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COMPACT OPERATORS IN TRO’S

G. ANDREOLAS

(Communicated by Marius Junge)

Abstract. We give a geometric characterization of the elements of a ternary
ring of operators (or simply, TRO) that can be represented as compact oper-
ators by a faithful representation of the TRO.

1. Introduction

A ternary ring of operators (or simply, TRO) between Hilbert spaces H2 and H1

is a norm closed subspace V of B(H2, H1) which is closed under the triple product

V × V × V � (x, y, z) �→ xy∗z ∈ V .
A TRO V ⊆ B(H2, H1) is called a w*-TRO if it is w*-closed (equivalently, weak op-
erator closed, or strong operator closed) in B(H2, H1). TRO’s were first introduced
by Hestenes [9] and since then they have been studied by many authors. In general,
a TRO V can be identified with the off-diagonal corner (at the (1,2) position) of its
linking C∗-algebra

A(V) =
(

C V
V∗ D

)
⊆ B(H1 ⊕H2),

where C and D are the C∗-algebras generated by VV∗ and V∗V respectively.
If S is a nonempty subset of the unit ball of a normed space X , then the con-

tractive perturbations of S are defined as

cp(S) = {x ∈ X ‖x± s‖ ≤ 1 ∀s ∈ S} .
It is clear that S1 ⊆ S2 implies cp(S1) ⊇ cp(S2). Also, an element x of the unit
ball of X is an extreme point if and only if cp({x}) = {0}. We shall write cp(x)
instead of cp({x}).

One may define contractive perturbations of higher order by using the recursive
formula cpn+1(S) = cp (cpn(S)) , n ∈ N. It is clear that cp(S) is a norm-closed
convex subset of the closed unit ball of X . One can also verify that S ⊆ cp2(S);
from this it follows that cp3(S) = cp(S). The second contractive perturbations
were introduced in [2]. In [2] it is proved that the set of the second contractive
perturbations of an element a of a C∗-algebra A is compact in the norm topology if
and only if there exists a faithful representation φ of A such that φ(a) is a compact
operator. Further study was conducted in [1], [3], [4] and [11]. We shall see that
this characterization is not valid for the elements of a TRO.
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In this work we characterize the elements of a TRO that are represented as
compact operators by a faithful representation of the TRO, in terms of the size of
their contractive perturbations. We show that there exists a faithful representation
φ of the TRO V that maps an element a of the unit ball of V to a compact operator
if and only if the set of its second contractive perturbations is weakly compact.
It follows from [2] and our result that for an element a of a C∗-algebra A the set
cp2(a) is compact if and only if it is weakly compact or, equivalently, there exists
a faithful representation π of A such that π(a) is a compact operator.

Ylinen proved in [16] and [17] that for an element a of a C∗-algebra A the oper-
ator x → axa on A is compact if and only if it is weakly compact or, equivalently,
there exists a faithful representation π of A such that π(a) is a compact operator.
We obtain an analogous result for the operator x → ax∗a on a TRO.

Notation. Throughout, we adopt the following notation: H1 and H2 are Hilbert
spaces, B(H2, H1) the space of all bounded linear operatorsH2 →H1 andK(H2, H1)
the space of all compact operators H2 → H1. In particular, B(H1) = B(H1, H1)
and K(H1, H1) = K(H1). V is a TRO that is a subspace of B(H2, H1). Let X be
a Banach space, Y ⊆ X a subspace and a ∈ Y . Then by cpnY(a) we denote the set
of the n-th contractive perturbations of a computed with respect to Y . If r is a
positive number, then by Xr we denote the closed ball of center 0 and radius r. Let
x, y be elements of a Hilbert space H. We denote by x ⊗ y the rank one operator
on H defined by

(x⊗ y)(z) = 〈z, x〉y.

2. Preliminaries

Let V and W be two TRO’s. A linear map φ : V → W is called a TRO-
homomorphism if it preserves the ternary product

φ(xy∗z) = φ(x)φ(y)∗φ(z)

for all x, y, z ∈ V . If, in addition, φ is an injection from V onto W , we call φ
a TRO-isomorphism from V onto W . A TRO-homomorphism φ from a TRO V
into the set of all bounded operators from one Hilbert space to another is called
a representation of V . We will say that a representation φ : V → B(H2, H1) is a
faithful representation of V if φ is injective. It was shown in [8, Proposition 3.4]
that every faithful TRO-representation is an isometry.

Proposition 2.1. Let H1 and H2 be Hilbert spaces, V ⊆ B(H2, H1) a TRO and
A(V) its linking algebra. If a is in the unit ball of V, then cp2A(V)(a) ⊆ cp2V(a).

Proof. First we note that if E is a Banach space and b ∈ E has the property
‖x + b‖ ≤ 1 for all x ∈ E with ‖x‖ ≤ 1, then b = 0. Indeed, if the above property
holds for some b �= 0, then taking x = b/‖b‖ we have ‖b/‖b‖+ b‖ ≤ 1, which implies
that ‖b‖ = 0. This yields a contradiction.

Let (
b1 b2
b3 b4

)
∈ cp2A(V)(a).

We can easily see that (
0 x
y 0

)
∈ cpA(V)(a)
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for every x ∈ cpV(a) and y ∈ V∗ with ‖y‖ ≤ 1. So, it follows directly that
b2 ∈ cp2V(a), while from the remark at the beginning of the proof it follows that

b3 = 0. We have that
(

b1 b2
y b4

)
is a contraction for every y ∈ V∗ with ‖y‖ ≤ 1.

Thus, if η ∈ H1, we have that

(1) ‖b1η‖2 + ‖yη‖2 ≤ ‖η‖2

for all y ∈ V∗ with ‖y‖ ≤ 1. Since the strong*-topology of V∗ is finer than its
strong topology, it follows from [8, Theorem 3.6 (Kaplansky density theorem)] that

the inequality (1) holds for all y in the closed unit ball of V∗w
∗

. Therefore, for all

partial isometries y ∈ V∗w
∗

, we have 0 ≤ b∗1b1+y∗y ≤ 1. Denoting by py the domain

projection y∗y of a partial isometry y ∈ V∗w
∗

, it follows that 0 ≤ b∗1b1 ≤ 1 − py.
Multiplying by py, we deduce that pyb

∗
1b1py = 0 or b1py = 0. Let Π be the set of

all partial isometries of V∗w
∗

and p the orthogonal projection onto the closed linear
span of the subspaces {py(H2)}y∈Π. Then we have proved that b1p = 0. On the
other hand, we can see that b1p

⊥ = 0, since b1 is in the C∗-algebra generated by VV∗

and V∗w
∗

is generated by its partial isometries [8, Theorem 3.2]. Hence, we have
proved that b1 = 0. By symmetry, we obtain b4 = 0. Thus, we showed that each
element of cp2A(V)(a) is in V . The fact that cp2A(V)(a) ⊆ cp2V(a) is immediate. �

Remark 2.2. The containment in the last proposition may be strict. We shall give
an example. Let H1 and H2 be Hilbert spaces with dimH1 = ∞ and dimH2 < ∞
and u : H2 → H1 an isometry. Let V = B(H2, H1). Since u is an extreme point of
V [18], the set cp2V(u) is equal to the unit ball of V . Now, A(V) = B(H1 ⊕H2) and
it follows from [2, Corollary 2.4] that cp2A(V)(u) is compact. Hence, the inclusion

cp2A(V)(u) ⊂ cp2V(u) is strict. Considering the identity representation of V in this

example, one can see that the implication (i) ⇒ (ii) of [2, Theorem 2.2] does not
hold for TRO’s.

Remark 2.3. It is known that the linking algebra A(V) is just the C∗-envelope
C∗

e (V) of the TRO V . Therefore, the inclusion in Proposition 2.1 in the case of
an operator space O would be cp2C∗

e (O)(a) ⊆ cp2O(a). Now, we shall see that this

inclusion does not hold in operator spaces in general.
Let H be an infinite dimensional Hilbert space,

O =

{[
λ Id a
0 μ Id

]
: a ∈ K(H), λ, μ ∈ C

}
.

The C∗-algebra generated by O in B(H ⊕H) is

C∗
B(H⊕H)(O) =

{[
λ Id+ a b

c μ Id+ d

]
: a, b, c, d ∈ K(H), λ, μ ∈ C

}
.

If I is a proper ideal of C∗
B(H⊕H)(O), then I contains K(H ⊕ H), the compact

operators on H ⊕H and, consequently, the quotient space C∗
B(H⊕H)(O)/I is finite

dimensional. Therefore, C∗
e (O) = C∗

B(H⊕H)(O). Then if we consider the operator

s =

[
Id 0
0 0

]
,
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we see that

cp2C∗
e (O)(s) =

{[
λ Id+ x 0

0 0

]
: λ ∈ C, x ∈ K(H), ‖λ Id+ x‖ ≤ 1

}
and that

cp2O(s) =

{[
λ 0
0 0

]
: λ ∈ C, |λ| ≤ 1

}
.

Proposition 2.4. Let H1 and H2 be Hilbert spaces with dimH1 = ∞ and dimH2 =
∞ and V ⊆ B(H2, H1) a TRO. Let a =

∑∞
i=1 λiui ∈ V be a norm one compact

operator, where {ui}∞i=1 are finite rank partial isometries such that uiu
∗
j = 0, u∗

i uj =
0 for i �= j and {λi}∞i=1 is a sequence of positive numbers decreasing to 0. Let

ek =
∑k

i=1 u
∗
i ui and fk =

∑k
i=1 uiu

∗
i . If x is any contraction in V, then

(1) ‖a± (1− λk)f
⊥
k xe⊥k ‖ ≤ 1,

(2) ek and fk are in the C∗-algebra generated by V∗V and VV∗ respectively,
(3) f⊥

k xe⊥k ∈ V.

Proof. (1) Let y be a contraction in V . From [12] we know that

‖a± (1− |a∗|)1/2y(1− |a|)1/2‖ ≤ 1.

Simple computations show that∥∥∥∥∥∥a±
( ∞∑

i=1

(1− λi)
1/2uiu

∗
i + f⊥

)
y

⎛
⎝ ∞∑

j=1

(1− λj)
1/2u∗

juj + e⊥

⎞
⎠
∥∥∥∥∥∥ ≤ 1,

where e = [{u∗
i ui}i∈N] and f = [{uiu

∗
i }i∈N]. Now setting

y =

( ∞∑
i=k+1

(1− λk)
1/2

(1− λi)1/2
uiu

∗
i + (1− λk)

1/2f⊥

)
x

×

⎛
⎝ ∞∑

j=k+1

(1− λk)
1/2

(1− λj)1/2
u∗
juj + (1− λk)

1/2e⊥

⎞
⎠ ,

where x ∈ V is a contraction, we get the result.
(2) Assume that λ1 = 1. We define a sequence (ai)i∈N in V , where a1 = a

and an = an−1a
∗
n−1an−1. Simple computations show that limn→∞ an = u1 is in V .

That means that a−u1 =
∑∞

i=2 λiui is in V and using the same argument for a−u1

we deduce u2 ∈ V and continuing in the above fashion, we inductively get un ∈ V
for all n ∈ N. Hence, u∗

n ∈ V∗ for all n ∈ N. It follows that ek =
∑k

i=1 u
∗
i ui =

(
∑k

l=1 u
∗
l )(

∑k
m=1 um) ∈ V∗V and fk =

∑k
i=1 uiu

∗
i = (

∑k
l=1 ul)(

∑k
m=1 u

∗
m) ∈ VV∗.

(3) Since x ∈ V , xek ∈ V , fkx ∈ V and fkxfk ∈ V , it follows that f⊥
k xe⊥k =

(1− fk)x(1− ek) = x− xek − fkx+ fkxek is in V . �

Proposition 2.5. Let H1 and H2 be Hilbert spaces with dimH1 = ∞ and dimH2 =
∞ and V ⊆ B(H2, H1) a TRO. If C is the TRO that consists of all compact oper-
ators of V, then cp2V(a) ⊆ cp2C(a) for all a ∈ C.

Proof. Let a ∈ C. It suffices to show that cp2V(a) ⊆ K(H2, H1). We shall show that
if x ∈ V\C, then x /∈ cp2V(a). Since the operator x is not compact, there exists an



COMPACT OPERATORS IN TRO’S 3173

ε > 0 such that for all finite rank projections f , e on H1, and H2 respectively, the
inequality

‖f⊥xe⊥‖ > ε

holds, where f⊥ = 1 − f and e⊥ = 1 − e. Given that the operator a is compact,
there exists a unique sequence of positive numbers (λi)i∈N decreasing to 0 and a
sequence {ui}∞i=1 of finite rank partial isometries with uiu

∗
j = 0, u∗

i uj = 0 for i �= j
such that

a =
∞∑
i=1

λiui.

Let ek =
∑k

i=1 u
∗
i ui and fk =

∑k
i=1 uiu

∗
i for all k ∈ N. From Proposition 2.4

we know that if y is any contraction in V , then (1− λk)f
⊥
k ye⊥k ∈ cpV(a). Thus, it

suffices to find a k ∈ N and a contraction y ∈ V such that ‖x± (1−λk)f
⊥
k ye⊥k ‖ > 1.

We choose k so that λk < ε, set xk = f⊥
k xe⊥k and y = xk/‖xk‖. The following

computations complete the proof:

‖x+ (1− λk)f
⊥
k ye⊥k ‖ ≥ ‖xk + (1− λk)y‖

=

∥∥∥∥xk + (1− λk)
xk

‖xk‖

∥∥∥∥ = ‖xk‖
∣∣∣∣1 + (1− λk)

1

‖xk‖

∣∣∣∣
= ‖xk‖+ (1− λk) > ε+ 1− ε = 1.

�

3. The main results

We have seen in Remark 2.2 that the characterization given in [2, Theorem 2.2]
does not hold for TRO’s. In this section we shall show that there exists a faithful
representation φ of the TRO V that maps an element a ∈ V1 to a compact operator
if and only if the set cp2V(a) is weakly compact. This is one of the main results of
this work.

Note that if π is a faithful representation of a TRO V , we can identify V with
π(V).
Lemma 3.1. Let a be a non-compact selfadjoint operator in B(H)1. Then there
exists ε > 0 and an infinite dimensional projection p on H such that B(p(H))ε2/2 ⊆
aB(H)1/2a.

Proof. Let us assume that a is a non-compact selfadjoint contraction. We shall
denote by E the unique spectral measure relative to (σ(a), H) such that a =

∫
zdE,

where z is the inclusion map of σ(a) in C. From [7, Proposition 4.1] there exists an
ε > 0 such that the projection p = E({z ∈ σ(a) : |z| > ε}) is infinite dimensional.
Denote by ap the operator in B(p(H)) such that ap(h) = ap(h) = pa(h) for all
h ∈ p(H). The operator ap is invertible. Let us assume that the operator T is in
pB(H)ε2/2p = B(p(H))ε2/2. Then

‖(ap)−1T (ap)
−1‖ ≤ ‖(ap)−1‖2‖T‖ ≤ 1

ε2
ε2

2
=

1

2
.

Therefore,

T = ap((ap)
−1T (ap)

−1)ap ∈ apB(p(H))1/2ap ⊆ apB(H)1/2pa.

So,

B(p(H))ε2/2 = pB(H)ε2/2p ⊆ apB(H)1/2pa ⊆ aB(H)1/2a. �
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Proposition 3.2. Let a be a contractive operator on a Hilbert space H. Then the
operator a is compact if and only if the set cp2B(H)(a) is weakly compact.

Proof. The forward implication is trivial from [2, Corollary 2.4].
Conversely, suppose that the operator a is non-compact. The polar decomposi-

tion of a has the following form:
a = v|a|,

where v is a partial isometry, such that v∗v|a| = |a| and dom(v) = |a|(H). From
Lemma 3.1 we know that there exists ε > 0 and an infinite dimensional projection
p such that

vpB(H)ε2/2p ⊆ v|a|B(H)1/2|a|.
Therefore, the following inclusions hold:

B(p(H), vp(H))ε2/2 = vpB(H)ε2/2p ⊆ v|a|B(H)1/2|a|
= v|a|B(H)1/2v

∗v|a| ⊆ v|a|B(H)1/2v|a| = aB(H)1/2a ⊆ cp2B(H)(a).

The last inclusion follows from [2, Proposition 1.2]. Since v is a non-compact partial
isometry, B(p(H), vp(H))ε2/2 is not weakly compact [7, Chapter V, Theorem 4.2].
The proof is complete. �

Theorem 3.3. Let A be a C∗-algebra and a ∈ A1. Then there exists a faithful
representation φ of A such that φ(a) is a compact operator if and only if cp2(a) is
a weakly compact set.

Proof. The forward implication follows from [2, Theorem 2.2].
Conversely assume that φ(a) is a non-compact operator for all faithful rep-

resentations φ of A. Let {(φi, Hi)} be a maximal family of pairwise inequiva-
lent irreducible representations of A and let φ be the reduced atomic representa-
tion (

∑
i∈I ⊕φi,

∑
i∈I ⊕Hi). Since all φi are irreducible representations, the SOT-

closure of φ(A) equals
∑

i∈I ⊕B(Hi). Kaplansky’s Density Theorem shows that
φ(A1) is SOT-dense in (

∑
i∈I ⊕B(Hi))1 and so φ(a)φ(A1/2)φ(a) is SOT-dense in∑

i∈I

⊕φi(a)B(Hi)1/2φi(a).

However, [2, Proposition 1.2] shows that φ(a)φ(A1/2)φ(a) is contained in the set

cp2(φ(a)), which is a SOT-closed set. Thus(∑
i∈I

⊕φi(a)B(Hi)1/2φi(a)

)
⊆ cp2(φ(a)).

The operator φ(a) is not compact, since the reduced atomic representation is faith-
ful. Thus, there are two cases.

Assume first that there exists an io ∈ I such that φio(a) is a non-compact
operator on Hio . Therefore, from the proof of Proposition 3.2 there exists an
infinite dimensional projection p ∈ B(Hio), a non-compact partial isometry v and
an ε > 0 such that B(p(Hio), vp(Hio))ε2/2 ⊆ φio(a)B(Hio)1/2φio(a). It follows that

B(p(Hio), vp(Hio))ε2/2 ⊕
∑

i∈I−{io} ⊕φi(a)B(Hi)1/2φi(a) ⊆ cp2(a). Therefore the

set cp2(φ(a)) is not weakly compact since B(p(Hio), vp(Hio))ε2/2 is not a weakly
compact set.

Assume now that φi(a) is compact for all i ∈ I. Since φ(a) is not compact there
exists an ε > 0 such that the set {i ∈ I : ‖φi(a)‖ ≥ ε} is infinite. Then the set



COMPACT OPERATORS IN TRO’S 3175

∑
i∈I ⊕φi(a)B(Hi)1/2φi(a) is not compact since it contains a copy of an l∞ ball [7,

Chapter V, Theorem 4.2]. This completes the proof, as the last set is contained in
cp2(a). �

Remark 3.4. Let A be a C∗-algebra and a ∈ A1. Then by the theorem above and
[2, Theorem 2.2], the following assertions are equivalent:

(1) There exists a faithful representation (φ,H) of A so that φ(a) is a compact
operator.

(2) The set cp2(a) is norm compact.
(3) The set cp2(a) is weakly compact.

Let φ : V → B(H2, H1) be a representation of a TRO V and K1 ⊆ H1 and
K2 ⊆ H2 closed subspaces. A pair of subspaces (K2,K1) is said to be φ-invariant
if φ(V)K2 ⊆ K1 and φ(V)∗K1 ⊆ K2. The representation φ is said to be irreducible
if (0, 0) and (H2, H1) are the only φ-invariant pairs.

Two representations φi : V → B(Hi
1, H

i
2) of V , i = 1, 2 are said to be unitarily

equivalent if there are unitary operators Ui : H
1
i → H2

i , i = 1, 2 such that φ1(x) =
U∗
2φ2(x)U1, for all x ∈ V .
Let (φi)i∈I be a maximal family of pairwise inequivalent irreducible representa-

tions of V , φi : V → B(H2,i, H1,i). Their direct sum φ =
∑

i∈I ⊕φi is the reduced
atomic representation of V . It follows from [5, Lemma 3.5] that an irreducible rep-
resentation of a TRO is the restriction of an irreducible representation of its linking
algebra. Therefore, the reduced atomic representation of a TRO V is the restriction
of the reduced atomic representation of its linking algebra A(V).

Theorem 3.5. Let V be a TRO and a ∈ V1. The following are equivalent:

(1) cp2V(a) is a weakly compact set.
(2) There exists a faithful representation π of V such that π(a) is a compact

operator.
(3) φ(a) is a compact operator where φ is the reduced atomic representation of

V.

Proof. First we show that (1) is equivalent to (2). Suppose that the set cp2V(a)
is weakly compact. From Proposition 2.1 we know that cp2A(V)(a) ⊆ cp2V(a) and

therefore the set cp2A(V)(a) is weakly compact. Now, by Theorem 3.3, there exists

a faithful representation π of V that maps a to a compact operator.
Conversely, suppose that π is a faithful representation of V such that π(a) is a

compact operator. We may assume that both H1 and H2 are infinite dimensional
Hilbert spaces. Identifying V with π(V), Proposition 2.5 states that cp2V(a) ⊆ V ∩
K(H2, H1) ⊆ K(H1⊕H2). The set cp

2
V(a) is WOT-closed. Since the relative w* and

WOT-topologies on the closed unit ball of B(H1⊕H2) coincide, [13, Theorem 4.2.4.],
cp2V(a) is a w*-closed set. From the Banach-Alaoglu theorem we deduce that cp2V(a)
is a w*-compact set. By [10, Proposition 10.4.3], the weak topology on K(H1⊕H2)
coincides with the relative w*-topology on K(H1 ⊕ H2) and therefore cp2V(a) is a
weakly compact set.

Obviously (3) implies (2) since φ is a faithful representation. So, we only need
to show that (1) implies (3). From Proposition 2.1 we know that cp2A(V)(a) ⊆
cp2V(a). Therefore the set cp2A(V)(a) is weakly compact and from Theorem 3.3,
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ρ(a) is a compact operator, where ρ is the reduced atomic representation of A(V)
[2, Theorem 2.2]. The operator φ(a) is compact since φ = ρ|V . �

Statement (3) of Theorem 3.5 ensures that the elements of V that are mapped
to a compact operator by a faithful representation of V form a subTRO.

Remark 3.6. Let A be a C∗-algebra which acts on a Hilbert space H and contains
K(H), the set of compact operators on H. If a ∈ A1, the following assertions are
equivalent:

(1) a is a compact operator.
(2) The set cp2(a) is norm compact.
(3) The set cp2(a) is SOT-compact.
(4) The set cp2(a) is weakly compact.

Proof. From [2, Corollary 2.4.], we know that (1) and (2) are equivalent.
That (2) implies (3) is obvious.
Now we show that (3) implies (1). The following arguments are similar to those

of [2, Lemma 2.1]. Since cp2(a) is SOT-compact and a(K(H))1/2a ⊆ cp2(a), the
set a(K(H))1/2a is SOT-precompact. Let {fn}∞n=1 be a bounded sequence in H.
Without loss of generality we may assume that ‖fn‖ ≤ 1/2, for all n ∈ N. Let e be a
unit vector in (ker a∗)⊥. For every n ∈ N, let xn = e⊗ fn. Then axna = a∗e⊗ afn.
Since a(K(H))1/2a is a SOT-precompact set, the sequence {(a∗e⊗afn)(h)}n∈N has a
convergent subsequence for every h ∈ H. Thus, the sequence {〈h, a∗e〉afn}n∈N has
a convergent subsequence and therefore {afn}n∈N has a convergent subsequence.
Hence, a is a compact operator.

Obviously (1) implies (4). So, it suffices to see that (4) implies (1). Let us
assume that a is a non-compact operator in A. Following the arguments of the
proof of Proposition 3.2 we can easily see that there exists an ε > 0, an infinite
dimensional projection p and a non-compact partial isometry v on p(H) such that
K(p(H), vp(H))ε2/2 ⊆ cp2A(a). Since the ball K(p(H), vp(H))ε2/2 is not weakly

compact, the set cp2A(a) is not weakly compact. �
The following example shows that the compactness of an element u of a TRO

does not imply the SOT-compactness of cp2(u).

Example 3.7. Let V be the TRO B(H2, H1), where H1 is an infinite dimensional
Hilbert space and H2 a one dimensional Hilbert space. The unit ball of B(H2, H1)
is not SOT-compact. Indeed, if {e ⊗ fn}n∈N is a sequence in B(H2, H1), where e
is a unit vector of H2 and {fn} an orthonormal sequence of H1, then the sequence
{(e⊗fn)(e)} = {〈e, e〉fn} = {fn} does not have a convergent subsequence. Consider
an isometry u ∈ V . Then u is compact and cp2(u) = V1 is not a SOT-compact set.

The set cp2(a) of the remark above is always WOT-compact since the WOT-
topology of B(H) coincides with its w*-topology on its closed unit ball. Therefore,
the WOT-compactness of cp2(a) cannot be equivalent with the statements of Re-
mark 3.6.

Vala introduced the notion of compactness in a normed algebra in [15]. He
defined an element a of a normed algebra to be compact if the mapping x → axa
is compact.

Definition 3.8. A linear mapping u : V → V is called a weakly compact operator
on V if {u(x) : ‖x‖ ≤ 1} is relatively weakly compact in V .
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We shall use the following theorem. It was proved by K. Ylinen in [16] and [17].

Theorem 3.9. Let a be an element of the C∗-algebra A. The following conditions
are equivalent:

(1) There exists a faithful representation φ that maps a to a compact operator.
(2) The operator u : V → V, u(x) = axa is compact.
(3) The operator u : V → V, u(x) = axa is weakly compact.

Bunce and Chu in [6] establish several theorems classifying compact and weakly
compact JB∗-triples. A JB∗-tripleA is said to be (weakly) compact if the antilinear
operator x → {axa} is (weakly) compact for each a ∈ A, where { } denotes the
ternary product. It follows from [6, Theorem 3.6] that a TRO V is isomorphic to
a subTRO of K(H) for some Hilbert space H if and only if the mapping a → ax∗a
is compact or equivalently weakly compact, for all a ∈ V . The next theorem
characterizes the compact elements of a TRO V .

Theorem 3.10. Let a be an element of a TRO V. The following conditions are
equivalent:

(1) There exists a faithful representation π that maps a to a compact operator.
(2) The operator u : V → V, u(x) = ax∗a is compact.
(3) The operator u : V → V, u(x) = ax∗a is weakly compact.

Proof. First we show that (2) implies (1). Let u : V → V , u(x) = ax∗a be a compact
operator. Then the extension of u to the linking algebra A(V) of V is compact as
well, since (

0 a
0 0

)(
x1 x2

x3 x4

)(
0 a
0 0

)
=

(
0 ax3a
0 0

)
∈ V ,

where
(

x1 x2

x3 x4

)
∈ A(V). It follows that the operator ũ : A(V) → A(V), ũ(x) =

axa is compact. From [16] there exists a faithful representation π of A(V) such that
π(a) is a compact operator.

Now we show the implication (1)⇒(2). Suppose there exists an isometric rep-
resentation π of V on a Hilbert space H so that π(a) is a compact operator on
H. Then (see [14]) the map u1 : B(H) → B(H), u1(x) = π(a)xπ(a) is compact.
Obviously, the map u2 : B(H) → B(H), u2(x) = π(a)x∗π(a) is compact as well.
Therefore, the restriction of u2 to π(V) is a compact operator. Since π is an isometry
the result follows.

That (1) implies (3) can be readily verified.
Applying the arguments at the beginning of this proof and Theorem 3.9 we

deduce that (3) implies (1). �

Remark 3.11. Let V be a TRO. It follows from Remark 2.2 and Theorem 3.5 that
the weak compactness of cp2V(a) does not imply its norm compactness. On the other
hand, we would like to note that the norm compactness and weak compactness of
the mapping u : V → V , u(x) = ax∗a are equivalent.

Acknowledgements

The author would like to thank Prof. M. Anoussis, whose help, support and
suggestions have been instrumental in completing this paper. He would also like to
thank the referee for useful suggestions.



3178 G. ANDREOLAS

References

1. M. Anoussis, V. Felouzis and I. G. Todorov, Contractive perturbations in C∗-algebras,
J. Operator Theory 59 (2008), no. 1, 53-68. MR2404464 (2009h:46100)

2. M. Anoussis and E. G. Katsoulis, Compact operators and the geometric structure of C∗-
algebras, Proc. Amer. Math. Soc. 124 (1996), 2115-2122. MR1322911 (96i:46068)

3. M. Anoussis and E. G. Katsoulis, Compact operators and the geometric structure of nest
algebras, Indiana Univ. Math. J. 46 (1997), 319-335. MR1444482 (98e:47066a)

4. M. Anoussis and I. Todorov, Compact operators on Hilbert modules, Proc. Amer. Math. Soc.
133 (2005), 257-261. MR2086218 (2005e:46091)
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