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SURFACES IN FOUR-DIMENSIONAL HYPERKÄHLER

MANIFOLDS WHOSE TWISTOR LIFTS

ARE HARMONIC SECTIONS

KAZUYUKI HASEGAWA

(Communicated by Jon G. Wolfson)

Abstract. We determine surfaces of genus zero in self-dual Einstein manifolds
whose twistor lifts are harmonic sections. We apply our main theorem to
the case of four-dimensional hyperkähler manifolds. As a corollary, we prove
that a surface of genus zero in four-dimensional Euclidean space is twistor
holomorphic if its twistor lift is a harmonic section. In particular, if the mean
curvature vector field is parallel with respect to the normal connection, then
the surface is totally umbilic. Thus, our main theorem is a generalization of
Hopf’s theorem for a constant mean curvature surface of genus zero in three-
dimensional Euclidean space. Moreover, we can also see that a Lagrangian
surface of genus zero in the complex Euclidean plane with conformal Maslov
form is the Whitney sphere.

1. Introduction

For oriented surfaces in oriented four-dimensional Riemannian manifolds, the
twistor lifts play an important role and have been studied by many researchers.
For example, in [2], it is proved that any oriented surface admits a conformal,
superminimal immersion into the four-dimensional sphere. The twistor space is
endowed with an almost complex structure, which is integrable in case a base man-
ifold is self-dual (see [1]). Surfaces with holomorphic twistor lifts are called twistor
holomorphic surfaces (see [7]). On the other hand, the author studies surfaces
whose twistor lifts are harmonic sections in [8] and [9]. If the ambient spaces are
self-dual Einstein, the twistor lifts of twistor holomorphic surfaces are harmonic
sections. Note that recently surfaces whose twistor lifts are harmonic sections have
been studied from the viewpoint of the integrable systems in [3] and [11].

In this paper, we prove the following theorem.

Theorem. Let M̃ be a self-dual Einstein manifold with the scalar curvature τ
and M an oriented, connected, compact surface in M̃ with the Euler characteristic
χ(T⊥M) of the normal bundle T⊥M . If the twistor lift of M is a harmonic section
and the genus of M is zero, then we have
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(1) M is a non-superminimal minimal surface when χ(T⊥M) > 2 −
(τ/24π)Vol(M),

(2) M is a superminimal surface when χ(T⊥M) = 2− (τ/24π)Vol(M),
(3) M is a non-superminimal twistor holomorphic surface when χ(T⊥M)< 2−

(τ/24π)Vol(M).

Using this theorem, we have

Corollary. Let M̃ be a four-dimensional hyperkähler manifold and M an oriented,
connected, compact surface in M̃ with the Euler characteristic χ(T⊥M) of the nor-
mal bundle T⊥M . If the twistor lift of M is a harmonic section and the genus of
M is zero, then we have

(1) M is a non-superminimal minimal surface when χ(T⊥M) ≥ 4,
(2) M is a superminimal surface when χ(T⊥M) = 2,
(3) M is a non-superminimal twistor holomorphic surface when χ(T⊥M) ≤ 0.

If certain conditions for the curvature tensors are satisfied and the twistor lift is
a harmonic section, then the mean curvature vector field is a holomorphic section of
the normal bundle with respect to the Koszul-Malgrange holomorphic structure (see
[3], [8] and [9]). In general, holomorphic sections are not parallel. It is well-known
that a compact constant mean curvature surface of genus zero immersed in R3 is
totally umbilic, which was proved by Hopf in 1951. Many researchers generalize
this theorem to various forms, for example, higher codimension cases (see [4]). In
these generalized results, the mean curvature vector field is often assumed to be
parallel with respect to the normal connection. If the mean curvature vector field
is parallel, then the surface is totally umbilic, using the corollary above (see [4] and
[10], for example). Thus our main theorem is a generalization of Hopf’s theorem
to surfaces with holomorphic mean curvature vector fields. Moreover, we can also
show that a Lagrangian surface of genus zero in the complex Euclidean plane with
conformal Maslov form is the Whitney sphere (see [5]).

2. Preliminaries

Throughout this paper, all manifolds and maps are assumed to be smooth. Let
E be a vector bundle over a manifold M and Ex the fiber of E over x ∈ M . We
write TP for the tangent bundle of a manifold P . For vector bundles E, E′ over M ,
we denote the homomorphism bundle whose fiber is the space of linear mappings
Ex to E′

x by Hom(E,E′), and set End(E) := Hom(E,E). The space of all sections
of a vector bundle E is denoted by Γ(E). Let ϕ : N → M be a smooth map and E
a vector bundle over M . The pull-back bundle of E by ϕ is denoted by ϕ#E.

Let E be a Riemannian vector bundle with a fiber metric gE and a metric
connection ∇E over an n-dimensional Riemannian manifold (M, g). Let KE :
TE → E be the connection map with respect to ∇E . The canonical metric G on
E is defined by

G(ζ, ζ) = g(p∗(ζ), p∗(ζ)) + gE(KE(ζ),KE(ζ))

for ζ ∈ TE, where p : E → M is the bundle projection. We note that p :
(E,G) → (M, g) is a Riemannian submersion with totally geodesic fibers. Set
UE (= U(E)) := {u ∈ E | gE(u, u) = 1}. The set of all sections ξ ∈ Γ(E) such
that ξ(M) ⊂ UE is denoted by Γ(UE). We assume that M is compact. Let E
be the energy functional defined on the space of all smooth maps from M to UE.
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We say that ξ ∈ Γ(UE) is a harmonic section (or vertically harmonic) if ξ is a
stationary point of E|Γ(UE). Obviously, if a section is a harmonic map in the usual
sense, then it is a harmonic section. For harmonic sections, we refer to [15].

Next we recall the twistor space and the twistor lift of a surface. Let (M̃, g̃)
be an oriented four-dimensional Riemannian manifold. The Hodge star operator is
denoted by ∗. Since ∗2 = id for all 2-forms, the bundle Λ2(M̃) of all 2-forms on M̃
is decomposed into

Λ2(M̃) = Λ2
+(M̃)⊕ Λ2

−(M̃),

where Λ2
±(M̃) = {ω ∈ Λ2(M̃) | ∗ω = ±ω}. Using the metrics, we can identify

Λ2
−(M̃) with a vector subbundle Q of End(TM̃). We also write g̃ for the fiber

metric of Q. A section φ ∈ Γ(UQ) satisfies φ2 = −I, g̃(φX, φY ) = g̃(X,Y ) for

all X, Y ∈ TM̃ and −Ωφ ∧ Ωφ = dμ, where Ωφ is the fundamental form of φ and

dμ is the volume form of M̃ compatible with the orientation. Note that Q is a
parallel subbundle in End(TM̃) with respect to the connection which is induced

by the Levi-Civita connection ∇̃ of M̃ . We use the same letter ∇̃ for the induced
connection. The twistor space Z over M̃ is the unit sphere bundle UQ of Q. The
bundle projection p : Z → M̃ and the connection ∇̃ induce the decomposition

TZ = ThZ ⊕ T vZ
into the horizontal subbundle ThZ and the vertical subbundle T vZ. On the
twistor space Z, almost complex structures JZ

i (i = 1, 2) are defined by JZ
i (X) =

(φ(p∗(X)))hφ for all horizontal vectors X at φ ∈ Z and JZ
i (V ) = (−1)i−1Jv(V ) for

all vertical vectors V , where Jv is the canonical complex structure on each fiber (�
the two-dimensional unit sphere). The almost complex structure JZ

1 on the twistor

space is integrable if and only if M̃ is a self-dual manifold (see [1]). Note that JZ
2

is never integrable.
Let f : (M, g) → (M̃, g̃) be an isometric immersion from an oriented surface

(M, g) into an oriented four-dimensional Riemannian manifold (M̃, g̃). The Levi-
Civita connection of g is denoted by∇. Let T⊥M be the normal bundle of f and∇⊥

the normal connection of T⊥M . We say that an orthonormal frame (e1, e2, e3, e4)

of f#(TM̃) is adapted if

(1) e1, e2, e3, e4 are compatible with the orientation of M̃ ,
(2) e1, e2 are compatible with the orientation of M ,
(3) e3, e4 are normal to M .

Using an adapted frame, we define J : TM → TM by J(e1) = e2 and J(e2) = −e1,
and J⊥ : T⊥M → T⊥M by J⊥(e3) = −e4 and J⊥(e4) = e3. It is evident that
∇J = 0 and ∇⊥J⊥ = 0. We set

J̃(X) := J(X) and J̃(ζ) := J⊥(ζ)

for X ∈ TM and ζ ∈ T⊥M . Then J̃ is a section of U(f#Q) (= f#(Z)) and J̃ is
called the twistor lift of M . Hereafter, we often omit the symbol “f” for the induced
objects of the immersion f if there is no confusion for the sake of simplicity. For
example, we use the same letter ∇̃ for the pull-back connection f#∇̃ by f . We
say that M is a superminimal surface if the twistor lift is a horizontal map, that
is, ∇̃J̃ = 0. If J̃∗ ◦ J = JZ

1 ◦ J̃∗ (precisely, (f# ◦ J̃)∗ ◦ J = JZ
1 ◦ (f# ◦ J̃)∗, where

f# : U(f#Q) → UQ is the bundle map), then M is called a twistor holomorphic
surface. See [7] for twistor holomorphic surfaces, for example. On the other hand,

M is minimal if and only if it follows that J̃∗ ◦ J = JZ
2 ◦ J̃∗ (see [6]). Let α (resp.
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H) be the second fundamental form (resp. the mean curvature vector field) of M .
We define a T⊥M -valued symmetric tensor B by

B(X,Y ) = α(X, JY )− J⊥α(X,Y ) + J⊥α(JX, JY ) + α(JX, Y )

for all X,Y ∈ TM . We see that M is twistor holomorphic if and only if B = 0 (see
[7] and [8]). Note that a surface is superminimal if and only if H = 0 and B = 0
(see [7]). We define a function ρ on M by

ρ = g̃(J⊥α(u1, u1)− α(u1, u2), J
⊥α(u2, u2) + α(u1, u2)),

where (u1, u2) form an orthonormal frame on M that is compatible with the ori-
entation of M . If M is superminimal, then ρ = 0. We summarize the fundamental
formulae for surfaces in self-dual Einstein manifolds with the scalar curvature τ
which is needed in this paper. These are obtained by a straightforward calcula-
tion in [8]. Let K be the Gaussian curvature of M and K⊥ the normal curvature
of T⊥M defined by K⊥ = g̃(R⊥

e1,e2e4, e3), where R⊥ is the curvature form of the
normal connection and (e1, . . . , e4) form an adapted frame. We have

K −K⊥ =
τ

12
+ ρ,(2.1)

‖B‖2 = 16(
τ

12
+ ‖H‖2 −K +K⊥),(2.2)

‖B‖2 = 16‖H‖2 − 16ρ.(2.3)

Let χ(M) (resp. χ(T⊥M)) be the Euler characteristic of M (resp. T⊥M). In
particular, by (2.2), if M is compact, we have

τ

24π
Vol(M) +

1

2π

∫
M

‖H‖2dvg − χ(M) + χ(T⊥M) ≥ 0.(2.4)

The equality of (2.4) holds if and only if M is twistor holomorphic.

3. Proof of our main theorem

In this section, we give the proof of our main theorem. To prove the main result,
we use some fundamental results obtained in the author’s papers [8] and [9]. For
β ∈ Γ(Hom(TM ⊗ TM, T⊥M)), we define ∇′β by (∇′

Xβ)(Y, Z) = ∇⊥
Xβ(Y, Z) −

β(∇XY, Z) − β(Y,∇XZ) for all X, Y , Z ∈ Γ(TM). A T⊥M -valued 1-form δβ is
defined by

(δβ)(X) = −
2∑

i=1

(∇′
ui
β)(ui, X)

for all X ∈ TM , where (u1, u2) is an orthonormal frame on M . When M̃ is a
self-dual Einstein manifold, we obtain the following facts (see [9] and [16]).

Lemma 3.1. Let M be a surface in a self-dual Einstein manifold. Then the fol-
lowing statements are mutually equivalent :

(1) The twistor lift J̃ is a harmonic section.

(2) [J̃ , Δ̄∇̃J̃ ] = 0, where Δ̄∇̃ is the rough Laplacian of ∇̃.
(3) The mean curvature vector H satisfies ∇⊥

JXH = J⊥∇⊥
XH for all X ∈ TM .

(4) δB = 0.

Lemma 3.2. Let (M, g) be an oriented surface in a self-dual Einstein manifold

(M̃, g̃) and RQ the curvature form of the pull-back connection on f#Q. Then we

have RQ
X,Y J̃ = 0 for all X, Y ∈ TM .
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The normal bundle T⊥M equips the Koszul-Malgrange holomorphic structure.
Therefore, a section ξ ∈ Γ(T⊥M) is holomorphic relative to this structure if and
only if ∇⊥

JXξ = J⊥∇⊥
Xξ for all X ∈ TM . With respect to the Koszul-Malgrange

holomorphic structure, the twistor lift of a surface with holomorphic mean curvature
vector field is a harmonic section when the ambient space is self-dual Einstein.

We note that the twistor lift depends on the orientation M (or M̃). In particular,
a surface is twistor holomorphic with respect to both orientations of M if and only
if the surface is totally umbilic. Similarly, when M̃ is self-dual Einstein, the twistor
lifts are harmonic sections with respect to both orientations if and only if the mean
curvature vector field is parallel.

We have the following theorem.

Theorem 3.3. Let M̃ be a self-dual Einstein manifold and M an oriented, con-
nected, compact surface in M̃ . If the twistor lift of M is a harmonic section and
the genus of M is zero, then we have

(1) M is a non-superminimal minimal surface when χ(T⊥M) > 2 −
(τ/24π)Vol(M),

(2) M is a superminimal surface when χ(T⊥M) = 2− (τ/24π)Vol(M),
(3) M is a non-superminimal twistor holomorphic surface when χ(T⊥M) <

2− (τ/24π)Vol(M).

Proof. Let (x, y) be an isothermal coordinate of M and set z = x+
√
−1y. Bundles

and some of other geometric objects, for example metrics, are extended C-linearly
with the same notation. We set ∂z := (∂/∂z) and ∂z̄ := (∂/∂z̄). By Lemma 3.1,

we see that J̃ is a harmonic section if and only if

[J̃ , ∇̃∂z
∇̃∂z̄

J̃ + ∇̃∂z̄
∇̃∂z

J̃ ] = 0.(3.1)

On the other hand, by Lemma 3.2, the condition that M̃ be self-dual Einstein
ensures that

[J̃ , ∇̃∂z
∇̃∂z̄

J̃ − ∇̃∂z̄
∇̃∂z

J̃ ] = 0.(3.2)

Then, from (3.1) and (3.2), we conclude that J̃ is a harmonic section if and only if

[J̃ , ∇̃∂z
∇̃∂z̄

J̃ ] = [J̃ , ∇̃∂z̄
∇̃∂z

J̃ ] = 0.(3.3)

Now we define a quadratic differential q by q = tr(∇̃∂z
J̃)2dz2. We have

∂z̄tr(∇̃∂z
J̃)2 = 2tr(∇̃∂z

J̃)(∇̃∂z̄
∇̃∂z

J̃).

Since, by (3.3), ∇̃∂z̄
∇̃∂z

J̃ commutes with J̃ while ∇̃∂z
J̃ and J̃ anti-commute, we

have

tr(∇̃∂z
J̃)(∇̃∂z̄

∇̃∂z
J̃) = tr(−J̃)(∇̃∂z

J̃)(∇̃∂z̄
∇̃∂z

J̃)J̃

= tr(∇̃∂z
J̃)(J̃ J̃)(∇̃∂z̄

∇̃∂z
J̃)

= −tr(∇̃∂z
J̃)(∇̃∂z̄

∇̃∂z
J̃),

and hence, q is holomorphic. Thus q vanishes on genus zero surfaces so that J̃
is holomorphic with respect to JZ

1 or JZ
2 . We see that M is minimal or twistor

holomorphic.
Next we distinguish the possibilities via the Euler characteristic of T⊥M . At

first, we assume χ(T⊥M) = 2− (τ/24π)Vol(M). Then, by (2.1), we have∫
M

ρdvg = 0.
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From (2.3), we obtain ∫
M

‖B‖2dvg = 16

∫
M

‖H‖2dvg.

Since M is minimal or twistor holomorphic, M is superminimal. When χ(T⊥M) >
2− (τ/24π)Vol(M), we obtain

τ

24π
Vol(M) +

1

2π

∫
M

‖H‖2dvg − χ(M) + χ(T⊥M)

≥ τ

24π
Vol(M)− 2 + χ(T⊥M)

> 0.

Then M is not twistor holomorphic; that is, M is a non-superminimal minimal
surface. This is obvious for the case (3). �

4. Applications to surfaces in hyperkähler manifolds

Let M̃ be a four-dimensional hyperkähler manifold and I1, I2, I3 a hyperkähler
structure on M̃ . If an orientation of M̃ is given by

−
3∑

i=1

ΩIi ∧ ΩIi ,

then we have I1, I2, I3 ∈ Γ(Z), where ΩIi is the fundamental form of Ii (i = 1, 2, 3).

We note that M̃ is a self-dual Einstein (in fact, Ricci flat) manifold with respect

to this orientation. We note that χ(T⊥M) is an even integer if M̃ is a hyperkähler
manifold. From Theorem 3.3, we have the following corollary immediately.

Corollary 4.1. Let M̃ be a four-dimensional hyperkähler manifold and M an ori-
ented, connected, compact surface in M̃ . If the twistor lift of M is a harmonic
section and the genus of M is zero, then we have

(1) M is a non-superminimal minimal surface when χ(T⊥M) ≥ 4,
(2) M is a superminimal surface when χ(T⊥M) = 2,
(3) M is a non-superminimal twistor holomorphic surface when χ(T⊥M) ≤ 0.

If M is a non-superminimal twistor holomorphic surface in a hyperkähler mani-
fold, then χ(T⊥M) ≤ 0 ([8]). See [12] and [13] for minimal surfaces in hyperkähler
manifolds, in particular, in K3 surfaces with the hyperkähler metric, for example.

Using Corollary 4.1, we can see a quantization phenomenon for
∫
M

‖H‖2dvg.

Corollary 4.2. Let M̃ be a four-dimensional hyperkähler manifold and M an ori-
ented, connected, compact surface of genus zero in M̃ . If the twistor lift is a har-
monic section, then we have

1

4π

∫
M

‖H‖2dvg ∈ N ∪ {0}.

Proof. From (2.4), we see that

1

2π

∫
M

‖H‖2dvg − 2 + χ(T⊥M) ≥ 0.

Therefore, if ∫
M

‖H‖2dvg < 4π,
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then we have

χ(T⊥M) ≥ 2− 1

2π

∫
M

‖H‖2dvg > 0.

By Corollary 4.1, M is minimal; otherwise M is a non-superminimal twistor holo-
morphic surface. Hence, for this case, it follows that

1

4π

∫
M

‖H‖2dvg = 1− 1

2
χ(T⊥M) ∈ N. �

In the case where M̃ = R4, we can obtain the following corollary immediately.

Corollary 4.3. Let M be an oriented, compact, connected surface of genus zero in
R4. If the twistor lift of M is a harmonic section, then M is a non-superminimal
twistor holomorphic surface.

Proof. Since R4 does not admit any compact minimal surface, M is a non-
superminimal twistor holomorphic surface by Corollary 4.1. �

Since the property that M is twistor holomorphic is invariant under conformal
changes of the metric on M̃ , we can obtain many twistor holomorphic surfaces of
genus zero in R4 from superminimal surfaces in the four-dimensional sphere.

In general, the holomorphic mean curvature vector field is not parallel. In the
case where the mean curvature vector is parallel, using Corollary 4.3, we have the
following corollary (see [4] and [10], for example).

Corollary 4.4. Let M be an oriented, connected, compact surface of genus zero
in R4. If the mean curvature vector field is parallel with respect to the normal
connection, then M is totally umbilic.

Proof. Since the mean curvature vector is parallel, the twistor lift is a harmonic
section. Moreover, with respect to the opposite orientation of M , its twistor lift is
also a harmonic section. By Corollary 4.3, M is twistor holomorphic with respect
to both orientations, and hence, M is totally umbilic. �

It is easy to obtain Hopf’s theorem for a constant mean curvature surface of
genus zero in R3 by using Corollary 4.4. In fact, by considering the totally geodesic
immersion from R3 to R4, the constant mean curvature surface can be seen as an
immersed surface in R4 with parallel mean curvature vector field. Thus our main
theorem is a generalization of Hopf’s theorem.

Here we recall the Grassmann manifold and the Gauss map. Let G4,2
o be the

Grassmann manifold of all oriented 2-planes inR4. The Grassmann manifoldG4,2
o is

isomorphic to S2
+(1)×S2

−(1), where S
2
±(1) are the unit spheres in the 3-dimensional

vector spaces of all self-dual and anti-self-dual two-forms, respectively. Let p± :
G4,2

o (∼= S2
+(1)× S2

−(1)) → S2
±(1) be the projection onto each factor of the product

of the spheres. On the other hand, the twistor space Z of R4 is R4 × S2(1). The

projection from Z onto S2(1) is denoted by p̂. The map f# ◦ J̃ can be identified
with the map M � x �→ ω1 ∧ ω2 − ω3 ∧ ω4, where (ω1, . . . , ω4) is the dual frame of
an adapted frame (e1, . . . , e4) at each point x ∈ M . Then we have

(p̂ ◦ f# ◦ J̃ =) p̂ ◦ J̃ = p− ◦ ϕ,
where ϕ : M → G4,2

o is the Gauss map of M in R4. Therefore, if the twistor lift of
M inR4 is a harmonic section, then the half part of the Gauss map is harmonic. On
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the other hand, surfaces in Euclidean space whose (whole) Gauss map is harmonic
have parallel mean curvature vector fields (see [14]).

Finally, we give an application to a Lagrangian surface in C2 (∼= R4). Let

(M̃, g̃, φ) be a four-dimensional Kähler manifold with the complex structure φ

and denote the Kähler form of M by Ω. If a surface M in M̃ is Lagrangian,
that is, φ(TM) = T⊥M , then we define the Maslov form ω on M by ω(X) =
(1/π)Ω(X,φH) for all X ∈ Γ(TM). For a Lagrangian surface M , the Maslov form
on M is said to be conformal if the tangent vector φH is a conformal vector field
(see [5]). Define an immersion w : S2(1) → C2 by

w(x, y, z) =
1

1 + z2
(x(1 +

√
−1z), y(1 +

√
−1z)).

The immersion w is called the Whitney immersion or the Whitney sphere, which is
a Lagrangian immersion. Since the Whitney sphere is twistor holomorphic, it is a
Willmore surface; that is, it is a stationary point for the Willmore functional. By
using Corollary 4.3, we have the following fact, which is proved in [5].

Corollary 4.5. Let M be an oriented, connected, compact, Lagrangian surface of
genus zero in C2. If the Maslov form on M is conformal, then M is congruent to
the Whitney sphere.

Proof. If the Maslov form of M is conformal, then p− ◦ ϕ is harmonic (see [5]).

Therefore p̂◦J̃ is also a harmonic map, and hence, the twistor lift ofM is a harmonic
section (see also [8]). By Corollary 4.3, we see that M is twistor holomorphic. Since
the Whitney sphere is the only Lagrangian Willmore surface of genus zero in C2,
M is the Whitney sphere. �
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