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UPPER-BOUND FOR THE NUMBER OF ROBUST PARABOLIC

CURVES FOR A CLASS OF MAPS TANGENT TO IDENTITY

FRANCESCO DEGLI INNOCENTI AND CHIARA FROSINI

(Communicated by Franc Forstneric)

Abstract. In this paper we provide an upper-bound for the number of robust
parabolic curves for germs of biholomorphisms in C2 which are tangent to the
identity and which are time-one flows of a holomorphic vector field.

1. Introduction

The Leau-Fatou flower theorem [9] completely describes the dynamic behavior of

1−dimensional maps tangent to the identity. In dimension two Abate [1], Écalle [11]
and Hakim [12] proved that if f is a holomorphic map tangent to the identity in C2

and ν(f) is the degree of the first non-vanishing jet of f−Id, then there exist ν(f)−1
robust parabolic curves (RP curves for short) for f , that is to say, attractive petals
at the origin which survive under blow-up (see [3] and Section 2). A new approach in
studying dynamics of germs of mappings tangent to the identity has been introduced
in [2] and [6] by Abate, Bracci and Tovena. Their idea consists in studying discrete
dynamics using families of vector fields whose flows are approximations at the first
order of f . This technique turns out to be very useful.

In general, given a germ tangent to the identity there exist no holomorphic vector
fields whose flows coincide with such a germ. The class of tangent to the identity
germs which are time-one maps of holomorphic vector fields will be denoted by
Φ≥2(C

2, 0). Such a class is dense in the space of germs tangent to the identity and
the dynamical properties of elements of Φ≥2(C

2, 0) can be related rather directly
to the dynamical properties of the associated vector fields. Indeed, it is in this
class that we give a bound on the number of RP curves, showing that any RP
curve for the germs belongs to a separatrix for the associated vector field and then
exploiting a result by Corral and Fernandez-Sanchez [10] to estimate the number
of separatrices.

Theorem 1.1. Let f = (f1, f2) ∈ Φ≥2(C
2, 0) be a non-dicritical holomorphic map.

Set η(f) := max{ord(f1 − Id), ord(f2 − Id)} and let μ(f) be the Milnor number of
f. Then the number of robust parabolic curves is at most

(μ(f) + 1)2(η2(f) + η(f)).
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In [6] Bracci proved that f is dicritical if and only if it has infinitely many
parabolic curves. Here we show that the parabolic curves at a dicritical point are
indeed robust ones:

Proposition 1.2. Let f = (f1, f2) ∈ Φ≥2(C
2, 0) be a dicritical holomorphic map.

Then there exist infinitely many robust parabolic curves.

It is worthwhile to notice that there is a well known classical result that links a
holomorphic map tangent to the identity in C2, f ∈ Φ≥2(C

2, 0), with a holomorphic
vector field, X, such that exp(X) = f (see e.g. [4]):

Proposition 1.3. Let X be a germ of holomorphic vector in (C2, 0). Then its flow
can be written as

(1) f t(x, y) =

(
x+

∞∑
n=1

tn

n!
Xn.x, y +

∞∑
n=1

tn

n!
Xn.y

)
,

where Xn.x is defined as X applied to Xn−1.x and X.x is the application of X to
x.

Remark 1.4. If f is a holomorphic map tangent to the identity in C2 at the origin,
then the associated vector field has order of singularity at 0 greater than or equal
to 2.

For the sake of clarity we now briefly recall some useful definitions for vector
fields and maps (see also [1], [6], [7]).

Definition 1.5. Let X be a holomorphic vector field on an open neighborhood p ∈
U ⊆ C

2 and let p be a singularity for X. The vector field X defines a holomorphic
foliation, F , on U . Let blow-up X at p and consider the normalized pull-back
foliation F̃ . If the exceptional divisor is not invariant for F̃ , we say that p is a
dicritical singularity.

Analogously it is possible to define dicritical singularity for holomorphic maps.
To give such a definition we need some preliminary notation.

Let S be an irreducible curve in C2 and let f : C2 → C2, f �= Id, be a holomorphic
map such that f |S= IdS . Let I(S)p ⊂ Op be the ideal of germs vanishing on S. Let
l be a defining function for S at p. Then f = Id+ lTG for some germ G = (G1, G2)
of holomorphic self map of C2 at (0, 0), G �≡ 0 on S and T ≥ 1. We call T the order
of f on S at p.

Definition 1.6. We say that f is tangential on S at p if

l ◦ f − l

lT
≡ 0 mod I(S)p.

In this setting we give the following definition:

Definition 1.7. Let f be a holomorphic map tangent to the identity in C
2. We

say that 0 is dicritical for f if the blow-up of f is non-tangential on the exceptional
divisor.

We would like to sincerely thank the referee for useful comments and remarks.



UPPER-BOUND FOR RP CURVES 621

2. Robust parabolic curves

The aim of this section is to introduce the definition of parabolic and robust
parabolic curves for a germ of holomorphic maps tangent to the identity (at the
origin in C

2) and to study the existing relationship between the separatrices of the
vector field associated to f and these curves. For the sake of clearness we underline
that in this paper we consider only (locally) irreducible separatrices. As a matter
of notation let D be the unit complex disc in C and let Δr, r ∈ R, be the disc in D

of center 0 and radius r. We will denote by π : (M,D) → (C2, 0) the blow-up of C2

at the origin, with D = π−1(0) = P1. Moreover if f is a holomorphic map tangent

to the identity in C
2 at the origin (in short f ∈ Diff(C2, 0)), we will denote by f̃ the

unique germ of diffeomorphism in (M,D) such that π ◦ f̃ = f ◦π and f̃ |D= id |D .
Analogously, given X a vector field, we will denote by X̄ the vector field in (M,D)
such that Dπ · X̄ = X ◦ π.
Definition 2.1. A parabolic curve for a holomorphic map f tangent to the
identity at the origin in C2 is an injective holomorphic map ϕ : Δ → C2 satisfying
the following properties:

i) Δ is a simply connected domain in C with 0 ∈ ∂Δ;
ii) ϕ is continuous at the origin, and ϕ(0) = 0;
iii) ϕ(Δ) is invariant under f, and (f |ϕ(Δ))

n → 0 as n → ∞.

As mentioned in the introduction the idea of a robust parabolic curve was first
introduced by Abate and Tovena in [3]:

Definition 2.2. A robust parabolic curve ϕ is a parabolic curve that satisfies
the following conditions:

a) we can blow-up ϕ at level h for any h ≥ 1,
b) there is a formal power series Q ∈ (C[[x]])2 such that for every h ≥ 1

there is rh > 0 such that ϕ−Qh = O(ζh+1) in Δrh , where Qh denotes the
truncation at degree h of Q.

Remark 2.3. Essentially condition a) means that the strict transform of the para-
bolic curve is also a parabolic curve. For a clearer definition of “blow-up at level
h” we refer to [3].

The importance of RP curves is expressed by the following theorem of Abate
and Tovena (see Theorem 1.5 of [3]):

Theorem 2.4. Let f ∈ Diff(C2, 0) be tangent at the identity, and assume that the
origin is an isolated fixed point of f . Then f admits at least one robust parabolic
curve.

The geometric meaning of robust parabolic curve is clarified by the following
proposition:

Proposition 2.5. Let f ∈ Φ≥2(C
2, 0) be a holomorphic map and let X be a vector

field such that exp(X) = f . Let ϕ be a robust parabolic curve. Then ϕ is contained
in a (locally) irreducible separatrix of X. Conversely in every (locally) irreducible
separatrix of X there exists at least one robust parabolic curve for f .

Proof. Consider p ∈ ϕ(Δ). Since

exp(X) = f,
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the orbit {fn(p)}n∈N is contained in a (locally) irreducible separatrix S of X. We
want to prove that every orbit generated by any q ∈ ϕ(Δ) stays inside S. Assume
by contradiction that we can find two orbits that converge to zero living in two
different separatrices, say S1 and S2. Let l1(x, y) and l2(x, y) be, respectively, the
local expressions of S1 and S2 and let h be the order of the first non-zero jet of
l1 − l2. If we blow-up h times the foliation associated to the vector field, then, by
property a) of the definition of RP curves, the two orbits converge to zero with two
different directions and this contradicts property b) of Definition 2.2.

Let us prove the converse and let us divide the proof into two steps. First
we assume that S is a non-singular (locally) irreducible separatrix for the vector
field X. Without loss of generality we can suppose that its analytic expression
is y = 0. Thus the vector field restricted to the (locally) irreducible separatrix
{y = 0} is (A(x, y) ∂

∂x ) and its exponential is tangent to the identity and given by

(x, y) �→ (x+ xh + · · · , y). By Theorem 2.4 we get the assertion. We now proceed
with the second step and consider the singular case; that is, we suppose that S is a
singular (locally) irreducible separatrix for X. In this case we solve the singularity
by means of a finite number of blow-ups, and by Lemma 2.4 in [8] we get a vector

field X̄ such that f̃ = exp X̄. We proceed as in step one and we claim that, after
blowing down, we get an RP curve, ϕ = (ϕ1, ϕ2), for the map f.

Indeed ϕ is definitely a parabolic curve and we can blow it up at level h for any
h ≥ 1. Moreover let Q̃ = (Q̃1, Q̃2) be the formal power series such that ϕ̃ − Q̃h =

O(ζh+1) in Δrh , as in Definition 2.2(b). Set Q := π(Q̃) = (Q̃1, Q̃1Q̃2). Then

ϕ−Q = (ϕ1 − Q̃1, ϕ̃1ϕ̃2 − Q̃1Q̃2).

Let Q̃h
i , i = 1, 2, denote the truncation at degree h. By an easy calculation we see

that

ϕ̃1(ζ)ϕ̃2(ζ)− Q̃1(ζ)Q̃2(ζ)= ϕ̃1(ζ)ϕ̃2(ζ)−Q̃h
1 (ζ)ϕ̃2(ζ)

+ Q̃h
1 (ζ)ϕ̃2(ζ)−Q̃h

1 (ζ)Q̃
h
2(ζ)+Q̃h

1 (ζ)Q̃
h
2 (ζ)−[Q̃1(ζ)Q̃2(ζ)]

h=O(ζ)h+1.

Thus properties a) and b) of Definition 2.2 are fulfilled and the proposition is
proved. �

3. Non-dicritical case

In this section we prove Theorem 1.1. In [10] Corral and Fernandez-Sanchez find
the optimal estimate of the number of separatrices by the Milnor number of X (see
[5] for the definition):

Proposition 3.1. Let X be a holomorphic vector field in C2, singular at the origin.
Let S be the curve determined by all locally irreducible separatrices passing through
the origin. Let r0(S) be the number of the irreducible components of S and let n0(S)
be the minimal number of blowing-ups needed to desingularize S. Then

r0(S) ≤ μ0(X) + 1,(2)

n0(S) ≤ μ0(X) + 1,(3)

where μ0 is the Milnor number of X at the origin.

In order to express the previous estimate in terms of invariants of f we introduce
the intersection multiplicity (see [1]).
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Proposition 3.2. Let f ∈ Φ≥2(C
2, 0) be a holomorphic map tangent to the identity

in C2 and let X be the associated vector field. Then the Milnor number of X at the
origin is equal to the intersection multiplicity of f − Id.

Proof. It suffices to observe that if

X = A(x, y)
∂

∂x
+B(x, y)

∂

∂y
,

then by equation (1) the order of zero for A,B and f − Id is the same. �

Proposition 2.5 shows that the RP curves live inside separatrices of the associated
vector field. So the idea is to estimate the number of separatrices of the vector field
and then the number of RP curves inside a separatrix.

Proof of Theorem 1.1. We start by estimating the number of RP curves that are
in a separatrix. We divide the proof into two steps.

1) If S is non-singular, we can proceed as in the first part of the proof of
Proposition 2.5 and conjugate the restriction of f to a map of the kind
(u, v) �→ (u+uh+ · · · , v). Then we estimate the exponent h. An easy com-
putation shows that the exponent h is the lowest degree of the expression
of A(u, ψ(u)). The same computation proves that the order of A(u, v) is
the same as the order ν1 of f1 − Id. Then

Aν1
(u, ψ(u)) =

∑
i+j=ν1

uiψ(u)j ,

so the lowest degree is

(4) i+ pj ≤ pi+ pj = ν1p

for 0 ≤ i, j ≤ ν1.
Then the number of RP curves in S is estimated from above by

max{ν1, ν2}p.
This estimate depends on p and then on the particular separatrix. It

is possible to improve this result by removing the dependence on the sep-
aratrix in the following way. Let y = ϕ(x) = xk + · · · be a separatrix so
that

dy

dx
=

B(x, y)

A(x, y)
.

Comparing the lowest degree of the above expressions we obtain that

k = ν2 − ν1 + 1 ≤ ν2 + 1 ≤ max{ν1, ν2}+ 1 = η(f) + 1.

Thus we have η(f)(η(f) + 1) RP curves for every separatrix. Let us notice
that in this case μ(f) = 0.

2) If the separatrix S is singular, then, again, we solve the singularity, and by
Proposition 3.1 the field X̄ has at most (μ(f)+1)2 smooth separatrices. We
then apply step one to each of these separatrices and get that the maximal
number of RP curves is (μ(f) + 1)2(η2 + η). This completes the proof of
Theorem 1.1. �
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4. Dicritical case

The goal of this section is to estimate the number of RP curves in the dicriti-
cal case. From the theorem on existence and uniqueness of solutions of ordinary
differential equations stated in [13] we have:

Proposition 4.1. Let X be a holomorphic vector field and let p be a dicritical
singularity. Then there exist infinitely many locally irreducible separatrices through
p.

In the discrete case the following result holds (see [1], [6]):

Proposition 4.2. Let f be a map tangent to the identity in C
2. If 0 is dicritical,

then there exist infinitely many parabolic curves for f.

The last two propositions suggest that there exists a strict relationship between
the two notions of dicriticity, namely:

Proposition 4.3. Let f ∈ Φ≥2(C
2, 0) be a map tangent to the identity in C2 and

let X be the vector field such that exp(X) = f. Then f is dicritical in 0 if and only
if X is dicritical in 0.

Proof. If X is dicritical, then by Proposition 4.1 there exist infinitely many separa-
trices, and then, by Proposition 2.5, f admits infinitely many RP curves. So f , by
Theorem 1.1, has to be dicritical. To prove the converse, if X were not dicritical, it
would have only a finite number of separatrices and all the RP curves for f would
be contained therein. This implies that there are only a finite number of robust
parabolic curves for f. Then f is not dicritical, for otherwise it would have infinitely
many RP curves. Indeed parabolic curves obtained as in [1] are infinite (see [6]),
and moreover they are robust by Theorem 2.6 in [3] since they are obtained by the
procedure in [6]. �

In this setting we have

Proposition 4.4. Let f ∈ Φ≥2(C
2, 0) be a dicritical holomorphic map tangent to

the identity in C2. Then there exist infinitely many robust parabolic curves.

Proof. Since f is dicritical, by Proposition 4.3, X is dicritical. By Proposition 4.1
there exist infinite separatrices, and then by Proposition 2.5 we get the assertion.

�
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