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STABILITY OF COMPLEX FOLIATIONS

TRANSVERSE TO FIBRATIONS

FABIO SANTOS AND BRUNO SCARDUA

(Communicated by Brooke Shipley)

Abstract. We prove that a holomorphic foliation of codimension k which
is transverse to the fibers of a fibration and has a compact leaf with finite
holonomy group is a Seifert fibration, i.e., has all leaves compact with finite
holonomy. This is the case for C1-small deformations of a foliation where
the original foliation exhibits a compact leaf and the base B of the fibration
satisfies H1(B,R) = 0 and H1(B,GL(k,R)) = 0.

1. Introduction

Let η = (E, π,B, F ) be a (locally trivial) fibration with total space E, fiber F ,
base B and projection π : E → B. A foliation F on E is transverse to η if: (1)
for each p ∈ E, the leaf Lp of F with p ∈ Lp is transverse to the fiber π−1(q),
q = π(p); (2) dim(F) + dim(F ) = dim(E); (3) for each leaf L of F , the restriction
π|L : L → B is a covering map. According to a theorem of Ehresmann ([2, Ch. V],
[3]) if the fiber F is compact, then conditions (1) and (2) together already imply
(3). Such foliations are conjugate to suspensions and are characterized by their
global holonomy [2, Theorem 3, p. 103] and [3, Theorem 6.1, page 59].

In [6] we study the case where the foliation has codimension one, and in [7] we
study the case where the ambient manifold is a hyperbolic complex manifold. In the
present work we regard the general codimension k ≥ 1 case but from the viewpoint
of stability theory. More precisely, we study under which conditions it is possible
to prove that the foliation is given by the fibers of a fibration. A foliation F on M
is called a Seifert fibration if all leaves are compact with finite holonomy groups.

Our main results are:

Theorem 1.1. Let F be a holomorphic foliation transverse to a fibration

π :E
F−→ B with fiber F . If F has a compact leaf with finite holonomy group,

then F is a Seifert fibration. This occurs if F is of codimension k, has a compact
leaf and the base B satisfies

H1(B,R) = 0, H1(B,GL(k,C)) = 0.

Such a foliation admits a meromorphic first integral ϕ : E → CPk if, and only if,
the fiber F admits a non-constant function f : F → CPk.
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We point out that the total space E is not assumed to be compact in Theorem 1.1.
Nevertheless this hypothesis is necessary in the next consequence of it.

Corollary 1.2. Let F be a holomorphic codimension k foliation transverse to a

fibration π : E
F−→ B with fiber F and compact total space E. Assume that F has

a compact leaf L ∈ F such that either the fundamental group π1(L) is finite or the
conditions below are satisfied:

(i) H1(L,R) = 0,
(ii) Hom(π1(L),GL(k,R)) = Id.

Then any codimension k holomorphic foliation in E close enough to F , with
respect to the C1 topology, is a Seifert fibration.

The proof of the main part of Theorem 1.1 can be outlined as follows. Since F
is conjugate to a suspension of a group of diffeomorphisms of the fiber F , we can
rely on the global holonomy of the foliation. As a general fact that holds also for
smooth foliations, if the global holonomy group is finite, then F is a Seifert fibration
(cf. Lemma 2.2). Also from the smooth framework we have that the existence of a
compact leaf gives a common fixed point for the elements of the global holonomy
(cf. Lemma 2.3). From this point and further, we begin to use techniques from
complex variables. More precisely, we derive some results from classical theorems of
Burnside and Schur on finite exponent groups and linear groups (see Lemma 3.2).
These results (cf. Lemmas 3.5 and 3.6), combined with the local stability theorem
of Reeb stating the finiteness of the holonomy group of the (compact) leaf passing
through the above-mentioned fixed point, imply that also the global holonomy
group is a finite group of diffeomorphisms of the fiber.

2. Holonomy and global holonomy

Let F be a codimension k holomorphic foliation transverse to a fibration

π : E
F−→ B with fiber F , base B and total space E. We always assume that

B,F and E are connected manifolds. Given a point p ∈ E, put b = π(p) ∈ B and
denote by Fb the fiber π−1(b) ⊂ E, which is biholomorphic to F . Given a point
p ∈ E the leaf through p is denoted by Lp and its holonomy group is denoted by
Hol(Lp), the holonomy group of Lp, and by Hol(Lp, Fb, p), the local representation
of this holonomy calculated with respect to the local transverse section induced by
Fb at the point p ∈ Fb. The group Hol(Lp, Fb, p) is therefore a subgroup of the

group of germs Bih(Fb, p), which is identified with the group of germs Bih(Ck, 0).
Let ϕ : π1(B, b) → Bih(F ) be the global holonomy representation of the funda-

mental group of B in the group of biholomorphisms of the manifold F , obtained by
lifting closed paths in B to the leaves of F via the covering maps π

∣∣
L
, where L is

a leaf of F . The image of this representation is the global holonomy of F , and its
construction shows that F is conjugated to the suspension of its global holonomy
([2, Theorem 3, p. 103]).

Let L be any leaf of F . Fix a point p ∈ L, let b = π(p) ∈ B so that Fb =
π−1(b) ⊂ E, and take a transverse disc D ⊂ Fb with p ∈ D ∩ L. Denote by
G(F , Fb) ⊂ Bih(Fb) the representation of the global holonomy of F based at b. It
is well known that:
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Proposition 2.1 ([2, Chapter V]). Let F be a foliation on E transverse to the
fibration π : E → B with fiber F . Fix a point p ∈ E, b = π(p) and denote by L the
leaf that contains p.

(1) The holonomy group Hol(L, Fb, p) is the subgroup of G(F , Fb) ⊂ Bih(Fb) of
those elements that have p as a fixed point.

(2) Given another intersection point q ∈ L∩Fb there is a global holonomy map
h ∈ G(F , Fb) such that h(p) = q.

Proof. The first part is well known (see [2, Chapter V] or [3, Corollary 1.9, p. 145]).
For the second part, given q ∈ L ∩ Fb choose a smooth path α : [0, 1] → L such
that α(0) = p and α(1) = q. Then project α via π

∣∣
L
: L → B onto a smooth path

γ = π ◦ α[0, 1] → B. Then γ induces an element [γ] of the fundamental group
π1(B, b) with base at b = π(p) ∈ B. By construction, the lift of γ via the covering
map π

∣∣
L
: L → B with initial point at p ∈ L is exactly the path α. Therefore,

by definition of the global holonomy, we have that the global holonomy map h ∈
G(F , Fb) corresponding to the element [γ] ∈ π1(B) satisfies h(p) = α(1) = q. This
proves (2). �

For the next two lemmas we do not need to assume that the total space E is
compact.

Lemma 2.2. Let F be a holomorphic foliation transverse to a fibration π :E
F−→ B.

Suppose that the global holonomy G(F) is finite. If F has a compact leaf, then it
is a Seifert fibration; i.e., all leaves are compact with finite holonomy group.

Proof. By hypothesis the global holonomy G(F) is finite. Given a compact leaf
L0 ∈ F we have B = π(L0) and therefore B is compact. Since the holonomy
of a leaf embeds into the global holonomy (recall that the holonomy group of a
leaf L ∈ F is the stabilizer subgroup of L in G(F) and so the elements in the
holonomy of a leaf have a common fixed point), we conclude that each leaf has a
finite holonomy group. Given any leaf L ∈ F we have a covering map π

∣∣
L
: L → B.

Because the global holonomy of F is finite it follows from (2) of Proposition 2.1
that, for any leaf L ∈ F , the intersection �(L ∩ Fb) < ∞ for any base point b ∈ B
and therefore π

∣∣
L
: L → B is a finite map. This implies that L is also compact. �

In the proof of Theorem 1.1 we shall use:

Lemma 2.3. Let F be a holomorphic foliation transverse to a fibration π : E
F−→ B

with global holonomy G(F) ⊂ Bih(F ). If F has a compact leaf L0 ∈ F , then each
point p ∈ Fb ∩ L0 has periodic orbit in the global holonomy G(F). In particular
there are � ∈ N and p ∈ F such that h�(p) = p for every h ∈ G(F).

Proof. Since the leaf L0 is compact and points of intersection Fb ∩ L0 are isolated
in L0, the set L0 ∩ Fb is a finite set of points, say �(L0 ∩ Fb) = k.

Given any element h ∈ G(F , π−1(b)) we have h(L0 ∩ π−1(b)) ⊂ L0 ∩ π−1(b).
Therefore the orbit Ox(G(F), π−1(b)) of a point x ∈ L0 ∩ π−1(b) in G(F) is finite
with at most k elements. Now let p ∈ π−1(b).

Claim 2.4. Given h ∈ G(F , Fb), the point p ∈ Fb is a fixed point for hk!.
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Proof. Indeed, since the orbit Op(G(F)) is finite of order at most k, we must have
hm(p) = p for some m ∈ {1, ..., k}. Since k! = m.� for some � ∈ N we have
hk!(p) = (hm)�(p) = (hm ◦ ... ◦ hm)(p) with � factors hm. Because hm(p) = p we
have hk!(p) = p. �

3. Groups of finite exponent

First we recall some facts from the theory of linear groups. Let G be a group
with identity eG ∈ G. We say that G is a periodic group if for each element g ∈ G
there is ng ∈ N such that gng = eG; i.e., each element of G has finite order. A
group G is said to be periodic if each element g ∈ G is periodic. A periodic group
G is periodic of bounded exponent if there is a uniform upper bound for the periods
of its elements. This is equivalent to the existence of m ∈ N with gm = 1 for all
g ∈ G: indeed, if G is periodic and there is C ∈ N such that ng ≤ C for all g ∈ G,
then given g ∈ G the number ng divides C! and therefore gC! = eG. Because of
this, a group which is periodic of bounded exponent is also called a group of finite
exponent. The minimal such m is called the exponent of G.

If R is a ring with identity, we say that a group G is R-linear if it is isomorphic
to a subgroup of the matrix group GL(n,R) (of n × n invertible matrices with
coefficients belonging to R) for some n ∈ N. If the ring R is understood, we say
that G is a linear group. We will consider R = C, that is, complex linear groups.
The following classical result is due to Burnside.

Theorem 3.1. Regarding periodic groups and groups of finite exponent we have:

(1) (Burnside, 1905 [1]) A (not necessarily finitely generated) linear group
which is finite dimensional and has finite exponent is finite; i.e., any sub-
group of GL(n,C) with bounded exponent is finite.

(2) (Schur, 1911 [8]) Every finitely generated periodic subgroup of GL(n,C) is
finite.

(3) (Burnside, 1905 [1]) A complex linear group G ⊂ GL(k,C) of finite expo-

nent � has finite order; actually we have |G| ≤ �k
2

.

Using these results we may prove:

Lemma 3.2. A (not necessarily finitely generated) subgroup G ⊂ Bih(Ck, 0) of
finite exponent is necessarily finite. A finitely generated periodic subgroup G ⊂
Bih(Ck, 0) is necessarily finite.

Proof. Let G be a not necessarily finitely generated subgroup of Bih(Ck, 0), with
finite exponent. We consider the homomorphism D : Bih(Ck, 0) → GL(k,C) given
by the derivative Dg := g′(0), g ∈ G. Then the image DG is isomorphic to the
quotient G/Ker(D), where the kernel Ker(D) is the group G1 = {g ∈ G, g′(0) =
Id}, i.e., the normal subgroup of elements tangent to the identity. Since G is of finite
exponent the same holds for DG as a consequence of the Chain Rule. By Burnside’s
theorem above, DG is a finite group. Let us now prove that G1 is trivial. Indeed,
take an element h ∈ G1. Since h has finite order it is analytically linearizable and
therefore h = Id. Now we assume that G ⊂ Bih(Ck, 0) is finitely generated and
periodic. Again we consider the homomorphism D : Bih(Ck, 0) → GL(k,C) and
the image DG 
 G/G1 as above. Since G is finitely generated and periodic the
same holds for DG as a consequence of the Chain Rule. By Schur’s theorem above,
DG is a finite group. As above G1 is trivial and therefore G is finite. �
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We also need

Lemma 3.3. About subgroups of Bih(Ck, 0) we have:

(1) Let G ⊂ Bih(Ck, 0) be a (not necessarily finitely generated) subgroup such
that for each point x close enough to the origin, the pseudo-orbit of x is
finite of order ≤ � for a uniform � ∈ N. Then G is finite.

(2) Let G ⊂ Bih(Ck, 0) be a finitely generated subgroup. Assume that there is
an invariant connected neighborhood W of the origin in C

k such that each
point x is periodic for each element g ∈ G. Then G is a finite group.

Proof. Let us prove (1). Given any g ∈ G, since the orbit Ox(G) is finite of order
≤ �, we must have gm(x) = x for some m ∈ {1, ..., �}. Since �! = m.t for some
t ∈ N we have g�!(x) = (gm)t(x) = (gm ◦ ... ◦ gm)(x) with t factors gm. Because
gm(x) = x we have g�!(x) = x. This shows that g�! = Id, so G has finite exponent
≤ �! and by Lemma 3.2 above G is finite (even if G is not assumed to be finitely
generated).

Now we prove (2). Fix an element g ∈ G. For each k ∈ N define Xk := {x ∈
W, gk(x) = x}. We claim that Xk is a closed subset of W : indeed, if xν ∈ Xk

is a sequence of points converging to a point a ∈ W , then clearly gk(a) = a and
therefore a ∈ Xk. By the category theorem of Baire there is k ∈ N such that Xk

has non-empty interior, and therefore by the identity theorem we have gk = Id in
W . This shows that each element g ∈ G is periodic. Since G is finitely generated,
this implies by Lemma 3.2 that G is finite. �
Remark 3.4. The same proof as for (2) of Lemma 3.3 also shows that a finitely
generated subgroup of biholomorphisms of a connected complex manifold F , having
a common fixed point and such that each point x ∈ F is periodic for each element
g ∈ G, is also a finite group.

Lemma 3.5. Let G ⊂ Bih(F ) be a (not necessarily finitely generated) subgroup of
biholomorphisms of a connected complex manifold F . Assume that there is a point
p ∈ F which is fixed by G and a fundamental system of neighborhoods {Uν}ν of p
in F such that each Uν is invariant by G and the orbits of G in Uν are periodic
(not necessarily with uniformly bounded orders). Then G is a finite group.

Proof. Since Uν is G-invariant, each element g ∈ G induces by restriction to Uν

an element of a group Gν ⊂ Bih(Uν). By the same arguments in the proof of
Lemma 3.3 above the finiteness of the orbits in Uν implies that Gν is periodic.
Nevertheless, this is not yet enough to assure that Gν is a finite group because it
is not assumed to be finitely generated. On the other hand, since the open subsets
Uν form a fundamental system of neighborhoods of p in F , we can choose Uν to be
contained in an embedded disk centered at p and Uν is biholomorphic to a bounded
domain in C

k where k = dimF . A classical theorem of Cartan [5] states that if

D ⊂ C
k is a bounded domain containing the origin and φ : D → D a holomorphic

mapping fixing the origin and such thatDφ(0) = Id, then φ is the identity mapping.
This shows that in our present case the subgroup Gν,1 of Gν of elements tangent to
the identity is finite: indeed by Cartan’s theorem, the group Gν,1 embeds into the
linear group, and since its elements are flat this implies that it is trivial. Hence, the
homomorphism D : Bih(Ck, 0) → GL(k,C) given by the derivative D : g �→ g′(0)
shows that the group Gν is isomorphic to the linear group DGν , and therefore Gν

embeds in the linear group GL(k,C). Since Gν is periodic (as we showed above),
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this implies by Burnside’s theorem above that Gν is a finite group. By the identity
principle, the group G is also finite of the same order. �
Lemma 3.6. Let G ⊂ Bih(F ) be a finitely generated subgroup of biholomorphisms
of a connected manifold F , admitting a periodic orbit {x1, ..., xr} ⊂ F such that for
each j ∈ {1, ..., r} there is a fundamental system of neighborhoods U j

ν of xj with
the property that Uν =

⋃r
j=1 U

j
ν is invariant under the action of G, U j

ν ∩ U �
ν = ∅ if

j = � and each orbit in Uν is periodic. Then G is finite.

Proof. Given any element f ∈ G we denote by fν its restriction to Uν . We put
Gν for the group generated by the maps fν , i.e., Gν = G

∣∣
Uν

. There is � ∈ N such

that given any map f ∈ G, then f �(xj) = xj , ∀j = 1, ..., r. The map f � therefore
has fixed points at the xj and admits invariant neighborhoods of these fixed points
where it has periodic orbits. By Lemma 3.5 above this map has finite order. This
shows that any element f ∈ G is periodic. Since G is finitely generated and has a
periodic orbit, this implies that G is finite (Burnside’s theorem). �

4. Stability

Proof of Theorem 1.1. Since the leaf L0 is compact and there is a covering map
π
∣∣
L0

: L0 → B, the base B is also compact. This implies that the fundamental

group π(B) is finitely generated and therefore the global holonomy G(F) is finitely
generated. Given a fiber Fb = π−1(b) for some b ∈ B, the intersection L0 ∩ Fb

is a finite set of points, say {x1, ..., xr} ⊂ Fb. Since the holonomy of L0 is finite
and L0 is compact by the Local Stability of Reeb, there is a fundamental system of
invariant neighborhoodsWν of L0 in E such that on eachWν the leaves are compact.
For the intersections Uν := Wν ∩ Fb, write Uν =

⋃r
j=1 Uνj

and give fundamental
systems of neighborhoods Unuj

of the points xj ∈ Fb as in Lemma 3.6, and by
this lemma the global holonomy G(F , Fb) is finite. By Lemma 2.2, F is a Seifert
fibration proving the first part. As for the second part, the restriction πL : L → B
is a finite covering map. Therefore, the compact leaf L also satisfies H1(L,R) = 0
and H1(L,GL(n,R)) = 0. By the stability theorem of Thurston ([9, Theorem 2,
p. 348]), the holonomy group of L is trivial, and we apply the first part to conclude
that F is a Seifert fibration. Finally, the last part of Theorem 1.1 follows from
Proposition 4.1 below. �
Proposition 4.1. Let F be a codimension k holomorphic foliation transverse to a

fibration π : E
F−→ B. Suppose that F has finite global holonomy. The following

conditions are equivalent:

(1) F admits a meromorphic first integral E → CPk,

(2) F admits a non-constant meromorphic function F → CPk.

Proof. From the general theory of fiber bundles and foliations [3] there exists a
finite covering

Ẽ
α̃−→ E

π̃ ↓ ↓ π

B̃
α−→ B

where α : B̃→B is a finite covering, α̃ : Ẽ→B̃ is a holomorphic fibration, α : B̃→ B
corresponds to the kernel K ⊂ π1(B) of ϕ, which is a normal subgroup of π1(B),

and also F lifts to a foliation F̃ = α̃∗(F) on Ẽ which has trivial global holonomy



STABILITY OF COMPLEX FOLIATIONS TRANSVERSE TO FIBRATIONS 3089

with respect to the fibration π̃ : Ẽ → B̃. Since the global holonomy of F̃ is trivial it
induces a holomorphic trivialization of π̃ : Ẽ → B̃ and we may construct in a natural
way a holomorphic function ξ̃ : Ẽ → Fb which is constant along the F̃ -leaves.

Now assume that Fb admits some non-constant holomorphic function Fb → CPk.
Then we may obtain (non-constant) holomorphic functions ξ̃ : Ẽ → CPk which are

constant along the F̃ -leaves. Working now with the finite covering α̃ : Ẽ → E and
taking symmetric functions, we may obtain a non-constant meromorphic function
ξ : E → C which makes the following diagram commutative:

Ẽ
˜ξ ��

α̃

��

CPk

E

ξ

�����������

Clearly ξ is a meromorphic first integral for the foliation F
∣∣
E
. Conversely, any

(non-constant) meromorphic first integral ξ for F induces, by F -local trivialization

of the fibration around Fb, a non-constant meromorphic function Fb → CPk. This
proves the proposition. �

Proof of Corollary 1.2. According to Theorem 1.1 it is enough to prove that a foli-
ation G on E which is close enough to F in the C1 topology is still transverse to the
fibration and exhibits a compact leaf with finite holonomy group. Let us first prove
the persistence of the compact leaf with finite holonomy group. If L ∈ F has finite
fundamental group, then this follows from the classical Reeb stability theorem for
perturbations (cf. [3, Theorem 4.7, p. 125]), and we only need to assume that the
perturbation is C0 close to F . If F has a compact leaf satisfying conditions (i) and
(ii), then any foliation close enough to F in the C1 topology has a compact leaf
with finite holonomy as a consequence of a result due to Langevin and Rosenberg
([4] and [3, Theorem 4.8, p. 126]). Let us now show that there is a neighborhood
N of F in the C1 topology such that any foliation G ∈ N is still transverse to
the fibration. It is clear since E and the fibers are compact that any foliation G
close enough to F in the C1 topology still has leaves transverse to the fibers of
π : E → B. Since codimG = codimF = dimF and the fiber F is compact, this
implies, as observed in the introduction, by a theorem of Ehresmann that the re-
striction of the projection to the leaves of G also gives covering maps and therefore
G is transverse to the fibration. This finishes the proof of the corollary. �
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