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EULER OBSTRUCTION AND POLAR MULTIPLICITIES

OF IMAGES OF FINITE MORPHISMS ON ICIS

R. CALLEJAS-BEDREGAL, M. J. SAIA, AND J. N. TOMAZELLA

(Communicated by Ted Chinburg)

Abstract. We show how to compute the local polar multiplicities of a germ
at zero of an analytic variety Y in Cp, which is the image by a finite morphism
f : Z → Y , of a d-dimensional isolated complete intersection singularity Z in
Cn. We also show how to compute the local Euler obstruction of Y at zero
in the case that it is reduced. For this we apply the formula due to Lê and

Teissier which describes the local Euler obstruction as an alternating sum of
the local polar multiplicities.

1. Introduction

The computation of numerical invariants associated to a germ of a complex
analytic set is very important to describe geometrical and topological properties
of such a germ. For instance, the local Euler obstruction was one of the main
tools defined by MacPherson to prove the conjecture of Deligne and Grothendieck
on the existence of Chern classes for singular complex algebraic varieties. With
the aid of the purely algebraic interpretation of the local Euler obstruction given
by Gonzalez-Sprinberg, Lê and Teissier in [8] gave a description of the local Euler
obstruction as an alternating sum of the multiplicities of the local polar varieties
of such a germ. These polar multiplicities are also very important for studying the
geometry of any germ of an analytic complex variety and there are several works
showing it. Teissier in [14] gives an algorithm for obtaining the canonical Whitney
stratification of complex sets in terms of the polar multiplicities. They are also
the main invariants to guarantee the Whitney equisingularity of families of germs
of analytic complex varieties (see [14]) and of one-parameter families of finitely
determined map germs (see [1]).

However it is not easy to compute these invariants if we do not know the ge-
ometrical structure of the germ. Gaffney in [1] shows how to compute the polar
multiplicities of a very special class of germs of complex sets: the stable singulari-
ties which appear in the discriminant of any co-rank one finitely determined map
germ from C

2 to C2 or from C2 to C3. Since there is no direct way to compute
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these invariants, Gaffney shows how to compute them in terms of Milnor numbers
of isolated complete intersection singularities (ICIS for short) that are in the critical
set of the germ in the source; for this he strongly uses the fact that the map germ
is finite when restricted to these sets. More recently this method was applied to
the computation of the polar multiplicities of the stable singularities which appear
in the discriminant of any co-rank one finitely determined map germ from Cn to
C

p, in [4] for n < p and in [5] for n = p, with the pair (n, p) in the nice dimensions
of Mather or in its boundary.

In this article we apply this method to compute the local polar multiplicities at
zero of any reduced complex analytic set Y d in Cp, which is the image by a finite
morphism, of a germ at zero of a d-dimensional ICIS Zd in C

n. We show how to
compute the local polar multiplicities of Y d in terms of the Milnor numbers of the
ICIS Zd and other ICIS which lie in Zd, generalizing the results above.

As an application we show how to compute the local Euler obstruction of Y d

at zero. In order to show this result we apply the description of the local Eu-
ler obstruction given by Lê and Teissier as an alternating sum of the local polar
multiplicities.

To conclude, we compare our results with some special cases that recently ap-
peared in the literature.

2. Finite morphisms and degree

The co-length of a given ideal I in a complex analytic ring R is defined as
dimC(R/I). The Hilbert-Samuel multiplicity of an ideal I is an integer denoted
by e(I) that is defined whenever I has finite co-length. We remark that along
this paper we shall compute the multiplicity for m-primary complete intersection
ideals I in rings R = (R,m) which are local and Cohen-Macaulay. In this case the
multiplicity of I is just its co-length.

A smooth map germ f : (Z, x) → (Y, y) is said to be finite if the dimension of

its local algebra is finite, i.e. if the number m(f) := dimC

O(Z,x)

f∗(my)O(Z,x)
is finite.

Note that for f to be finite, it is necessary that dimZ ≤ dimY . In the context of
complex analytic geometry we have the following important result for finite maps;
see [12, section 3.12] for more details.

Let (Z, x) and (Y, y) be germs of analytic spaces of the same dimension and
f : (Z, x) → (Y, y) be an analytic map such that f(Z) is Zariski-dense in Y .
Suppose f(x) is a smooth point of Y , and {x} a component of the fiber f−1(f(x)).
For open neighborhoods U ⊂ Z of x, V ⊂ Y and a closed analytic subset B ⊂ Y
such that:

(i) V \B is connected,
(ii) f(U) ⊂ V , f |U is proper, f−1(f(x)) = {x} and
(iii) f |U\f−1(B) is smooth,

then the number of pre-images in U of any point y ∈ V \B, counted with multiplic-
ity, is called the degree of f at x, denoted by deg(f).

Remark 2.1. In particular if (Z, 0) ⊂ (Cn, 0) is an analytic space germ of dimension
d, OZ is Cohen-Macaulay and π : (Cn, 0) → (Cd, 0), defined as π = (π1, ..., πd), is
such that the restriction of π to Z is a finite map, then deg(π|Z) is the co-length
of the ideal (π1, ..., πd) in OZ , that is, deg(π|Z) = dimC

OZ

(π1,...,πd)
.
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3. Polar varieties

The polar varieties of analytic space germs were defined by Teissier in [14]. We
describe here this construction.

Suppose (Z, 0) ⊆ (Cn, 0) is a d−dimensional germ at zero of a complex analytic
set. Let p : Cn → Cd−k+1 be a generic linear projection such that ker p = Dd−k+1

is a linear subspace of (Cn, 0) of dimension n− (d− k + 1), with k = 0, . . . , d− 1.
Denote by pZ : Z0 → Cd−k+1 the restriction of p to Z0 := Z−Sing(Z), where
Sing(Z) denotes the singular set of Z.

Definition 3.1. Let Pk(Z, p) be the subspace of Z defined as the closure of the
points x ∈ Z−Sing(Z) such that x is in the critical set Σ(pZ) of pZ . Pk(Z, p) is
called the absolute polar variety associated to Z with respect to p. We remark that
as p is generic, Pk(Z, p) has codimension k in Z.

The key invariant of Pk(Z, p) is its multiplicity at zero, which we denote by

m0(Pk(Z)) or mk(Z); it is called the kth-polar multiplicity of Z at 0. We remember
that for generic choice of p this multiplicity is constant, hence an invariant of Z;
therefore for any generic choice of linear projection p, we denote Pk(Z, p) by Pk(Z).

4. Polar multiplicities of images of ICIS

We fix the following setup: Let Z be a germ at zero of an ICIS in C
n and Y

be a germ at zero of an analytic variety in Cp, both of pure dimension d. Let
f : (Cn, 0) → (Cp, 0) be a finitely determined map germ such that f(Z, 0) = (Y, 0)
and the restriction of f to (Z, 0), denoted by f : (Z, 0) → (Y, 0), is finite. From now
on, for any ideal I generated by {g1, . . . , gr} we denote by J(I) the ideal generated
by the maximal minors of the Jacobian derivative matrix of {g1, . . . , gr}. For any
map germ g we define the discriminant Δ(g) of g by Δ(g) = g(Σ(g)), where Σ(g)
is the critical locus of g.

For a fixed k = 0, . . . , d − 1, choose a generic linear projection pd−k+1 : Cp →
Cd−k+1 to obtain the polar variety Pk(Y ) = Σ(pd−k+1|Y 0).

To compute the multiplicities mk(Y ), for k = 0, . . . , d − 1, we need to consider

the sets Σ(pd−k+1|Y 0); however, these sets have the disadvantage that they are in
the target and we do not know anything about their geometry which could help us
to compute these multiplicities.

Using the fact that f is finite we can work with the sets Zk = Σ(pd−k+1 ◦ f |Z0),
which are described as

Zk = V (I(Z), J(pd−k+1 ◦ f, I(Z))) .

The advantage of working with these sets is that they are in the source and their
equations are computable. Our strategy is to compute the polar multiplicities in
the target in terms of some other invariants associated to these sets. First we show
some preliminary results which are essential to prove our main results.

Lemma 4.1. For k = 1, deg(pd−1 ◦ f | Z1) = deg(f) [m1(Y ) +m0(Δ(f))].
For each k = 0, . . . , d− 1, with k �= 1, deg(pd−k ◦ f | Zk) = deg(f)mk(Y ).

Proof. Notice that if Zk = Σ(pd−k+1 ◦ f |Z0), then Zk = f−1(Pk(Y ))∪Σk(f), where
Σk(f) denotes the Thom-Boardman space defined as

Σk(f) = {x ∈ X0 : rank(dx(f)) ≤ d− k},
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which has dimension d− k2. Hence

deg(pd−k ◦ f | Zk) = deg(f) deg(pd−k | f(Zk))

= deg(f) deg(pd−k | [Pk(Y ) ∪ f(Σk(f))]

= deg(f)[deg(pd−k | Pk(Y ) + deg(pd−k | f(Σk(f)))].

Now since pd−k : Cd → Cd−k is a generic linear projection and Pk(Y ) has
dimension d− k, we obtain deg(pd−k | Pk(Y )) = mk(Y ).

Moreover, as dim(Σk(f)) = d− k2 and f is finite, the image pd−k(f(Σ
k(f))) is

nowhere dense in Cd−k if k �= 1.
Therefore, for k �= 1 we obtain deg(pd−k | f(Σk(f))) = 0 and

deg(pd−k ◦ f | Zk) = deg(f)mk(Y ).

On the other hand, Σ1(f) = Σ(f) is the critical locus of f ; hence f(Σ1(f)) =
Δ(f). Since dim(Δ(f)) = d− 1 we obtain

deg(pd−1 | f(Σ1(f))) = deg(pd−1 | Δ(f)) = m0(Δ(f)).

Therefore deg(pd−1 ◦ f | Z1) = deg(f) [m1(Y ) +m0(Δ(f))] . �

Remark 4.2. The above lemma is a generalization of Propositions 4.1 of [5] and
4.3 of [4], where this result is shown for the special case that Y is the image of the
multiple point scheme of a co-rank one finitely determined map germ from (Cn, 0)
to (Cn, 0) and from (Cn, 0) to (Cp, 0) with n < p respectively. We remark that in
the cited propositions, the case k = 1 was not correctly stated. There the number
m0(Δ(f)) in the formula is not considered. This mistake was made as a consequence
of the set Zk not being described as the schematic union Zk = f−1(Pk(Y ))∪Σk(f)
and only as Zk = f−1(Pk(Y )).

Lemma 4.3. For all k = 0, . . . , d− 1,

deg(pd−k ◦ f | Zk) = dimC

On

(I(Z), pd−k ◦ f, J(pd−k+1 ◦ f, I(Z)))
.

Proof. This follows directly from Remark 2.1. �

In order to describe the number dimC

On

(I(Z), pd−k ◦ f, J(pd−k+1 ◦ f, I(Z)))
in

terms of Milnor numbers of ICIS in Z, we introduce the following notation.
Let pd = πd : Y → Cd be a generic linear projection and for each k = 1, . . . , d,

let πd−k : Cd−k+1 → Cd−k be a generic linear projection, say pd−k = πd−k ◦ . . .◦πd.
We assume that these projections are sufficiently generic so that they allow us to
compute all objects that we use here.

Set

Xk = (pd−k ◦ f)−1(0) = V (I(Z), pd−k ◦ f).(1)

Notice that since Z is a d−dimensional ICIS in C
n, Xk is a k−dimensional ICIS

in Cn. Furthermore, for any generic linear projection H : Cp → C,

Xk−1 = Xk ∩ V (H ◦ f) = V (I(Z), pd−k ◦ f,H ◦ f).

Define the following invariant related to f :
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Definition 4.4.

eZ(f) = dimC

On

(I(Z), J(p1 ◦ f, I(Z)))
.

Remark 4.5. If f : (C2, 0) → (C3, 0) is a finitely determined map germ of co-rank
one and Z = D(f) is the double point locus of f , then eZ(f) coincides with the
invariant eD(f) defined by Gaffney in [1, p. 211].

We describe next the polar multiplicities mk(Y ), for k = 0, . . . , d − 1, in terms
of Milnor numbers of the ICIS Xk defined in the equation (1). We remember that
these sets lie in the source and their defining equations are computable; hence their
Milnor numbers are also computable.

The following results form a key tool in finding relations among our invariants.

Theorem 4.6 (Lê-Greuel’s formula, [7], [3]). Let X1 be a germ at zero of an ICIS
in Cn and X be a germ at zero of an ICIS defined in X1 by fk = 0. Let f1, ..., fk−1

be a system of generators of the ideal that defines X1 at zero in Cn. Then

μ(X1, 0) + μ(X, 0) = dimC

On

(f1, ..., fk−1, J(f1, ..., fk))
.

Remark 4.7. For a zero-dimensional ICIS we use the simpler formula: Let f :
(Cn, 0) → (Cn, 0) be a map germ such that Z = f−1(0) is an ICIS. Then μ(Z, 0) =
δ(f)− 1, where δ(f) = dimC

On

f∗(mn)On
(see [9, p. 78]).

Now we describe the main result of this section.

Theorem 4.8. Let f : Zd → Y d be a finite morphism, where Zd ⊆ C
n and

Y d ⊆ Cp are germs of analytic varieties at zero and Zd is an ICIS in Cn. Then,
for the sets Xk given in equation (1) we have

(i) if k = 2, . . . , d− 1, then mk(Y ) = 1
deg(f) [μ(Xk) + μ(Xk−1)],

(ii) m1(Y ) = 1
deg(f) [μ(X1) + μ(X0)]−m0(Δ(f)) and

(iii) m0(Y ) = 1
deg(f) [μ(X0) + 1].

Proof. Since Xk = (pd−k ◦ f)−1(0)) = V (I(Z), pd−k ◦ f) is an ICIS, therefore we
apply the formula of Theorem 4.6 to obtain for all k = 1, . . . , d,

μ(Xk) + μ(Xk−1) = dimC

On

(I(Z), pd−k ◦ f, J(pd−k+1 ◦ f, I(Z)))
.

Now from Lemma 4.3, for all k = 0, . . . , d− 1,

dimC

On

(I(Z), pd−k ◦ f, J(pd−k+1 ◦ f, I(Z)))
= deg(pd−k ◦ f | Zk).

Hence μ(Xk) + μ(Xk−1) = deg(pd−k ◦ f | Zk) for all k = 1, . . . , d− 1.
But for k �= 1, we have from Lemma 4.1 that

deg(pd−k ◦ f | Zk) = deg(f)mk(Y )

and
deg(pd−1 ◦ f | Z1) = deg(f) [m1(Y ) +m0(Δ(f))] .

Therefore if k �= 1, mk(Y ) = 1
deg(f) [μ(Xk) + μ(Xk−1)] and for k = 1 we obtain

m1(Y ) =
1

deg(f)
[μ(X1) + μ(X0)]−m0(Δ(f)),

which proves (i) and (ii).
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Now, since X0 = V (pd ◦ f, I(Z)) is a zero-dimensional ICIS in Cn we have from
Remark 4.7 that μ(X0) = δ(pd ◦ f, I(Z))− 1.

On the other hand, it follows from Remark 2.1 that

δ(pd ◦ f, I(Z)) = dimC

On

(I(Z), pd ◦ f)
= deg(pd ◦ f | Z).

But as f is finite, deg(pd◦f | Z) = deg(f) deg(pd | f(Z)) = deg(f)m0(Y ). Therefore

μ(X0) = δ(pd ◦ f, I(Z))− 1 = deg(pd ◦ f | Z)− 1 = deg(f)m0(Y )− 1

and m0(Y ) = 1
deg(f) [μ(X0) + 1], which proves (iii). �

5. Euler obstruction and polar multiplicities

The local Euler obstruction for nonsingular varieties, introduced by MacPher-
son in [10] in a purely obstructional way, is an invariant that is also associated
to the polar invariants. The local Euler obstruction plays an important role in
MacPherson’s affirmative response to a conjecture of Deligne and Grothendieck on
the existence of Chern classes for singular complex algebraic varieties (see [6], [10]
and [8]).

Lê and Teissier in [8] showed a formula to compute the multiplicities of the local
polar varieties. With the aid of Gonzalez-Sprinberg’s purely algebraic interpreta-
tion of the local Euler obstruction given in [2], they showed that the local Euler
obstruction is an alternating sum of the multiplicities of the local polar varieties.
For a definition and properties of the local Euler obstruction, we refer to [10] and
[2]. The following result shows how the local Euler obstruction and the polar mul-
tiplicities are related.

Theorem 5.1 ([8]). Let X be a germ at zero of a reduced analytic space in C
n

of dimension d. Then Eu0(X) =

d−1∑
k=0

(−1)kmk(X), where mk(X) is the kth-polar

multiplicity of X at zero and Eu0(X) denotes the local Euler obstruction at zero of
X.

We apply this result to obtain an explicit algebraic formula for the local Euler
obstruction of the image of a finite morphism.

Corollary 5.2. Let f : Zd → Y d be a finite morphism, where Zd ⊆ Cn and
Y d ⊆ C

p are germs at zero of reduced analytic varieties and Zd is an ICIS in C
n.

Then,

Eu0(Y ) =
1

deg(f)

[
(−1)dμ(Z) + 1 + deg(f)m0(Δ(f)) + (−1)d−1eZ(f)

]
.

Proof. From Theorem 4.8 we have

d−1∑
i=0

(−1)kmk(Y ) =
1

deg(f)

[
(−1)d−1μ(Xd−1) + 1 + deg(f)m0(Δ(f))

]
.(2)

Since Xd = (p0 ◦ f)−1(0)) = V (I(Z)) = Z is an ICIS, we apply Theorem 4.6 to
obtain

μ(Xd) + μ(Xd−1) = dimC

On

(I(Z), J(p1 ◦ f, I(Z)))
= eZ(f).
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Hence

(−1)d−1μ(Xd−1) = (−1)dμ(Xd) + (−1)d−1eZ(f).(3)

Therefore, substituting (3) in (2) we get

d−1∑
i=0

(−1)kmk(Y ) =
1

deg(f)

[
(−1)dμ(Z) + 1 + deg(f)m0(Δ(f)) + (−1)d−1eZ(f)

]
,

and the result follows from Theorem 5.1. �

6. Applications

In this section we compare our results with some special cases of finite morphisms
that recently appeared in the literature.

6.1. Map germs on curves. Nuño-Ballesteros and Tomazella in [13] studied map
germs from reduced curves X in Cn to curves Y in Cs and showed how to compute
the local polar multiplicity m0(Y, 0).

Theorem 6.1 ([13, Theorem 4.7]). Let (X, 0) be a 1-dimensional ICIS, defined by
(X, 0) = V (g1, . . . , gn−1) in (Cn, 0) and f : (X, 0) → (Cs, 0) be a finite function
germ onto its image (Y, 0) of degree deg(f). Then for any generic linear projection
p : Cs → C:

m0(Y ) =
1

deg(f)

[
dimC

On

(g1, . . . , gn−1, J(g1, . . . , gn−1, p ◦ f))
− μ(X, 0) + 1

]
.

Remark 6.2. This result is a special case of Theorem 4.8. We remember that as Y
is a curve, its local Euler obstruction at zero coincides with its multiplicity m0(Y ).

6.2. Polar multiplicities of multiple points sets. The computation of the polar
multiplicities of multiple points sets in the discriminant of a co-rank one finitely
determined map germ from Cn to Cp is a special case of Corollary 5.2.

Theorem 6.3 ([4, Theorem 4.4]). Let f : (Cn, 0) → (Cp, 0) be a finitely determined
map germ of co-rank one with n < p. Then

d−1∑
i=0

(−1)iN(P)mi(f(D
k
1 (f,P)))

= (−1)dμ
(
Dk(f,P)

)
+ 1 + (−1)d+1eDk

1 (f,P)

(
f|Dk

1 (f,P)

)
.

In this theorem, Dk(f,P) ⊂ Cn−1+k denotes the multiple points set of f with
respect to a partition P of n. The set Dk

1 (f,P) ⊂ Cn is the natural projection of
Dk(f,P) ⊂ C

n−1+k on C
n, the number eDk

1 (f,P)(f|Dk
1 (f,P)) is given in Definition 4.4

and N(P) denotes the degree of f restricted to Dk
1 (f,P). For a precise definition

of the scheme structure of these multiple points sets of f , we refer to [11].
The case of n = 2 and p = 3 was described by Gaffney in [1, Proposition 8.6].
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For co-rank one map germs from (Cn, 0) to (Cn, 0) we have the following:

Theorem 6.4 ([5, Theorem 4.3]). Let f : (Cn, 0) → (Cn, 0) be a finitely determined
map germ of co-rank one. Then,

n−m−1∑
i=0

(−1)iN(P)mi(f ◦q(D�(f,P))) = (−1)n−mμ(D�(f,P)) + 1

+ (−1)n−m+1eD�(f,P)

(
f ◦ q|D�(f,P)

)
.

In this theorem D�(f,P) ⊂ Cn−1+� denotes the �-multiple points set of f , q
denotes a generic linear projection q : Cn−1+� → Cn and N(P) denotes the degree
of f ◦ q restricted to D�(f,P).

The case of n = 2 and p = 2 was described by Gaffney in [1, Proposition 9.2].

Remark 6.5. These theorems were not correctly stated in the original articles. To
correct them we follow the arguments given in Remark 4.2 and add the term
N(P)m0(Δ(g)) in its right-hand side of their equations, where g = f|Dk

1 (f,P) in

Theorem 6.3 and g = f ◦ q in Theorem 6.4 respectively.

References

[1] T. Gaffney, Polar multiplicities and equisingularity of map germs, Topology, 32, No. 1, 185–
223, 1993. MR1204414 (94f:32072)

[2] G. Gonzalez-Sprinberg, L’obstruction locale d’Euler et le théorème de MacPherson,
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[7] D. T. Lê, Calculation of Milnor number of isolated singularity of complete intersection,
Funktsional’ny: Analizi Ego Prilozheniya 8, 2, 45–49, 1974. MR0350064 (50:2557)

[8] D. T. Lê and B. Teissier, Variétés polaires locales et classes de Chern des variétés singulières.
Annals of Math. (2), 114, 457–491, 1981. MR634426 (83k:32012a)

[9] E. J. N. Looijenga, Isolated singular points on complete intersections, London Mathematical
Soc. Lecture Note Series 77, 1984. MR747303 (86a:32021)

[10] R. D. MacPherson, Chern class for singular algebraic varieties, Ann. of Math. (2), 100,
423–432, 1974. MR0361141 (50:13587)

[11] W. L. Marar and D. Mond, Multiple point schemes for co-rank one maps, J. London Math.
Soc. 39, 2, 553–567, 1989. MR1002466 (91c:58010)

[12] D. Mumford, Algebraic Geometry I, Projective Varieties. A Series of Comprehensive Studies
in Mathematics 221, Springer-Verlag, 1976. MR0453732 (56:11992)

[13] J. J. Nuño-Ballesteros and J. N. Tomazella, Equisingularity of families of map germs on
curves (2008), preprint.

[14] B. Teissier, Variétés polaires II: Multiplicités polaires, sections planes, et conditions de Whit-
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