
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 140, Number 3, March 2012, Pages 1033–1040
S 0002-9939(2011)11029-3
Article electronically published on July 22, 2011

SOME CHARACTERIZATIONS
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(Communicated by Jianguo Cao)

Abstract. The aim of this paper is to find some equations of structure for
almost Ricci solitons which generalize the equivalent for Ricci solitons. As a
consequence of these equations we derive an integral formula for the compact
case which enables us to show that a compact nontrivial almost Ricci soliton
is isometric to a sphere provided either it has constant scalar curvature or its
associated vector field is conformal. Moreover, we also use the Hodge-de Rham
decomposition theorem to make a link with the associated vector field of an
almost Ricci soliton.

1. Introduction and statement of the results

The study of an almost Ricci soliton was introduced in a recent paper due to
Pigola et al. [4], where essentially they modified the definition of Ricci solitons by
adding the condition on the parameter λ to be a variable function. More precisely,
we say that a Riemannian manifold (Mn, g) is an almost Ricci soliton if there exist
a vector field X and a soliton function λ : Mn → R satisfying

(1.1) Ric+
1

2
LXg = λg,

where Ric and L stand, respectively, for the Ricci tensor and the Lie derivative. We
shall refer to this equation as the fundamental equation. It will be called expanding,
steady or shrinking, respectively, if λ < 0, λ = 0 or λ > 0. Otherwise it will be
called indefinite. When the vector field X is a gradient of a differentiable function
f : Mn → R the manifold will be called a gradient almost Ricci soliton; in this case
the preceding equation turns out to be

(1.2) Ric+∇2f = λg,

where ∇2f stands for the Hessian of f . Sometimes the theory of the classical
tensorial calculus is more convenient to make computations. Then we shall write
the fundamental equation in this language as follows:

(1.3) Rij +∇i∇jf = λgij .

Received by the editors October 19, 2010 and, in revised form, December 20, 2010.
2010 Mathematics Subject Classification. Primary 53C25, 53C20, 53C21; Secondary 53C65.
Key words and phrases. Ricci soliton, almost Ricci soliton, Hodge-de Rham, scalar curvature.
The first author was partially supported by CNPq-BR.
The second author was partially supported by CAPES-BR.

c©2011 American Mathematical Society

1033



1034 A. BARROS AND E. RIBEIRO JR.

Moreover, when either the vector field X is trivial or the potential f is constant,
the almost Ricci soliton will be called trivial, while for a nontrivial almost Ricci
soliton its potential function is not trivial. We notice that when n ≥ 3 and X is a
Killing vector field, an almost Ricci soliton will be simply a Ricci soliton, since in
this case we have an Einstein manifold, which implies that λ is a constant.

Taking into account that the soliton function λ is not necessarily constant, cer-
tainly the comparison with the soliton theory will be modified. In fact, we refer the
reader to [4] to see some of these changes.

On the other hand, by using the Hodge-de Rham decomposition theorem (see
[1]), we may decompose the vector field X over a compact oriented Riemannian
manifold as a sum of the gradient of a function h and a free divergence vector field
Y , i.e.

X = ∇h+ Y,

where divY = 0.
For the sake of completeness we shall indicate a proof of this decomposition.

Indeed, just consider the 1-form X�. Hence applying the Hodge-de Rham theorem
we decompose X� as follows:

(1.4) X� = dα + δβ + γ.

Next we consider Y = (δβ + γ)� and (dα)� = ∇h to arrive at the desired result.
For simplicity let us call h the Hodge-de Rham potential.

Now we notice that the same result obtained in [1] for compact Ricci solitons
also works for compact almost Ricci solitons. More precisely, we have the next
theorem.

Theorem 1. Let
(
Mn, g, X, λ

)
be a compact almost Ricci soliton. If Mn is also

a gradient almost Ricci soliton with potential f , then, up to a constant, it agrees
with the Hodge-de Rham potential h.

Taking the Hodge-de Rham decomposition and Theorem 4.2 of [7] we get the
next theorem.

Theorem 2. Let
(
Mn, g, X, λ

)
be a compact almost Ricci soliton with n ≥ 3. If

X is a nontrivial conformal vector field, then Mn is isometric to a Euclidean sphere
S
n.

Example 1. For instance, if we consider the Euclidean sphere
(
S
n, g0, X, λ

)
where

g0 is the canonical metric, X is the projection of a nonnull constant vector field Ṽ
on R

n+1 over Sn and λ = ndivX − R. Then X is a conformal vector field over Sn

whose one-parameter subgroup ϕt is given by conformal transformations, but not
by isometries. It then follows that

(
S
n, g0, X, λ

)
is an almost Ricci soliton.

Next we extend for compact almost Ricci solitons Theorem 1.1, obtained by
Petersen and Wylie [5] for compact Ricci solitons.

Theorem 3. Let
(
Mn, g, X, λ

)
be a compact almost Ricci soliton with n ≥ 3.

Suppose in addition that
∫
M

(
Ric(X,X) + (n− 2)g(∇λ,X)

)
dM ≤ 0. Then X is a

Killing vector field. Hence Mn is a trivial Ricci soliton.

Finally, we obtain an integral formula for an almost Ricci soliton which is a
generalization of a similar one obtained in [1] for a Ricci soliton.
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Theorem 4. Let
(
Mn, g, ∇f, λ

)
be a compact gradient almost Ricci soliton. Then

we have:

(1)
∫
M

|∇2f − Δf
n g|2dM = (n−2)

2n

∫
M
〈∇R,∇f〉dM.

(2)
∫
M

|∇2f − Δf
n g|2dM = (n−2)

n

∫
M

(
Ric(∇f,∇f) + (n− 1)〈∇λ,∇f〉

)
dM.

As a consequence of this theorem, Theorem 2 and a classical theorem due to
Tashiro [6] as well as a recent result due to Chen et al. [2], we obtain the next
corollary.

Corollary 1. A nontrivial compact gradient almost Ricci soliton
(
Mn, g, ∇f, λ

)
is isometric to a Euclidean sphere S

n(r) if one of the following conditions holds:

(1) n = 2.
(2) Mn has constant scalar curvature.
(3)

∫
M

(
Ric(∇f,∇f) + (n− 1)g(∇λ,∇f)

)
dM ≤ 0.

(4) Mn is a homogeneous manifold.

2. Preliminaries

In this section we shall present some preliminaries which will be useful for the
establishment of the desired results. First of all let us deduce for an almost Ricci
soliton, classical formulae derived for a Ricci soliton. The first proposition may be
found in [3] for a Ricci soliton.

Proposition 1. For a gradient almost Ricci soliton
(
Mn, g, ∇f, λ

)
the following

formulae hold:

(1) R+Δf = nλ.
(2) ∇iR = 2Rij∇jf + 2(n− 1)∇iλ.
(3) ∇jRik −∇iRjk −Rijks∇sf = (∇jλ)gik − (∇iλ)gjk.
(4) ∇(R+ |∇f |2 − 2(n− 1)λ) = 2λ∇f.

Proof. In order to obtain equation (1) it is enough to contract equation (1.2).
For equation (2) we remember Schur’s Lemma, which states that if n > 2, then

2divRic = dR. Thereby, using equation (1.3), the twice contracted second Bianchi
identity and the Ricci identity, we have

1

2
∇iR = divRici = gjk∇kRij

= −gjk∇k∇i∇jf + gjk(∇kλ)gij

= −gjk∇i∇k∇jf − gjkRkijs∇sf + gjk(∇kλ)gij

= −∇i(Δf)−Ris∇sf + (∇iλ)

= (1− n)∇iλ+∇iR −Ris∇sf ;

hence, equation (2) follows.
Now we treat equation (3). From equation (1.3) we infer

∇jRik +∇j∇i∇kf = (∇jλ)gik.

Therefore, we apply the Ricci identity to get the result.
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Finally, using equation (3) and the fundamental equation as a (1, 1)-tensor, we
obtain

1

2
∇(R+ |∇f |2) =

1

2
∇R +

1

2
∇|∇f |2

= Ric(∇f) + (n− 1)∇λ+∇∇f∇f

= λ∇f + (n− 1)∇λ,

which finishes the proof of the proposition. �
We notice that item (2) of the preceding proposition yields for all Z ∈ X(M),

(2.1) g(∇R,Z) = 2Ric(∇f, Z) + 2(n− 1)g(∇λ, Z).

In particular,

(2.2) |∇R|2 = 2Ric(∇f,∇R) + 2(n− 1)g(∇λ,∇R)

and

g(∇R,∇f) = 2Ric(∇f,∇f) + 2(n− 1)g(∇λ,∇f).(2.3)

Before proceeding, we remember Lemma 2.1, which was proved in [5].

Lemma 1. Given a vector field X on a Riemannian manifold (Mn, g) we have

div(LXg)(X) =
1

2
Δ|X|2 − |∇X|2 + Ric(X,X) +DXdivX.

When X = ∇f is a gradient field and Z is any vector field we have

div(L∇fg)(Z) = 2Ric(Z,∇f) + 2DZdiv∇f,

or in (1, 1)-tensor notation,

div∇∇f = Ric(∇f) +∇Δf.

Taking into account that div(λI)(X) = g(∇λ,X), where λ is a function on Mn

and X ∈ X(M), we shall use the preceding lemma in order to generalize for an
almost Ricci soliton Lemma (2.4) due to [5] obtained for a Ricci soliton.

Lemma 2. For an almost Ricci soliton
(
Mn , g , X, λ

)
we have

(1) 1
2Δ|X|2 = |∇X|2 − Ric(X,X)− (n− 2)g(∇λ,X),

(2) 1
2 (Δ−DX)|X|2 = |∇X|2 − λ|X|2 − (n− 2)g(∇λ,X).

Proof. First we notice that the fundamental equation yields

(2.4) 2divRic+ div(LXg) = 2∇λ.

Moreover, since R+ divX = nλ we have for any Z ∈ X(M),

DZR+DZdivX = nDZ(λ).

On the other hand, recall that the second contracted Bianchi identity gives us

2divRic(Z) = DZR.

Considering Z = X, using Lemma 1 and equation (2.4) we obtain

DXdivX = ng(∇λ,X)−DXR

= ng(∇λ,X)− 2divRic(X)

= ng(∇λ,X) + div(LXg)(X)− 2g(∇λ,X)

= (n− 2)g(∇λ,X) + (
1

2
Δ|X|2 − |∇X|2 + Ric(X,X) +DXdivX).
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Thus we deduce

1

2
Δ|X|2 = |∇X|2 − Ric(X,X)− (n− 2)g(∇λ,X),

which gives the first item. Using again the fundamental equation to write Ric(X,X)
= λ|X|2 − 1

2LXg(X,X), the preceding item enables us to arrive at

1

2
Δ|X|2 = |∇X|2 + 1

2
LXg(X,X)− λ|X|2 − (n− 2)g(∇λ,X)

= |∇X|2 + 1

2
DX |X|2 − λ|X|2 − (n− 2)g(∇λ,X),

which completes the proof of the lemma. �

Next we consider the diffusion operator ΔX = Δ−DX . Taking into account the
previous lemma with X = ∇f and letting Δf = Δ−D∇f , we use item (2) to arrive
at the following corollary.

Corollary 2. For a gradient almost Ricci soliton
(
Mn, g, ∇f, λ

)
we have

(2.5)
1

2
Δf |∇f |2 = |∇2f |2 − λ|∇f |2 − (n− 2)g(∇λ,∇f).

3. Proofs of the results

Initially we shall present the proof of Theorem 1.

Proof. First we notice that for an almost Ricci soliton
(
Mn, g, X, λ

)
it follows that

(3.1) R + divX = nλ.

Now using the Hodge-de Rham decomposition we have divX = Δh. From here we
get

(3.2) R +Δh = nλ.

On the other hand, if
(
Mn, g, ∇f, λ

)
is also a compact gradient almost Ricci

soliton, then from equation (1) of Proposition 1 we have

(3.3) R +Δf = nλ.

Comparing equations (3.2) and (3.3) we deduce Δ(f − h) = 0. Now it is enough
to use Hopf’s theorem to conclude f = h + c, which finishes the proof of the
theorem. �

The next proof concerns Theorem 2.

Proof. Since X is not trivial it follows that LXg = 2Ψg, where Ψ 	= 0. Thereby, we
deduce Ric =

(
λ − Ψ

)
g, which yields R = n

(
λ − Ψ

)
. It then follows immediately

that its scalar curvature R is constant since so is λ − Ψ. Moreover, we may use
Lemma 2.3 (p. 52 of Yano [7]) to conclude that R 	= 0; otherwise Ψ = 0. Next we
claim that

LXRic = 2
(
λ−Ψ

)
Ψg.

In fact, since λ − Ψ is constant we have LXRic =
(
λ − Ψ

)
LXg = 2

(
λ − Ψ

)
Ψg.

Now we may apply Theorem 4.2 (p. 54 of [7]) to conclude that Mn is isometric to
a Euclidean sphere, which finishes the proof of the theorem. �
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Now we proceed with the proof of Theorem 3.

Proof. It is enough to use item (1) of Lemma 2. In fact, integrating the desired
formula we infer that∫

M

|∇X|2dM =

∫
M

(
Ric(X,X) + (n− 2)〈∇λ,X〉

)
dM.

Since we are assuming that the right-hand side is less than or equal to zero we
obtain ∇X = 0, from which we have LXg = 0, which yields that X is a Killing
vector field. Thus Mn is an Einstein manifold, which finishes the proof of the
theorem. �

In order to present the proof of Theorem 4 we shall use Proposition 1.

Proof. First we take the divergence of equation (4) of the quoted proposition to
obtain the following relation:

(3.4) ΔR +Δ|∇f |2 = 2(n− 1)Δλ+ 2λΔf + 2〈∇λ,∇f〉.
By using Bochner’s formula we may write equation (3.4) according to

(3.5)
1

2
ΔR+|∇2f |2+Ric(∇f,∇f)+〈∇f,∇(Δf)〉 = (n−1)Δλ+λΔf+〈∇λ,∇f〉.

Noticing that Δf = nλ−R and 2Ric(∇f,∇f) = 〈∇R,∇f〉− 2(n− 1)〈∇λ,∇f〉,
we may write the left-hand side of the equation (3.5) as

1

2
ΔR + |∇2f |2 − 1

2
〈∇R,∇f〉+ 〈∇λ,∇f〉.

Therefore,

1

2
ΔR + |∇2f |2 = (n− 1)Δλ+ λΔf +

1

2
〈∇R,∇f〉.

Since |∇2f − Δf
n g|2 = |∇2f |2 − (Δf)2

n , we deduce from the last equation the
relation

1

2
ΔR + |∇2f − Δf

n
g|2 = (n− 1)Δλ+Δf

(
λ− Δf

n

)
+

1

2
〈∇R,∇f〉.

Thereby, using the fundamental equation of an almost Ricci soliton, we derive the
equation

(3.6)
1

2
ΔR+ |∇2f − Δf

n
g|2 = (n− 1)Δλ+

1

n
RΔf +

1

2
〈∇R,∇f〉.

By using the compactness of Mn we arrive at

(3.7)

∫
M

|∇2f − Δf

n
g|2dM =

n− 2

2n

∫
M

〈∇R,∇f〉dM,

since
∫
M

RΔfdM = −
∫
M
〈∇R,∇f〉dM. Then the first item follows.

Now we invoke equation (2.3) to write

1

2

∫
M

〈∇R,∇f〉dM =

∫
M

(
Ric(∇f,∇f) + (n− 1)g(∇λ,∇f)

)
dM.

Therefore it is enough to compare the previous equation with equation (3.7) to
complete the proof of the theorem. �
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In order to prove Corollary 1, we first invoke Theorem 1, due to Tashiro [6], which
states that a complete Riemannian manifold Mn, n ≥ 2, is conformally equivalent
to the Euclidean sphere S

n if it admits a nontrivial solution of the PDE system
∇2ρ = 1

nΔρg.

Proof. One notices that any one of the assumptions of Corollary 1 enables us to
conclude that

∫
M

|∇2f − Δf
n g|2dM = 0. Now we combine this with equation (3.8)

below to deduce that Ric = R
n g. Then the fundamental equation (1.1) yields that

∇f is a nontrivial conformal vector field. Therefore, if n ≥ 3, we may apply
Theorem 2 to conclude that Mn is isometric to a Euclidean sphere S

n(r). While
for n = 2 we can apply the same arguments used by Chen et al. [2] on the proof of
Proposition 2 to conclude that the Gaussian curvature of M2 is constant. Since M2

is conformally equivalent to the Euclidean sphere S
2 we deduce that it is isometric

to S
2. �

Finally we point out that the fundamental equation for a gradient almost Ricci
soliton enables us to write

(3.8) Ric− R

n
g = −∇2f +

(
λ− R

n

)
g = −∇2f +

Δf

n
g.

From here we deduce the next corollary of Theorem 4.

Corollary 3. Let
(
Mn, g, ∇f, λ

)
be a gradient almost Ricci soliton. Then we

have:

(1) 1
2ΔR+ |Ric− R

n g|2 = (n− 1)Δλ+ R
nΔf + 1

2 〈∇R,∇f〉.
(2) If Mn is compact, then

∫
M

|Ric− R
n g|2dM = (n−2)

2n

∫
M
〈∇R,∇f〉dM.
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