our
proofs do not require the convexity of the free boundary in contrast with the results
in [I] where it plays a crucial role. This observation is especially significant since
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we have recently provided a rigorous proof [3] that the early exercise boundary is
not convex when 0 < D —r < 1.

Finally, we mention that the results obtained here are of practical as well as
mathematical interest. As demonstrated in [2], the far-from-expiry behavior can be
interpolated with the near-expiry behavior to produce simple analytic formulae that
approximate the early exercise boundary and price of the American put uniformly
for any time from expiry with amazing accuracy. On the mathematical side, an
open problem that has attracted increasing interest recently is the question of the
convexity of the boundary, especially for D > 0. Specifically it has been shown
rigorously that the boundary is convex when D = 0 (cf. references in [3]) and,
as mentioned earlier, not convex for 0 < D —r < 1 with the non-convex region
occurring close to expiry. Numerical evidence suggests that for all other cases the
boundary is convex. We anticipate that these precise far-from-expiry estimates will
be useful in proving that for all D > 0 the boundary is convex sufficiently far from
expiry.

2. MAIN RESULTS

We consider a financial market consisting of a money account and a stock, whose
time ¢ prices, B; and S;, are stochastic processes defined by the stochastic differ-
ential equations

dSt = Ut St dt + 0o Stth, dBt = TBt dt,

where o and r are positive constants and {W;} is the standard Brownian motion
(Wiener process). In the time interval [¢,t + dt), the stock pays DS;dt dividend
at time t + dt. An American put option with strike price £ and expiry T is a
guaranteed right to sell a stock at price E at any time on or before expiry. It
follows from the Black-Scholes theory (cf. [3]; please see the references in [II 2] [3]
for the standard finance terminology used in this note) that the no-arbitrage price
of the option at time ¢ is P(S;,t) and the optimal exercise time is 7* := sup{t <
T |Ss > B(s) Vs € [to, t)}, where g is the current time and (B, P) is the classical
solution of the variational inequality

max{L*P,(E - S)* — P} =0 in (0,00) x (—o00,T),
P(S,T)=(F— 9" :=max{F — 5,0} on (0,00) x{T},
B(t) :=inf{S > 0| P(S,t) > (E—-S8)"} on (—o0,T],

where L*P = %—f + %252 ggf +(r— D)Sg—f; —7rP. Using the dimensionless quantities,

r:=I(S/E), s:=(T—t0?/2, pa,s):=P(S,t)/E, b(s):=In(B(t)/E),
k:=2r072, (:=2D0?, a:=k—(—-1, B:=k+a?/4,
po(x) := max{l —e” 0}, Lp := pyy + apy — kp,

the variational problem for (B, P) is transformed to

(2.1) max{Lp —ps,po —p} =0 in Rx(0,00),  p(-0) = po;
' b(s) :=inf{z | p(z,s) > po(x)} Vs> 0.
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We are interested in the behavior of b(s) and p(z, s) as s — co. By a comparison
argument, we have

p(s) /7 p7(), b(s) " as s oo,

where (p*,b*) is the solution of the infinite horizon problem, given by
e

. A _ ¢
o } b=l A._2+\/B.

In this short paper, we prove the following:

—Ma—b*)

p*(z) = max{l — e,

Theorem 1. There exists a constant m > 0 such that for each s > 1,
b(s) =b"+ [m+ O(l)sié]sfgefﬁs, b(s) = — [mp + O(l)sfé}sfgefﬁs,
where O(1) is a generic function bounded uniformly in s € [1,00).

Theorem 2 (Decay Rates). There exist positive constants ¢ and C' such that for
each s > 1,

cp(s) < [Ip(-,8) = p* ()l oo m) < Cp(s), cp(s) < |lps(-, )l Le=(r) < Cp(s),

where

Theorem 3 (Asymptotic Profiles). There exist constants ¢; > 0 and ¢ € R
that depend only on k and € such that for every x € R and s > 2,

e el +ets 2 o)1+ €251} if a<0,
ps(z,8) _ e O VI {0 4 O(1)(1+ 2Ins)s~1/2) i a=0,

[z — b(s)]“‘e‘xz/(“)_o‘xm{cl +0) (s 2+ |z[s~tIns)} if a>0,

where £ == (z + as)/V4s, z :== (x — b(s))/V4s, 2+ = max{0, 2z}, and O(1) is a
function bounded uniformly in (z,s) € R x [1,00). Consequently, for some positive
constant ¢ depending on k and ¢,

. ce ¢ if a<0,
lim ||[2—P _ =0; U(z,8):={ cote? if a=0,
s=eel p(s) L (R) clr —bte /2 if a>0.

Proof of Theorem [Il. In the case £ = 0 (i.e. no dividend), we have already provided
an outline of the proof in [2]. Here we follow that outline and provide the full details
for the general case ¢ > 0.

In [3] we showed that

be C*((0,00)), hg% b(s)=by := min{0,In(k/0)}, b(s) <0, £e’® —k <0 V¥s>0.

Moreover, in §2 of [2] we showed by passing to the limit from the approximate
solution to (1)) that p € W2 and p(z, s) > po(x) for = > b(s). Hence

Lpo if z <b(s),
Lp—ps =
pp {O if x > b(s).



276 XINFU CHEN, HUIBIN CHENG, AND JOHN CHADAM

Denoting by I" the fundamental solution of 05 — L,

F(x,s) — (4ﬂ_s)—1/26—(9c+as)2/(4s)—ks — (47_‘_8)—1/26—362/(48)—o¢gc/2—/337

and using Green’s Theorem, one obtains
(2.2)

)= Te-vamdr [ [ Ty nem)d, R0, 00)

—0o0

By differentiating ([22]), we obtain
0 s
ps(z,s) =T(x, s)+/ [le¥ — KT (z — v, s)dy—/ b(t)[te®™ — KD (x—b(t), s —t) dt,
bo 0
0
Dsz(T,8) = Tu(z, ) + / [le’ — KTy (x —y, s)dy
bo
- / b(#)[0ePD — KT (z — b(t), s — £) dt.
0

Evaluating these at z = b(s) and noting that ps(b(s)=£,s) = 0 and p(b(s)*, s) =
(1/2 4 1/2)b(s)[¢e*™) — k], we obtain

0

(2.3) 0 = T(b(s),s) +/b [e¥ — K]T(b(s) — vy, s)dy

- / ) b(t)[0e!® — KD (b(s) — b(t), s — t) dt,

0
0

(2.4) b(s)[Le®™ — k] = 2T.(b(s),s) + 2/b [le¥ — KT (b(s) —y, s)dy

-2 / t b(t)[0e®® — KT, (b(s) — b(t), s — t) dt.

0

Multiplying (23] by b(s)/s + a and adding it to (24) yields the equation

(2.5)
b(s)[ﬁeb(s) — k] = 1/ [le¥ — K|y T'(b(s) —y, s)dy
S bo
- / b(#)[ecb® — k:](b(s—s) - w)r(b(s) S bt),s —b) dt,

where we used ', (z, s) = —(x+as)/2sT'(z, s). Dividing 23) and 23] by I'(b(s), s)
and T'(b(s), s)/s, respectively, we obtain the following integral identities that are
valid for all ¢ > 0:

0 s
(2.6) 1+ [ A(s,y)dy = / B(s,t)dt,
bo 0
b(s)[teb(s) —

s 0 s
@ A Aty a0 —bo)nen o
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where, for s > 0,y € (bo,0),t € (0, s),

A(S7y) = Mey — k]%

r'(b
B(s, t) := i)(t)[feb(t) _ k}r( (5%(;({;(;,);)5 - t) _ C(t) (1 _ %)_1/2662(5’0,
Aoo(y) = [le? — K]e™¥/?, ((t) := b(t)[te’® — K]ePrHor®/2,
Sst) = 2T oy 2=y P ) O

s—t 4s 4s 4(s —t)

Note that the terms fb?) Ady and fb?) yAdy do not appear in [2] since by = 0 when
(< k.

Observe that A > 0,B > 0,0 < 0. It then follows from (Z7)) and (Z6) that for
every s > 1,

b(s)[te’®) — ks /S /O

As)ire T T RIS B(s, t)dt = |b(s)|{1 Als,y) dy\ < |b|Ch,
T <Ol [ Bltd=peI{1+ | Ay <pIC

where Oy = 1+ |bo| (£ — k)elbol/2+bob"/2 Hence, b(s) = O(1)s~3/2e7P5 for s > 1.

Once we have the upper bound of |b|, we can study the asymptotic behavior of
the right-hand side of (27]) as s — co. First, for each s > 1,t € [0, s, and y € [bg, 0],

5(s,t) = 0(1)s™t, 61(s,y) = 0()s™t,  Sa(s,t) = O(1)s™ .

Next note that ¢(t) = O(1)t=3/2 for t € [1,00) and ((t) = O(1)b(t) for t € [0,1].
Hence, for s > 1,

0<

(2.8) /Oo C(t)dt = 0(1) /OO 732 dt = 0(1)s™ V2,

s A 25 . 0()
(2.9) /S/Q(j(t)(l - ;) dt_O(l)/s/2 =T A=

/2441 o) [Y2%. ow [*? | o(1)
2.10 dt = —~2 b(t) dt + — Pt = ==
e [ rcwa =8 [Tiaas O8 [ e =8
Thus, using (1 —¢/s)"%/2 =1+ 0(1)t/s for t € [0, s/2] we obtain from (27 that
b(s)[te’™) — k]s o(1)

0 o0
L (b(s), s) ””“Lf; my = /b YA (y) dy—/O b(t)((t) dt.

Since b(s) = b* +0O(1)e~ ¢, this implies that b(s) = —[mB+0(1)s 1/2]s~ e 5 and
after integration, b(s) = b* + [m + O(1)s~/2]s73/2¢=P where m = mie=*"/2/
(V4r[k — £e’"]B). To see that m is positive, we let s — oo in (0) to obtain the
identity 1 —|—fb?) Asc(y) dy— [;° ¢(t) dt = 0. Adding a multiple of —bg of this identity
to the defining equation of m; we find that

0 oo
my = —bo +/b [y — bo] Aoo () dy +/O [bo — b(£)|C(t) dt > 0.

This completes the proof of Theorem [Il O

Proof of Theorem 2. Note that the function g(z, s) := p,(z, 5)e®*/2+55 satisfies
Gs — ez =0 In Qp:={(x,s)|z>b(s),s >0}, q(b(s),s) =0 Vs>0.
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Since p > po implies that ¢(-,0) = ps(-,0) > 0, so by the maximum principle
and Hopf’s Lemma, ¢ > 0 in @} (see [3, section 2] for the details of a rigorous
derivation). We shall construct comparison functions to estimate the upper and
lower bounds of ¢. O

Upper bound. Fix an arbitrary 7" > 0. Let ¢ be the solution of
s = Gze = 0 in [b(T'), 00) x (0,77, ¢ =0 on {b(T)} x [0, 77,
g=qon [b(T),o0) x {0}.
Then by comparison, ¢ < g on [b(T'),00) x [0,T]. In particular, for z > b(T),
0o o—(z—y)?/(4T) _ o~ (a+y—2b(T))*/(4T)

q(x,T) < q(z,T) = / q(y,0) dy.
b(T) 47T

Using e™® —e® < e %b—a)for 0 <a<b (x+y—26T)2— (x—y)? =
4(z = b(T))(y — b(T)), and the fact that g(z,0) = 5(z) + e**/2[le” — k]x[p,.0)(2),
where ¢ is the Dirac measure and y 4 is the characteristic function of the set A, we
then obtain, for z > b(T),

o [y (T e—(@—w)?/(T)
[ e,
(@ = b(T))e=/647)

VAarT3

x{ —H(T) + /bo(y —b(T)) (ke — k)e—yz/(4T)+ay/2+xy/(2T)dy}
0
_ (@ b(@)e " UD (T
h VArT?
Replacing T by s > 1, we obtain
ps(z,s) = q(x,s)e™ /27 L |b(s)| [x — b(s)]Ts 1T (x, ) Cy,
where C) = 1 4 |bo|(£ — k)e®"+@)b/2 " Consequently, noting that p,(z,s) = 0 for
x < b(s),

s )l < Calp’] max{(z—b")s™'T(z,5)} < Cap(s),

q(z,T) <

{1 + |bo| (ﬁ _ k)eb*bo/(QT)HabOVQ}'

where C5 is a constant depending only on k and ¢, and the explicit form of p(s)
follows from a direct calculation of the above maximum. In addition, for s > 1,

Ioteos) =5 Ol < [ IpaCot)lemmar < [ Capttar < 222,

S

Lower bound. Fix an arbitrary € > 0. Let g be the solution of
4y — Gy = 00 [0,00) X (£,00), g =0o0n {0} x[5,00), g=qon0,00)x {e}.
Then by comparison, ¢ > g on [0,00) x (g,00). Thus, for s > 0 and z > 0,

0 o—(z—y)?/(4s) _ o—(z+y)*/(45)
q(z,s+¢e) = dglz,s+e¢)= / q(y,e) dy
0

4ms
e—’/(as) oo
= ) oY /<4s>(ezy/<2s>_efzy/us))q(y,a)dy_
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z

Using e* — e™* > 2z for every z > 0 we then obtain, when z > 0 and s > 1,

wote) > T g e
qQ\z,s &) =2z —F——m" Yyq\y,e)e Y.
Vdrs3  Jo
Setting C, = fooo ye*yst (y,€)e*¥/2dy we obtain for every z > 0 and s > 1,

(211)  po(z,s+e) = q(a, s+ e)e”®/27B6+) > 4s~1D(2, 5) C.,

oo s+1
pr(x) —plz,s+e)= / ps(z,t+e)dt > / wt T (z, t) dt C-
s S
1 Cge_ﬁf
o V8

Fixing ¢ = 1/2 and finding the maximum of zs~'I'(z,s) for x € (0,00) we then
obtain

> xs 'T(z, s) dt.

15 (s )| Loem) = Cap(s), llp(8) = p" ()o@ = Cap(s),

where C3 is a positive constant depending only on k and ¢. This completes the
proof. ([

Proof of Theorem Bl We can derive from [3], §4]: for every z € R and s > 0,

(2.12) ps(z,s) =T(x,5){1+ Li(z,s) — Ir(z,s)},
where
vs) e [ reer—wEE=Y9) o [Pl peev/zreuan—y? /s
By = [ e gt ay = ek ,
rs) = T b0 _ Iz —b(t),s —t)
L(z,s) : /Ob(t)[z N ar

Note that I is positive and I (x, s) < |bo|(£ — k)el@t?)%/2 wwhen s > 1 and = > b*.
Since we know that ps(x, s) = 0 for = < b(s), we hence have the bound
0<ps(z,5) <ChT(z,5)  VzeRs>1,

where the first inequality follows from the Maximum Principle.

The case a < 0. Set n = (x + as)/(2s). For s > 1,

0
Li(z,s) = / [¢e¥ — Ig}e—?IQ/(‘lS)-i-ny dy
bo
0
2 1
=0 [Cger— gemay = [14+ 2] o1,
bo

s
where ¢ € [bg, 0] and ¢; € C>°(R) is defined by
0
$1(n) = / [te” — Kle""dy  VneR.
bo

We write I>(z,s) = [ Bo(s,t)e®dt, where

0
B A N P O N
BO(s’t)*C(t)(l_g> ’ w'i_43(s—t) +2(5—t) _4(5_0.
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First consider the case |n| < |a|/4. Then z/s = 2n — a > |a|/2, and w <
—tx?/[4s?] < —a?t/16. Hence, for t > § := min{%, 18 In s}, we have

S . S O 1
/ Bo(s,t)evdt < e_o‘2s/16/ By(s,t)dt = ( ).
8 0 S
When t € [0, §],
tz?  xb(t)  bA(t) t\~1
= —_—— _— 1 —_—
v { 452 * 2s 4s }( s)
a\? @ 2 +1
~(n=3)"t+ (n—3)b®) + 00—
Thus,

IQ(ZL', 8) = /S Bo(S,t)ewdt = /S Bo(s,t)ew dt + /S Bo(S,t)ew dt
0 8 0
_ o) ; O] _(n—a/2)2t+(n—a/2)b(t) om(t* +1)
_—+/0 Ct+=—Fe " 1+ =t

1 o(1
/ C(t)e-m=ortrin-a/pn g OL) oy O

S S

where ¢ is defined by
ba() = / " b [0ed® — gJels— (a2 o gy
0

Since b(t) = O(1)t=3/2e =P for t > 1 and b(t)dt = db(t) is a bounded measure
on [0,1] with integrand being continuous in ¢ and analytic in 7, ¢2 € C(R) N
C>®((—o00,a/2) U (a/2,00)).

In summary, setting ¢(n) = 1 4+ ¢1(n) — ¢2(n) we have, when |n| < |a|/4 and
s=>1,

ps(x, )
I(x,s)

= 1411 —L=¢(n)+01)s™ " =¢(0)+¢'(0)n+01)n" +0(1)s™"

Note that when |n| > |a|/4, both  and s~1 are O(1), so the last expansion is still
valid since it was established earlier that p,/T" = O(1). The assertion of Theorem

B for ps/p(s) with o < 0 thus follows with ¢; := ¢(0)/v47 and co := ¢'(0)/v/4;
here the positivity of ¢; follows from the inequality (211).

The case a > 0. Then k > £ + 1, so by = 0. Using ps(b(s),s) = 0 we obtain from
(ZI2) that

S(;C’S)) prs((f s,s)) B prS(b(s,S)f) - /0 Bls, {1 - ",

I'(
where B(s,t) is the same as before and
_ 22— b(s) [z = b)) —[b(s) — b(H)]* _ b(t) _ tlz+b(s)]
YT T A(s — 1) 7(x_b(s)){2(s—t)_ 45(s — 1) }

_ _t[i:szsl)_(sg)] n E —22(5)] {b(t) —t6(s, t)},
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Note that v < 0 when x 4 b(s) > 0. When |z| < —=b(s), u < |b(s)d(s,t)| = O(1)/s.
Hence, u < O(1)/s for all # > b(s). Denoting z = [z — b(s)]/v/4s, we can write

t 22

z
U=up +u, U= ooy W= %[b(t) —td(s,t)].
We first consider the case when z € [0,+/s], i.e., b(s) < z < b(s) + 2s. We write
(2.13)
ps(, s) _ ° _ _u _ U2 et _ —e¥2][1 — et
s _/O {[B Bo][1— €]+ Bo[1 — €"2] + Bo[1 — 1] — Bo[1 — e“2][1 e ]}dt.

Since B — By = By[e®(Y) — 1] = O(1)Bys~ ! and u < O(1)/s, we have for z > 0
and s > 1,

o(1) o) =z

B — B[l — e"]ds = —= By|l —e"|dt =

18— Bolt = evias = 22 [ oy - eviar = 22

since [ Bo|l — e"|dt = O(1)z/+/s by the estimation below. Recalling that §(s,t) =
O(1)s™ 1, we also have

s e Sb() + £6(s, )] 22
/OBo(s,t)[l—e ]dt_/o Bos ) - POELE L o) Ya

S

NG
z [ z4+22 myz z+ 22
= —— t)b(t)dt + O(1 = —40(1
= [ e+ on = = T o
where my = — [;¥ b(t)¢(t)dt and the second equality is obtained by using (ZJ)-
’ S
To evaluate [ By(s,t)[1 — e“!]dt, we use the expansion
Ct) = b(e)[ee’® — ke /2B — iy =312 L O(t72),
where 1 = mB[k — le? 1e®® /2 = my //4w. When ((t) is replaced by mt=3/2, the
corresponding integral can be evaluated by the substitution ¢ = —u; = t2%/(s — t),
giving
s t\—1/2 2\/7n
(2.14) / it =321 — 6“1](1 - —) g = W/ iz

We estimate the error of replacing ¢ by 1t —3/2 as follows. Taking t; = max{s/2,

5/(1+ 2%)} and using ¢(t) = O(1)b(t) for t € (0,1] and ((t) — rt=3/2 = O(1)t~2 for
t € [1, s], we obtain, when s > 2,

s . S t22 \/g
B —At’3/21—3’1/2’1— w / —t~32| min {1 dt
/0 o=t (1= )7/ (L—e") < 5 [ |mm{ 7S_t}\/m
1 -
—om{ [ (¢ +1i) e
0 S

s/2 _2 t1 2’2 s 1
+ —dt+/ —dt+/ 7&}
/1 ts /2 5/ (s — 1) 4, 832\s—t

2 21 2 ¢ 21
—om(S+ 2 ——+ Y —om (2 + 220,
s s VsV — 1 §3/2

s s
Finally, since |1 — e“2| = O(1)z/+/s,

/S Bo|[1 — e™]|[1 — e ]dt =
0

22

/S Bo[l — e"]dt = 0(1)=.
0

S

O(1)z
\/g




282 XINFU CHEN, HUIBIN CHENG, AND JOHN CHADAM

In summary, we obtain from (2I3) that when s > 2 and 0 < z < 4/s with

2= (2= b(s))/Vis,

% = %{2m1 + % (1—1—2 In s)} = ;ETI)(S){ml—FO(l)(s_l/z + |z|s™ ' In s)}
Since ps(z,s)/T'(x,s) = O(1), this expansion is also valid when z > /s. This
implies the assertion of Theorem [3] for ps/p(s) with ¢; = my//7 for the case a =0
and ¢ = mleab*/Q/\/E for the case o > 0.

Finally, the asymptotic behavior for p* — p follows by integrating ps over [s, 00).
It first requires observing that for n > 0 (n = 3/2 for @« > 0 and n = 1/2 for a < 0)

J = /Oot’”e*””r"/(‘lt)*ﬁt _ _/OO (e /B0 e e
s s B — a2/ (4t%) B —x2/(4s?) ’
:l[ —— _’_m_f ! = } t € [s,00)
Py T or (- ejampl TS

which implies that for a small number £ > 0,
1 g~ ne—a?/(4s)—Bs 9

. ) x
:1+O(1/s) 5= 225 if x| < 24/B —€s, 1.e.,B—E>s

(since 0 < A = O(1/s) for t > s, |z| < 2y/B —¢cs). Then after integration and
letting s — oo for (p* — p)/p(s) — ¥, we have the assertion of the theorem with
c=cy/Bfora>0andc=cy/kfora <0. For a > 0, the corresponding integration
by parts produces an extra integral involving b(t) Using Theorem [I] this integral

tends to zero faster than p(s) and is assigned to the error terms. This completes
the proof of Theorem O

J
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