
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 140, Number 5, May 2012, Pages 1777–1783
S 0002-9939(2011)11084-0
Article electronically published on September 7, 2011

A NOTE ON THE HITCHIN-THORPE INEQUALITY

AND RICCI FLOW ON 4-MANIFOLDS

YUGUANG ZHANG AND ZHENLEI ZHANG

(Communicated by Michael Wolf)

Abstract. In this short paper, we prove a Hitchin-Thorpe type inequality
for closed 4-manifolds with non-positive Yamabe invariant and admitting long
time solutions of the normalized Ricci flow equation with bounded scalar cur-
vature.

1. Introduction

A Riemannian metric g on a smooth manifold M is called an Einstein metric if

Ricg = cg,

where Ricg is the Ricci tensor and c is a constant. If a closed oriented 4-manifold M
admits an Einstein metric g, there is an inequality, the Hitchin-Thorpe inequality,
for the Euler number χ(M) and the signature τ (M) of M :

(1.1) 2χ(M)− 3|τ (M)| ≥ 0

(cf. [10] or Theorem 6.35 in [3]). This inequality serves as a topological obstruction
for the existence of Einstein metrics on 4-manifolds; i.e. if (1.1) is not satisfied,
then M would not admit any Einstein metric.

The Ricci flow was introduced by Hamilton in [8] to find Einstein metrics on a
given manifold, which is the following evolution equation for a smooth family of
metrics g(t), t ∈ [0, T ):

(1.2)
∂

∂t
g(t) = −2Rict.

The normalized Ricci flow is

(1.3)
∂

∂t
g(t) = −2Rict +

2r(t)

n
g(t),

where r(t) =
∫
M

Rtdvg(t)
Volg(t)(M) denotes the average scalar curvature and Rt denotes the

scalar curvature of g(t). The normalized Ricci flow is just a transformation of (1.2)
by rescaling the space and time such that the volume preserves to be a constant
along the flow. If (1.3) admits a long time solution g(t), t ∈ [0,∞), and g(t)
converges to a Riemannian metric g∞ on M in some suitable sense, when t → ∞,
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then g∞ is an Einstein metric or a Ricci-soliton. However, (1.3) may not admit
any long time solution, and even if there is such a solution, g(t) may not converge
to a Riemannian metric on M . It is expected that the inequality (1.1) is also
a topological obstruction for the existence of long time solutions of (1.3) on 4-
manifolds, at least for 4-manifolds with a non-positive Yamabe invariant. In [6],
an analog inequality of (1.1) was obtained for long time solutions of (1.3) under
some hypothesis. In this paper, we will continue to study the Hitchin-Thorpe type
inequality for 4-manifolds admitting long time solutions of (1.3).

For a closed Riemannian n-manifold (M, g) and a function f ∈ C∞(M), set

F(g, f) =

∫
M

(Rg + |∇f |2)e−fdvg .

The Perelman λ-functional is defined by

λM (g) = inf
f
{F(g, f)|

∫
M

e−fdvg = 1},

which is the lowest eigenvalue of the operator −4� + Rg. Perelman [15] has es-

tablished the monotonicity property of λM (g(t)) = λM (g(t))Volg(t)(M)
2
n along the

Ricci flow. A diffeomorphism invariant λM of M is defined (cf. [16], [12]) by

λM = sup
g∈M

λM (g),

where M is the set of Riemannian metrics on M . By [1] and [2], λM is equal
to the classical Yamabe invariant whenever λM ≤ 0 or the Yamabe invariant is
non-positive.

In [6] it was proved that if g(t), t ∈ [0,∞), is a solution to (1.3) with |R(g(t))| < C
for a constant C independent of t on a closed oriented 4-manifold M with λM < 0,
then

2χ(M)− 3|τ (M)| ≥ 1

96π2
λ
2

M > 0.

Based on this inequality and the Seiberg-Witten theory, Ishida [11] recently showed
that the existence of a long time non-singular solution really depends on the smooth
structure of the underlying manifold. The goal of the present paper is to relax the
assumption λM < 0 to λM ≤ 0.

Theorem 1.1. Let M be a closed oriented 4-manifold with λM ≤ 0. If M admits
a long time solution g(t), t ∈ [0,∞), of (1.3) with scalar curvature |Rt| < C for a
constant C independent of t, then

2χ(M)− 3|τ (M)| ≥ 1

96π2
λ
2

M .

The hypothesis of λM ≤ 0 holds for many cases, for example, complex projective
surfaces with non-negative Kodaira dimension by [14], which include K3-surfaces,
projective surfaces of general type and some surfaces of elliptic type, etc. Further-
more, Theorem 2 in [13] shows that if M is a closed oriented 4-manifold with a
monopole class c1(c) that is not a torsion class and satisfies c21(c) ≥ 0, then

λM ≤ −
√

32π2c21(c) ≤ 0
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(see also [5] for the case of c21(c) > 0). In [6], a Miyaoka-Yau type inequality
was proved for 4-manifolds with a monopole class c1(c) such that c21(c) > 0 and
admitting long time solutions of (1.3) with bounded scalar curvature.

The assumption of bounded scalar curvature is a technique assumption, and we
hope that it can be removed in future study. However, it can be verified for some
cases. In [4], it was shown that a K3-surface M admits a long time solution g(t),
t ∈ [0,∞), of (1.3) and that g(t) converges to a Ricci-flat Kähler-Einstein metric on
M . Thus the scalar curvature of g(t) is uniformly bounded. Since λM = 0 (cf. [14]),
Theorem 1.1 can apply to this case. If M is a complex minimal projective surface
of elliptic type with Kodaira dimension 1 and no singular fibers, then λM = 0 by
[14] and M admits long time solutions g̃(t̃), t̃ ∈ [0,∞), of the following Kähler-Ricci
flow equation:

(1.4)
∂

∂t̃
g̃(t̃ ) = −Rict̃ − g̃(t̃ )

by [19] and [20]. By Corollary 1.1 in [18], the scalar curvature of g̃(t̃ ) is uniformly
bounded along (1.4). A straightforward calculation would show that a transforma-
tion of g̃(t̃ ), t̃ ∈ [0,∞), by rescaling the metric and time, gives a long time solution
of (1.3) with bounded scalar curvature. Thus the assumption of Theorem 1.1 is
satisfied. If M is a complex minimal projective surface of general type, which sat-
isfies λM < 0 by [14], then M admits long time solutions of (1.3) with bounded
scalar curvature by [4], [19], [20], [23] and the same arguments as above. In [21], an
alternative proof of the Miyaoka-Yau inequality for minimal projective manifolds
of general type was obtained by using the result in [23] and a similar Ricci flow
argument.

An analog Hitchin-Thorpe type inequality for non-compact 4-manifolds admit-
ting non-singular solutions of (1.3) is obtained in [7]. We assume Volg(t)(M) ≡ 1
in this paper for convenience. We shall prove Theorem 1.1 in the next section.

2. Proof of Theorem 1.1

The goal of this section is to prove Theorem 1.1, which essentially depends on
the following estimate for the volume along Ricci flow in [22].

Lemma 2.1 (Lemma 3.1 in [22]). Let ḡ(t̄ ), t̄ ∈ [0, T ), be a solution to the Ricci
flow equation (1.2), i.e.

∂

∂t̄
ḡ(t̄ ) = −2Rict̄

on a closed manifold M . If λM (ḡ(t̄ )) ≤ 0, for all t̄, then there exist constants
c1, c2 > 0 depending only on ḡ(0) such that, for all t̄ ≥ 0,

Volḡ(t̄ )(M) ≥ c1e
−c2 t̄.

Because of the importance of this lemma, we present the sketch of the proof here
for the reader’s convenience.

Sketch of the proof. First, we recall some basics about the μ functional introduced
by Perelman [15]. Given a closed Riemannian manifold (M, g) and a function
f ∈ C∞(M) and a constant τ > 0, define

W(g, f, τ ) =

∫
M

[τ (Rg + |∇f |2) + f − n](4πτ )−n/2e−fdvg
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and then set

(2.1) μ(g, τ ) = inf{W(g, f, τ )|
∫
M

(4πτ )−n/2e−fdvg = 1}.

By a result of Rothaus [17], for each τ > 0, there is a smooth minimizer f such
that μ(g, τ ) = W(g, f, τ ). In [22], some bounds of the μ-functional were obtained.
First, Lemma 2.1 in [22] shows that there is a lower bound for τ > n

8 ,

(2.2) μ(g, τ ) ≥ λM (g)τ − n

2
ln(4πτ )− n− n

8
(λM (g)− inf Rg)− n lnCs,

where Cs denotes the Sobolev constant for g, i.e. ‖φ‖
L

2n
n−2 (g)

≤ Cs‖φ‖H1,2(g) for

all φ ∈ C∞(M). Second, Corollary 2.3 in [22] says that if λM (g) ≤ 0, then

(2.3) μ(g, τ ) ≤ lnVolg(M)− n

2
ln(4πτ )− n+ 1.

In [15], Perelman proved the monotonicity of the μ-functional along the Ricci flow:

Theorem 2.2 ([15]). Let ḡ(t̄ ) be a solution to the Ricci flow equation (1.2) on
a closed manifold M . Denote τ (t̄ ) = A − t̄ for some constant A > 0. Then
μ(ḡ(t̄ ), τ (t̄ )) is non-decreasing whenever it makes sense.

Note that λM (ḡ(t̄ )) ≤ 0. Substituting τ = n
8 into (2.3) and then using Theo-

rem 2.2 and (2.2), we have

Volḡ(t̄ )(M) ≥ exp(μ(ḡ(t̄ ),
n

8
) +

n

2
ln(

n

2
π) + n− 1)

≥ exp(μ(ḡ(0),
n

8
+ t̄ ) +

n

2
ln(

n

2
π) + n− 1)

≥ exp(λM (ḡ(0))t̄− n

2
ln(1 +

8

n
t̄ ) +

n

8
inf R0 − n lnCs(ḡ(0))− 1)

≥ exp((λM (ḡ(0))− 4)t̄+
n

8
inf R0 − n lnCs(ḡ(0))− 1).(2.4)

We obtain the conclusion. �

Now we can prove:

Lemma 2.3. Let M be a closed n-manifold with λM ≤ 0 and let g(t), t ∈ [0,∞),
be a long time solution of (1.3) with scalar curvature |Rt| < C for a constant C
independent of t. We have

lim inf
t→∞

r(t) = lim inf
t→∞

∫
M

Rtdvg(t) ≤ 0.

Proof. If it is not true, there is a constant δ > 0 such that, for t � 1, r(t) > δ. By
a translation on t, we assume that r(t) > δ for all t > 0.

Let ḡ(t̄ ) = σ(t)g(t), t̄ ∈ [0, T ), be the corresponding Ricci flow solution, i.e.
∂
∂t̄ ḡ(t̄ ) = −2Rict̄ with ḡ(0) = g(0), which implies σ(t) = exp(− 2

n

∫ t

0
r(s)ds) and

t̄ =
∫ t

0
σ(s)ds. Thus

T =

∫ ∞

0

σ(s)ds =

∫ ∞

0

exp(−
∫ s

0

2

n
r(u)du)ds <

n

2δ
.
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Now we can compute

(T − t̄ )V olḡ(t̄ )(M)−
2
n = σ(t)−1(T − t̄ )

= exp(

∫ t

0

2

n
r(u)du) ·

∫ ∞

t

exp(−
∫ s

0

2

n
r(u)du)ds

≥
∫ ∞

t

exp(−
∫ s

t

2

n
r(u)du)ds

≥
∫ ∞

t

exp(− 2

n
C(s− t))ds

≥ n

2C
,(2.5)

by r(t) ≤ sup |Rt| ≤ C for a constant C > 0 independent of t. Thus there exists
C1 < ∞ such that

(2.6) V olḡ(t̄ )(M) ≤ C1(T − t̄ )n/2,

which implies that

lim
t̄→T

Volḡ(t̄ )(M) = 0.

However, since λM ≤ 0, we have λM (ḡ(t̄ )) ≤ 0 and

Volḡ(t̄ )(M) ≥ c1e
−c2 t̄ ≥ c1e

−c2T

for two constants c1 > 0 and c2 > 0 by Lemma 2.1, which is a contradiction. �

Before proving Theorem 1.1, we recall the evolution equations for volume forms
and scalar curvatures along the normalized Ricci flow (1.3):

∂

∂t
dvg(t) = −(Rt − r(t))dvg(t) and(2.7)

∂

∂t
Rt = �tRt + 2|Rict|2 +

2

n
Rt(Rt − r(t)),(2.8)

where Rict = Rict − Rt

n g(t) denotes the Einstein tensor (cf. [9]).

Proof of Theorem 1.1. Note that

R̆t = inf
M

Rt ≤ λM (g(t)) ≤ λM ≤ 0.

If R̆t ≤ −c < 0 for a constant c > 0, we obtain the conclusion by Lemma 2.7 and
Lemma 3.1 in [6].

From the maximal principal,

∂

∂t
R̆t ≥

1

2
R̆t(R̆t − r(t)) ≥ 0,

and thus R̆t is non-decreasing. Therefore, the only case left to prove is that of

lim
t−→∞

R̆t = 0.

By Lemma 2.3 and R̆t ≤ r(t),

lim inf
t→∞

r(t) = 0,

which implies that λM = 0.
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First, we assume that there is a sequence t′k −→ ∞ such that r(t′k) > ε for a
constant ε > 0 independent of k. Since lim inft→∞ r(t) = 0, there are tk ∈ (t′k, t

′
k+1)

such that, for k � 1,

r(tk) = inf
(t′k,t

′
k+1)

r(t) −→ 0,
dr

dt
(tk) = 0.

Now, we assume limt→∞ r(t) = 0. If |drdt (t)| > δ > 0 for a constant δ independent
of t when t � 1, |r(t)−r(0)| > δt, which is a contradiction. Thus there is a sequence
tk −→ ∞ such that

lim
tk−→∞

r(tk) = 0, lim
tk−→∞

dr

dt
(tk) = 0.

In both cases, we have

0 = lim
k→∞

dr

dt
(tk)

= lim
k→∞

∫
M

(2|Ricotk |
2 − 1

2
Rtk(Rtk − r(tk)))dvg(tk)

≥ lim
k→∞

∫
M

2|Ricotk |
2dvg(tk) − lim

k→∞
C

∫
M

|Rtk − r(tk)|dvg(tk)

≥ lim
k→∞

∫
M

2|Ricotk |
2dvg(tk) − lim

k→∞
C

∫
M

(Rtk + r(tk)− 2R̆tk)dvg(tk)

= lim
k→∞

∫
M

2|Ricotk |
2dvg(tk) − lim

k→∞
2C(r(tk)− R̆tk)

= lim
k→∞

∫
M

2|Ricotk |
2dvg(tk)

by (2.7), (2.8), and the assumption |Rt| < C for a constant C independent of t.
The Chern-Gauss-Bonnet formula and the Hirzebruch signature theorem (cf. [3])

show that, for any metric g on M ,

χ(M) =
1

8π2

∫
M

(
R2

g

24
+ |W+

g |2 + |W−
g |2 − 1

2
|Ricg|2)dvg and

τ (M) =
1

12π2

∫
M

(|W+
g |2 − |W−

g |2)dvg,

where W+
g and W−

g are the self-dual and anti-self-dual Weyl tensors respectively.
Thus

2χ(M)− 3|τ (M)| ≥ lim inf
k−→∞

1

4π2

∫
M

(
1

24
R2

tk
− 1

2
|Rictk |2)dvg(tk)

= lim inf
k−→∞

1

4π2

∫
M

1

24
R2

tk
dvg(tk) ≥ 0.

Since λM = 0 in this case, we obtain the conclusion. �
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