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ON THE UPPER CENTRAL SERIES OF INFINITE GROUPS
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Abstract. Two relevant theorems by R. Baer and P. Hall show that a group
is finite over a term with finite ordinal type of its upper central series if and
only if it is finite-by-nilpotent. Extending these results, we prove here that if
G is any group, the hypercentre factor group G/Z̄(G) is finite if and only if G
contains a finite normal subgroup N such that G/N is hypercentral (where the

hypercentre Z̄(G) of G is defined as the last term of its upper central series).

1. Introduction

It was proved by R. Baer [2] that if a term Zn(G) of the upper central series of
a group G has finite index in G for some positive integer n, then the term γn+1(G)
of the lower central series of G is finite (see also [6], Part 1, p. 113). Of course, this
result is a generalization of the celebrated theorem by I. Schur [7] on the finiteness
of the commutator subgroup of a group which is finite over its centre. It turns out
immediately that Baer’s theorem cannot be extended to terms with infinite ordinal
type of the upper and lower central series of a group. In fact, the locally dihedral
2-group D(2∞) is hypercentral, but its hypocentre is the subgroup of type 2∞;
in particular, it can occur that the hypercentre of a group has finite index, while
its hypocentre is infinite. Recall here that the hypercentre Z̄(G) of a group G is
the last term of the upper central series of G, and G is hypercentral if it coincides
with its hypercentre; similarly, the hypocentre γ̄(G) of G is the last term of its
lower central series, and G is hypocentral if γ̄(G) = {1}. Observe that, although
the properties of being hypercentral, hypocentral or nilpotent coincide for a finite
group, in general the class of hypercentral groups and that of hypocentral groups
behave quite differently; for instance, every hypercentral group is locally nilpotent,
while all free groups are hypocentral.

The consideration of infinite extraspecial groups shows that the converse of
Baer’s theorem does not hold in general; however, P. Hall [3] proved that if G
is a group such that γn+1(G) is finite for some positive integer n, then the in-
dex |G : Z2n(G)| is likewise finite. Thus the theorems of Baer and Hall together
essentially state that a group is finite over a term with finite ordinal type of its
upper central series if and only if it is finite-by-nilpotent. Our main result shows
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that, replacing nilpotency by hypercentrality this remains true also for terms with
arbitrary ordinal type of the upper central series.

Theorem. Let G be a group. The factor group G/Z̄(G) is finite if and only if there
exists a finite normal subgroup N of G such that G/N is hypercentral.

In the above statement it cannot be proved that if the index |G : Zα(G)| is finite
for some ordinal α, then G contains a finite normal subgroup N such that G/N
is hypercentral with length at most α; in fact, in the locally dihedral 2-group we
have that Zω(D(2∞)) has index 2 in D(2∞), but all infinite factor groups of D(2∞)
have hypercentral length ω + 1. Observe however that if G/Zα(G) is finite and
γ̄(G/Zα(G)) = γk+1(G/Zα(G)), then every hypercentral homomorphic image of G
has length at most α+ k. Finally, note that if F is a free non-abelian group, then
γω(F ) = Z(F ) = {1} and hence P. Hall’s theorem cannot be extended to terms
with infinite ordinal type of the lower central series of a group.

Most of our notation is standard and can be found in [6].

2. Proof of the theorem

Our first lemma deals with the case of torsion-free groups.

Lemma 1. Let G be a torsion-free group such that G/Zα(G) is locally finite for
some ordinal α. Then G = Zα(G).

Proof. Let E be any finitely generated subgroup of G. As E/E ∩ Zα(G) is finite,
the subgroup E ∩ Zα(G) is finitely generated and hence it is nilpotent. Thus E
satisfies the maximal condition on subgroups, and so E ∩ Zα(G) is contained in
Zn(E) for some positive integer n. In particular, E/Zn(E) is finite and it follows
from Baer’s theorem that γn+1(E) is also finite. Therefore γn+1(E) = {1} since G
is torsion-free, so that G is locally nilpotent. P. Hall’s theory of isolators now yields
that G/Zα(G) must be torsion-free (see [5], 2.3.9(i)), so that G = Zα(G) and the
statement is proved. �

It follows easily from Baer’s theorem that if the factor group G/Zn(G) is locally
finite for some positive integer n, then the subgroup γn+1(G) is likewise locally
finite and so G is (locally finite)-by-(nilpotent of class at most n). Our next result
extends this property to arbitrary ordinal types.

Lemma 2. Let G be a group such that G/Zα(G) is locally finite for some ordinal
α. Then there exists a locally finite normal subgroup N of G such that G/N is
hypercentral with length (at most) α.

Proof. Without loss of generality, it can be assumed that G has no periodic non-
trivial normal subgroups, so that in particular Zα(G) is torsion-free. Let x be any
element of finite order of G. Then 〈x〉 is an ascendant subgroup of 〈x, Zα(G)〉, so
that

〈x, Zα(G)〉 = 〈x〉 × Zα(G)

and [Zα(G), x] = {1}. Let K be the subgroup generated by all elements of finite
order of G. Then [Zα(G),K] = {1} and hence K ∩Zα(G) is contained in Z(K). It
follows that K/Z(K) is locally finite, so that K ′ is locally finite by Schur’s theorem.
Thus K itself is periodic and hence K = {1}. Therefore G is torsion-free and so
G = Zα(G) by Lemma 1. The statement is proved. �
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Lemma 3. Let G be a group, and let N be a finite non-trivial normal subgroup of
G such that G/N is hypercentral and [N,G] = N . Then there exists a subgroup K
of G such that G = KN and K ∩N < N .

Proof. By Zorn’s Lemma there exists a normal subgroup M of G which is maximal
with respect to the condition that N is not contained in M . Write Ḡ = G/M .
Then N̄ is contained in every non-trivial normal subgroup of Ḡ, and in particular
N̄ is the unique minimal normal subgroup of Ḡ. If N̄ is abelian, as [N̄ , Ḡ] = N̄
and Ḡ/N̄ is hypercentral, it is well known that Ḡ splits over N̄ (see for instance
[1], Theorem 5.3.11), and hence there exists a subgroup K of G such that G = KN
and

K ∩N ≤ M ∩N < N.

Suppose that N̄ is not abelian, and let P̄ be a non-trivial Sylow subgroup of N̄ ,
so that Ḡ = NḠ(P̄ )N̄ by Frattini’s argument; in this case put K̄ = NḠ(P̄ ). Then
G = KN and K ∩N is properly contained in N , since

K̄ ∩ N̄ = NN̄ (P̄ ) < N̄.

The lemma is proved. �

Proof of the Theorem. Suppose first that G/Z̄(G) is finite. Assume for a contradic-
tion that the statement is false, and choose a counterexample G for which G/Z̄(G)
has smallest order m. Put Z = Z̄(G), and let M be any maximal subgroup of G
containing Z. As Z is contained in the hypercentre of M , by the minimal choice of
m we have that M contains a finite normal subgroup K such that M/K is hyper-
central. Clearly, K has finitely many conjugates in G, so that its normal closure KG

is finite and in particular G/KG is not hypercentral; on the other hand, ZKG/KG

lies in the hypercentre of G/KG, so that ZKG/KG has indexm in G/KG and hence
KG is contained in Z. Therefore M/Z is nilpotent and so all proper subgroups of
G/Z are nilpotent. Since the finite group G/Z has trivial centre, it follows from a
well known result of O.J. Šmidt that the group G/Z is the semidirect product of a
normal subgroup A/Z by a cyclic subgroup 〈bZ〉, where A/Z is a minimal normal
subgroup of G/Z having prime exponent p and the coset bZ has prime order q �= p
(see for instance [4], Satz 5.2).

As A/Z is abelian, the subgroup A is hypercentral, so that the elements of
finite order of A form a characteristic subgroup C, and C = A ∩ T , where T is
the largest periodic normal subgroup of G. It follows from Lemma 2 that G/C
is (locally finite)-by-hypercentral; as A/C is torsion-free and |G/A| = q, we have
that G/C is hypercentral, so that C cannot be contained in Z and hence A = ZC.
Thus A = ZU , where U is a finite subgroup of C. Since all hypercentral groups
are locally nilpotent (see for instance [6], Part 1, p. 50), the subgroup 〈U, b〉 is
polycyclic-by-finite, and so the normal closure U 〈b〉 is finite. Since A = ZU 〈b〉, we
may choose a finite 〈b〉-invariant subgroup V with smallest order with respect to
the condition A = ZV . The 〈b〉-invariant subgroup [V, 〈b〉] obviously is contained
in V but not in Z. Moreover, 〈b〉 acts irreducibly on A/Z and so also on V/V ∩Z,
and hence

V = [V, 〈b〉](V ∩ Z).
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Thus A = ZV = Z[V, 〈b〉], and the assumption on the order of V yields that
[V, 〈b〉] = V . Let E be any finitely generated subgroup of G containing 〈V, b〉, and
assume that [V, Zn(E)] �= {1} for some positive integer n; consider the smallest
positive integer r with such a property. Clearly, there is a positive integer s < r
such that [V, Zr(E)] is contained in Zs(E) but not in Zs−1(E). Then

[V, Zr(E), 〈b〉] ≤ [Zs(E), 〈b〉] ≤ Zs−1(E)

and

[Zr(E), 〈b〉, V ] ≤ [Zr−1(E), V ] = {1},

so that [〈b〉, V, Zr(E)] is contained in Zs−1(E) by the Three Subgroup Lemma, a
contradiction because [V, 〈b〉] = V . Therefore [V, Zn(E)] = {1}, for all positive
integers n. Since E is polycyclic-by-finite, we have that E ∩ Z lies in Zn(E) for
some n, and so [V,E ∩ Z] = {1}. It follows that [V, Z] = {1}, and hence V is a
normal subgroup of

G = 〈A, b〉 = 〈Z, V, b〉.

On the other hand, the subgroup 〈Z, b〉 is obviously hypercentral, so that G/V
is likewise hypercentral and G is finite-by-hypercentral. This contradiction shows
that G contains a finite normal subgroup L such that G/L is hypercentral.

Assume that the converse statement is false, and choose a counterexample G for
which the finite normal subgroup N such that G/N is hypercentral has smallest
possible order. Clearly, the factor group G/Z̄(G) is likewise a minimal counterex-
ample, and hence replacing G by G/Z̄(G) we may suppose without loss of generality
that Z(G) = {1}. Moreover, as G/[N,G] is hypercentral, we have that [N,G] = N .
By Lemma 3 we have that G contains a subgroup K such that G = KN and
K ∩ N < N . As K/K ∩ N is hypercentral, by the minimal choice of G we have
that the hypercentre H = Z̄(K) of K has finite index in K and so also in G. Then
the subgroup

CH(N) = Z̄(K) ∩ CG(N)

is infinite, and hence Z(K) ∩ CG(N) �= {1}. On the other hand, Z(K) ∩ CG(N)
is contained in the centre of G, and this contradiction completes the proof of the
theorem. �
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