
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 139, Number 8, August 2011, Pages 2759–2766
S 0002-9939(2011)10983-3
Article electronically published on February 22, 2011

REAL-VALUED NON-ANALYTIC SOLUTIONS

FOR THE GENERALIZED KORTEWEG-DE VRIES EQUATION

A. ALEXANDROU HIMONAS AND GERSON PETRONILHO

(Communicated by Walter Craig)

Abstract. In both the periodic and non-periodic cases, non-analytic in time
solutions to the Cauchy problem of the gKdV equation are constructed with

real-valued analytic initial data when k is not a multiple of four. In the case
that k = 4�, that is, the non-linearity is of the form u4�∂xu, where � is a positive
integer, then non-analytic in time solutions are available only for complex-
valued initial data.

1. Introduction

For k ∈ {1, 2, 3, · · · } we consider the Cauchy problem for the generalized Korte-
weg-de Vries (gKdV) equation

(1.1)

{
∂tu = ∂3

xu+ uk∂xu, x ∈ T or R, t ∈ R,

u(x, 0) = ϕ(x),

and construct solutions with real-valued analytic initial data ϕ(x) which are not
analytic in the time variable. For k = 1 and k = 2, we obtain the KdV and
mKdV respectively. These are the most important members of the gKdV family
of equations since they are both integrable and can be solved by using inverse
scattering. Furthermore, KdV has a celebrated history beginning with its derivation
by Korteweg and de Vries as a model for long water waves in a channel [KdV].

In the periodic case, existence and uniqueness of a solution to this Cauchy prob-
lem with analytic initial data follows from the well-posedness of gKdV in Sobolev
spaces, since such data belong to every Sobolev space. In [HHP] it is shown that
this solution is analytic in the space variable x and Gevrey G3 in the time variable
t. Here we show that the regularity of the solution in time is not better than G3 in
both the periodic and the non-periodic cases by choosing appropriate real-valued
analytic initial data. Well-posedness for the non-periodic gKdV equation in spaces
of analytic functions has been proved by Grujić and Kalisch [GK]. Furthermore,
Bona, Grujić and Kalisch [BGK] have shown that solutions to the non-periodic
gKdV equation with initial data that are analytic in a strip in the complex plane
continue to be analytic in a strip as time progresses. Also, they proved algebraic
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lower bounds on the possible rate of decrease in time of the uniform radius of spatial
analyticity.

The well-posedness of gKdV in Sobolev spaces has been studied by many authors.
Kenig, Ponce and Vega [KPV1] proved that on the real line gKdV is locally well-
posed in Hs(R) for all s ≥ 1

2 − 2
k if k ≥ 4. When k = 1 (KdV), k = 2 (mKdV),

k = 3 and k = 4 well-posedness is proved for s > 3/4, s ≥ 1/4, s ≥ 1/12 and
s ≥ 0 respectively. The periodic case was studied by Bourgain in [B1], where he
proves local and global well-posedness in Hs(T) for all s ≥ 0 when k = 1. When
k = 2 he proves local well-posedness in Hs(T) for all s ≥ 1/2. When k > 2
he proves local well-posedness for small H1(T) data. Also, he proves global well-
posedness in Hs(T), s > 3/2, with sufficiently small H1 data. For the KdV and
for complex-valued initial data these results were improved in [KPV2], where local
well-posedness is proved in Hs(T) for all s ≥ −1/2 and in Hs(R) for all s > −3/4.
Colliander, Keel, Staffilani, Takaoka and Tao [CKSTT1] proved the global well-
posedness for real-valued functions and for the same range of Sobolev indices. Also,
it is shown that the real-valued Cauchy problem for mKdV is globally well-posed
in Hs(R) for all s > 1/4 and Hs(T) for all s ≥ 1/2. Kappeler and Topalov [KT1]
proved well-posedness for KdV in Hs(T), s ≥ −1, in a weaker sense, using inverse
scattering techniques. Also, in [KT2] they proved global well-posedness of mKdV
in L2(T). When the nonlinearity ∂x[u

k+1] of gKdV is replaced by the more general
form ∂x[F (u)], where F is a polynomial of degree k + 1, then local well-posedness
for the corresponding equation in Hs(T) for all s > 1/2 and sufficiently small data
has been established in [CKSTT2].

For more results about the well-posedness and ill-posedness of gKdV for vari-
ous values of k we refer the reader to Birnir, Kenig, Ponce, Svanstedt and Vega
[BKPSV], Kenig, Ponce and Vega [KPV3], Bona and Smith [BS], Bourgain [B2]
and [B3], Ginibre and Tsutsumi [GT], Kato [K], Saut and Temam [ST], Sjöberg [S],
Tao [T], Christ, Colliander and Tao [CCT], and the references therein. For analytic
and Gevrey regularity results we refer the reader to Trubowitz [Tr], [GH2], Kato
and Masuda [KM], Hayashi [H], De Bouard, Hayashi and Kato [DHK], Kato and
Ogawa [KO], Tarama [Ta] and the references therein.

In this paper we show that the solution of the gKdV Cauchy problem (1.1) with
real-valued analytic initial data may not be analytic in the time variable in both
the periodic and non-periodic cases. More precisely we prove the following results.

Theorem 1.1. Suppose that for k ∈ {1, 3, 5, · · · },

(1.2) u(x, 0) = −Re

( ∞∑
n=1

ψ̂(n)einx

)
and for k = 4r + 2, r = 0, 1, 2, · · · ,

(1.3) u(x, 0) = Re

(
i

∞∑
n=1

ψ̂(n)einx

)
,

where ψ̂(n) = e−n. Then the solution u(x, t) to the periodic initial value problem
(1.1) is not analytic in t, for t near zero.

The case k = 4r, r = 1, 2, 3 · · · is missing. Real-valued non-analytic solutions
in time with analytic initial data are not available in this case. However, complex-
valued non-analytic solutions on the circle have been constructed in [GH1] for all
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k. More precisely, if

(1.4) ϕ(x) =
i
2
k e−ix

M − e−ix
,

for some M > 1, it is shown that the corresponding solution u(x, t) is not analytic
in t near t = 0.

In the non-periodic case we have the following result.

Theorem 1.2. Suppose that for k ∈ {1, 3, 5, · · · },
(1.5) u(x, 0) = Re

[
(i− x)−2

]
and for k = 4r + 2, r = 0, 1, 2, · · · ,
(1.6) u(x, 0) = Re

[
(i− x)−1

]
.

Then the solution u(x, t) of the non-periodic Cauchy problem (1.1) is not analytic
in t, for t near zero.

In this case and when k is a multiple of four, real-valued non-analytic solutions
are not available either. Complex-valued non-analytic solutions on the line have
been constructed for all k in [GH1] by choosing the following analytic initial data:

(1.7) ϕ(x) = (a+ x)−2/k,

where a ∈ C− R.
Note that all of our initial data in Theorems 1.1 and 1.2 are real-valued, analytic

and belong to Hs for any s. Therefore, the existence and uniqueness of solution
follows from the gKdV well-posedness results mentioned above.

2. Proofs of Theorems 1.1 and 1.2

The idea of the proofs of Theorems 1.1 and 1.2 comes from the Cauchy problem
of the linear part of gKdV,

(2.1)

{
∂tu = ∂3

xu,

u(x, 0) = ϕ(x).

A simple computation shows that the solution of this problem satisfies the relation
∂j
t u = ∂3j

x u; that is, a time derivative equals three spatial derivatives. Therefore, we

have ∂j
t u(0, 0) = ∂3j

x u(0, 0) = ∂3j
x ϕ(0). This shows that u(x, t) cannot be analytic

in the time variable near zero for any datum ϕ(x) which is analytic near zero and
satisfies the inequality |∂n

xϕ(0)| ≥ Cn+1n! for some C > 0. The idea of the proof
for the gKdV Cauchy problem is to choose such a datum appropriately so that
the extra terms in (2.2) which are due to the nonlinearity uk∂xu do not cause a
problem.

We begin the proofs with the following result which expresses a time derivative
of a gKdV solution as a linear combination of spacial derivatives with non-negative
coefficients. The proof is based on the Leibniz rule (see [GH1] for a similar result).

Proposition 2.1. If u is a solution to the equation (1.1), then the following formula
holds true:

(2.2) ∂j
t u = ∂3j

x u+

j∑
q=1

∑
|α|+2q=3j

Cq
α∂

α1
x u · · · ∂αqk+1

x u,

for j ∈ {1, 2, 3, · · · }, where Cq
α ≥ 0.
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Next, we give the proof of Theorem 1.1.

Periodic case: k odd. Differentiating (1.2) with respect to x gives

∂q
xu(x, 0) = −Re

( ∞∑
n=1

ψ̂(n)(in)qeinx

)
.

Therefore,

∂q
xu(0, 0) = −Re(iq)Aq,

where

(2.3) Aq =̇

∞∑
n=1

ψ̂(n)nq > 0.

For j ∈ N, using the formula (2.2), we obtain

∂j
t u(0, 0) = −Re(i3j)A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
α(−Re(iα1))Aα1

· · · (−Re(iαqk+1))Aαqk+1
.

Since Re(i3j) �= 0 only if j is even, and the terms in the sum that are non-zero only
happen when all αν are even, it follows from the last equality that for j even we
have

∂j
t u(0, 0) = (−1)

3j+2
2 A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)

α1+2
2 Aα1

· · · (−1)
αqk+1+2

2 Aαqk+1

= (−1)
3j+2

2 A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)

|α|+2(qk+1)
2 Aα1

· · ·Aαqk+1

= (−1)
3j+2

2 A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)

3j−2q+2(qk+1)
2 Aα1

· · ·Aαqk+1

= (−1)
3j+2

2

⎛⎝A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
αAα1

· · ·Aαqk+1

⎞⎠
since in the last equality we have used the fact that k is odd. Since for j even we

have
∣∣∣(−1)

3j+2
2

∣∣∣ = 1 and Cq
α ≥ 0, it follows from the last equality and (2.3) that

(2.4)
∣∣∣∂j

t u(0, 0)
∣∣∣ ≥ A3j =

∞∑
n=1

ψ̂(n)n3j =
∞∑

n=1

e−nn3j ≥ e−3j(3j)3j .

By using the fact that kk ≥ k! and (k+ �)! ≥ k!�!, it follows from the last inequality
that ∣∣∣∂j

t u(0, 0)
∣∣∣ ≥ e−3j(j!)3,

which shows that u(0, ·) cannot be analytic near zero. �
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Periodic case: k = 4r + 2. As before, we have

∂j
t u(0, 0) = Re(i3j+1)A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
αRe(i

α1+1)Aα1
· · ·Re(iαqk+1+1)Aαqk+1

.

Since Re(i3j+1) �= 0 only if j is odd, and the terms in the sum that are non-zero
only happen when all αμ are odd, it follows from the last equality that for j odd
we have

∂j
t u(0, 0) = (−1)

3j+1
2 A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)

α1+1
2 Aα1

· · · (−1)
αqk+1+1

2 Aαqk+1
.

Thus, for j odd and by using our hypothesis we have

∂j
t u(0, 0) = (−1)

3j+1
2 A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)

|α|+qk+1
2 Aα1

· · ·Aαqk+1

= (−1)
3j+1

2 A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)

3j−2q+qk+1
2 Aα1

· · ·Aαqk+1

= (−1)
3j+1

2 A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)

3j+1
2 (−1)

−2q+q(4r+2)
2 Aα1

· · ·Aαqk+1

= (−1)
3j+1

2

⎛⎝A3j +

j∑
q=1

∑
|α|+2q=3j

Cq
αAα1

· · ·Aαqk+1

⎞⎠
since in the last equality we have used the fact that (−1)2rq = 1. It follows from
this that for j odd we have

|∂j
t u(0, 0)| ≥ A3j ,

which shows, as in the first case, that u(0, ·) cannot be analytic near zero. �
Now, we prove Theorem 1.2.

Non-periodic case: k odd. In this case we have

∂j
t u(0, 0) = (3j + 1)!Re(i−(3j+2))

+

j∑
q=1

∑
|α|+2q=3j

Cq
α(α1 + 1)!Re(i−(α1+2)) · · · (αqk+1 + 1)!Re(i−(αqk+1+2)).

Since Re(i−(3j+2)) �= 0 only for j even, and the terms in the sum that are non-zero
only happen when all αμ are even, it follows from the last equality that for j even
we have

∂j
t u(0, 0) = (3j + 1)!(−1)−

3j+2
2

+

j∑
q=1

∑
|α|+2q=3j

Cq
α(α1 + 1)!(−1)−

α1+2
2 · · · (αqk+1 + 1)!(−1)−

αqk+1+2

2 .
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Thus, for j even, using the hypothesis we obtain

∂j
t u(0, 0) = (3j + 1)!(−1)−

3j+2
2

+

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)−

|α|+2(qk+1)
2 (α1 + 1)! · · · (αqk+1 + 1)!

= (3j + 1)!(−1)−
3j+2

2

+

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)−

3j−2q+2qk+2
2 (α1 + 1)! · · · (αqk+1 + 1)!

= (3j + 1)!(−1)−
3j+2

2

+

j∑
q=1

∑
|α|+2q=3j

Cq
α(−1)−

3j+2
2 (−1)−

2q(k−1)
2 (α1 + 1)! · · · (αqk+1 + 1)!

= (−1)−
3j+2

2

⎛⎝(3j + 1)! +

j∑
q=1

∑
|α|+2q=3j

Cq
α(α1 + 1)! · · · (αqk+1 + 1)!

⎞⎠
since in the last equality we have used the fact that q(k−1) is even. It follows from
this that for j even we have

|∂j
t u(0, 0)| ≥ (3j + 1)!,

which shows that u(0, ·) cannot be analytic near zero. �

Non-periodic case: k = 4r + 2. We have

∂j
t u(0, 0) = (3j)!Re(i−(3j+1))

+

j∑
q=1

∑
|α|+2q=3j

Cq
α(α1)!Re(i

−(α1+1)) · · · (αqk+1)!Re(i
−(αqk+1+1)).

Since Re(i−(3j+1)) �= 0 only if j is odd, and the terms in the sum that are non-zero
only happen when all αμ are odd, it follows from the last equality that for j odd
we have

∂j
t u(0, 0) = (3j)!(−1)−

3j+1
2

+

j∑
q=1

∑
|α|+2q=3j

Cq
α(α1)!(−1)−

α1+1
2 · · · (αqk+1)!(−1)−

αqk+1+1

2 .

Thus, for j odd, using the hypothesis we have

∂j
t u(0, 0) = (3j)!(−1)−

3j+1
2 +

j∑
q=1

∑
|α|+2q=3j

Cq
αα!(−1)−

|α|+qk+1
2

= (3j)!(−1)−
3j+1

2 +

j∑
q=1

∑
|α|+2q=3j

Cq
αα!(−1)−

3j−2q+qk+1
2

= (3j)!(−1)−
3j+1

2 +

j∑
q=1

∑
|α|+2q=3j

Cq
αα!(−1)−

3j+1
2 (−1)−

−2q+qk
2 .
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By using the fact that k = 4r + 2 it follows from the last equality that

∂j
t u(0, 0) = (−1)−

3j+1
2

⎛⎝(3j)! +

j∑
q=1

∑
|α|+2q=3j

Cq
αα!

⎞⎠ .

It follows from this that for j odd we have

|∂j
t u(0, 0)| ≥ (3j)!,

which shows that u(0, ·) cannot be analytic near t = 0. �
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