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(Communicated by Brooke Shipley)

Abstract. Let p be an odd prime. The least nontrivial p-torsion homotopy
group of S3 occurs in dimension 2p and is of order p. This induces a map
f : P 2p+1(p) → S3, where P 2p+1(p) is a mod-p Moore space. An important
conjecture related to the Kahn-Priddy Theorem is that the double loops on the
three-connected cover of f has a right homotopy inverse. We prove a weaker
but still useful property: if X is the cofiber of f , then the double loop on the
three-connected cover of the inclusion S3 → X is null homotopic.

1. Introduction

Localize spaces and maps at an odd prime p, and take homology with mod-p
coefficients. For a space X, let X〈3〉 be the three-connected cover of X. For m > 1
and r ≥ 1, the mod-p Moore space Pm(pr) is the homotopy cofiber of the degree pr

map on Sm−1.
It is well known that the least nonvanishing torison homotopy group of S3 occurs

in dimension 2p and has order p. Let α : S2p −→ S3 be a representative of this
homotopy group. Since α has order p, it extends to a map α : P 2p+1(p) −→ S3.
Taking three-connected covers, we obtain a map α〈3〉 : P 2p+1(p) −→ S3〈3〉. Since
S3〈3〉 is the loops on BS3〈4〉, α〈3〉 extends to a map α̂〈3〉 : ΩP 2p+2(p) −→ S3〈3〉.

In [S1], Selick showed that Ω2α̂〈3〉 has a right homotopy inverse. This is related
to the Kahn-Priddy Theorem. Let B(Rn, p) be the configuration space of p-tuples
of distinct points in R

n. The Kahn-Priddy Theorem states that there is a map
θ : Ω∞Σ∞B(R∞, p) −→ Ω∞

0 S∞ which has a right homotopy inverse. Noting that
B(R3, p) � P 2p−2(p), Selick’s result can be reformulated as in [C] to show that
there is a homotopy commutative diagram

Ω4P 2p+2(p)
Ω3α̂〈3〉 ��

��

Ω3
0S

3

E∞

��
Ω∞Σ∞B(R∞, p)

θ �� Ω∞
0 S∞,

where E∞ is the stabilization map. Selick’s right homotopy inverse for Ω3α̂〈3〉 can
therefore be regarded as a destabilization of the Kahn-Priddy Theorem for S3.
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It was conjectured by Cohen, Moore and Neisendorfer [CMN2] that this desta-
bilization can be “desuspended”. Precisely, they conjecture that Selick’s right

homotopy inverse for Ω3P 2p+2(p)
Ω2α̂〈3〉−−−−→ Ω2S3〈3〉 can be improved to a right

homotopy inverse for Ω2P 2p+1(p)
Ω2α〈3〉−−−−→ Ω2S3〈3〉. Such an inverse would imply

that the homotopy-theoretic properties of S3 are governed by the Moore space
P 2p+1(p). For example, suppose that f : S3 −→ Y is a map such that the compos-

ite P 2p+1(p)
α−→ S3 f−→ Y is null homotopic. Then the right homotopy inverse for

Ω2α implies that the map Ω2S3〈3〉 Ω2f〈3〉−→ Ω2Y 〈3〉 is null homotopic. In particular,
f induces the zero map on the homotopy groups πm for m > 3.

At present, this conjecture seems out of reach with current techniques. However,
it may be the case that some of its consequences can nevertheless be proved. In
this paper we adopt that point of view and prove the following.

Theorem 1.1. For any space Y , let f : S3 −→ Y be a map with the property

that the composite P 2p+1(p)
α−→ S3 f−→ Y is null homotopic. Then the map

Ω2S3〈3〉 Ω2f〈3〉−→ Ω2Y 〈3〉 is null homotopic. Consequently, the induced map πm(S3)
f∗−→ πm(Y ) is zero for all m > 3. �
In the special case when Y is an H-space, the authors proved a stronger result

in [BT], that Ωf〈3〉 is null homotopic. In this paper we use different methods to
approach the general case when Y is any space. Theorem 1.1 is a consequence of a

universal example. Let X be the homotopy cofiber of the map P 2p+1(p)
α−→ S3.

Theorem 1.2. The inclusion S3 −→ X has the property that the map Ω2S3〈3〉 −→
Ω2X〈3〉 is null homotopic.

Theorem 1.1 follows from Theorem 1.2 because a null homotopy for f ◦α implies

the existence of an extension of S3 f−→ Y to a map X −→ Y .

2. Some mod-p homotopy theory

In this section we introduce the mod-p homotopy theory necessary to prove
the existence of a certain null homotopy, stated in Proposition 2.2. The modern
reference for mod-p homotopy theory is [N3]. A space Y is an H-group if it is a
homotopy associative H-space with a homotopy inverse. For an H-group Y , let
c : Y × Y −→ Y be the commutator, defined pointwise by c(x, y) = xyx−1y−1.
Observe that c restricts trivially to Y ∨ Y , so it extends to a map

c̄ : Y ∧ Y −→ Y.

Since the connecting map for the cofibration Y ∨ Y −→ Y × Y −→ Y ∧ Y is null
homotopic, the homotopy class of c̄ is determined by that of c. Further, all of this
is natural for H-maps Y −→ Z between H-groups.

For any s, t > 1, there is a homotopy equivalence P s(p) ∧ P t(p) � P s+t(p) ∨
P s+t−1(p). Since p is an odd prime, there is a unique (up to homotopy) choice
of inclusion P s+t(p) −→ P s(p) ∧ P t(p). Suppose that Y is an H-group and there
are maps f : P s(p) −→ Y and g : P t(p) −→ Y . The mod-p Samelson product of f
and g is defined as the composite

〈f, g〉 : P s+t(p) −→ P s(p) ∧ P t(p)
f∧g−→ Y ∧ Y

c̄−→ Y.
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We will now define iterated mod-p Samelson products in a case of interest. Let
ν : P 2n(p) −→ ΩP 2n+1(p) be the adjoint of the identity map and μ : P 2n−1(p) −→
ΩP 2n+1(p) be the adjoint of the Bockstein map. Let ad0(ν) = μ, and for k ≥ 1
inductively define adk(ν)(μ) : P 2n(k+1)−1(p) −→ ΩP 2n+1(p) as the mod-p Samelson
product 〈ν, adk−1(ν)(μ)〉. We single out a special case: let

τ : P 2np−1(p) −→ ΩP 2n+1(p)

be adp−1(ν)(μ).
For m > 1 and r ≥ 1, let pr : Sm−1 −→ Sm−1 be the map of degree pr. Define

maps ω and ρ by the homotopy pushout

(2.1)

Sm−1
p

�� Sm−1 ��

p

��

Pm(p)

ω

��
Sm−1

p2

�� Sm−1 ��

��

Pm(p2)

ρ

��
Pm(p) Pm(p).

It is useful for later to note that the composite Pm(p2)
ρ−→ Pm(p)

ω−→ Pm(p2) is
homotopic to the map of degree p. Let

δ : Pm(p) −→ Pm+1(p)

be the connecting map for the cofibration in the right column.
As in [N3], the mod-p Samelson product is bilinear, satisfies anti-commutativity

and Jacobi identities, and the Bockstein acts on it as a derivation. These properties
were used in [CMN1] to show that βτ is divisible by p, where β is the Bockstein

coming from the short exact sequence 0 −→ Z
p−→ Z −→ Z/pZ −→ 0. This implies

that the composite P 2np−2(p)
δ−→ P 2np−1(p)

τ−→ ΩP 2n+1(p) is null homotopic,
and therefore τ extends across ω to a map

τ : P 2np−1(p2) −→ ΩP 2n+1(p).

There may be many choices of such an extension. We first describe a choice of
extension used in [CMN2]. Let S2n+1{p} be the fiber of the degree p map on S2n+1

and let i : P 2n+1(p) −→ S2n+1{p} be the inclusion of the bottom Moore space.
In [CMN2] it was shown that the extension τ can be chosen so that the composite

P 2np−1(p)
τ−→ ΩP 2n+1(p)

Ωi−→ ΩS2n+1{p} is null homotopic.
We wish to show that τ can be chosen to satisfy a property that is stronger

than Ωi ◦ τ � ∗. A Serre spectral sequence calculation immediately shows that
H∗(S

2n+1{p}) ∼= H∗(ΩS
2n+1)⊗H∗(S

2n+1) ∼= Z/pZ[x]⊗Λ(y) for |x| = 2n and |y| =
2n+ 1. Let M be the (6n+ 1)-skeleton of S2n+1{p}, so H∗(M) ∼= {x, y, x2, xy, x3,
x2y}. Note that the next element in H∗(S

2n+1{p}) is x4, so M can equally be
regarded as the (8n − 1)-skeleton of S2n+1{p}. In Proposition 2.2 we improve
on the result in [CMN2] by showing that the extension τ can be chosen so that

the composite P 2np−1(p)
τ−→ ΩP 2n+1(p) −→ ΩM is null homotopic when p ≥ 5.

To explain how this occurs, we first consider relative Samelson products over an
H-space, as presented in [N3, 6.11].
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Since the degree p map on S2n+1 is an H-map, its fibre S2n+1{p} is an H-space.
By [N1], the multiplication μ on S2n+1{p} can be chosen so that it is stationary
on the wedge and so that it is homotopy associative. To simplify notation, let
Pm = Pm(p). Given maps a : X −→ S2n+1{p} and b : Y −→ S2n+1{p}, let a · b be

the composite X × Y
a×b−→ S2n+1{p} × S2n+1{p} μ−→ S2n+1{p}. Denote the wedge

sum X ∨ Y −→ Z of two maps c and d by c ⊥ d. Observe that there are strictly
commutative diagrams
(2.2)

P 2n+1 ∨ P 2n+1 ��

1⊥1

��

P 2n+1 × P 2n+1

i·i
��

P 2n+1 ∨ P 2n+1 ∨ P 2n+1 ��

1⊥1⊥1

��

P 2n+1 × P 2n+1 × P 2n+1

i·i·i
��

P 2n+1 i �� S2n+1{p} P 2n+1 i �� S2n+1{p}.

Note that the homotopy associativity of S2n+1{p} ensures that the order of multi-
plication in the map i · i · i is irrelevant.

Let f : P s(p) −→ ΩP 2n+1(p), g : P t(p) −→ ΩP 2n+1(p) and h : P q(p) −→
ΩP 2n+1(p) be maps. Let f ′ : ΣP s(p) −→ P 2n+1(p), g′ : ΣP t(p) −→ P 2n+1(p) and
h′ : ΣP q(p) −→ P 2n+1(p) be the adjoints of f , g and h respectively. By naturality,
there are strictly commutative diagrams
(2.3)

ΣP s ∨ ΣP t ��

f ′∨g′

��

ΣP s × ΣP t

f ′×g′

��

ΣP s ∨ ΣP t ∨ ΣP q ��

f ′∨g′∨h′

��

ΣP s × ΣP t × ΣP q

f ′×g′×h′

��
P 2n+1 ∨ P 2n+1 �� P 2n+1 × P 2n+1 P 2n+1 ∨ P 2n+1 ∨ P 2n+1 �� P 2n+1× P 2n+1× P 2n+1.

Juxtaposing the diagrams in (2.2) and (2.3) we obtain strictly commutative dia-
grams
(2.4)

ΣP s ∨ ΣP t ��

f ′⊥g′

��

ΣP s × ΣP t

f ′·g′

��

ΣP s ∨ ΣP t ∨ ΣP q ��

f ′⊥g′⊥h′

��

ΣP s × ΣP t × ΣP q

f ′·g′·h′

��
P 2n+1 i �� S2n+1{p} P 2n+1 i �� S2n+1{p}.

Next, let N −→ P̃ 2n+1 ĩ−→ S2n+1{p} be the fibration which results from the

standard replacement of P 2n+1 i−→ S2n+1{p}. Note that this replacement comes

with a homotopy equivalence j : P 2n+1 −→ P̃ 2n+1 such that ĩ ◦ j � i. Abusing

notation, also use f ′ to denote the composite ΣPm f ′

−→ P 2n+1 j−→ P̃ 2n+1. Then
from (2.4) we obtain strictly commutative diagrams
(2.5)

ΣP s ∨ ΣP t ��

f ′⊥g′

��

ΣP s × ΣP t

f ′·g′

��

ΣP s ∨ ΣP t ∨ ΣP q ��

f ′⊥g′⊥h′

��

ΣP s × ΣP t × ΣP q

f ′·g′·h′

��
˜P 2n+1 ĩ �� S2n+1{p} ˜P 2n+1 ĩ �� S2n+1{p}.

Let F −→ P̃ s,t −→ ΣP s ×ΣP t be the fibration which results from the standard
replacement of ΣP s ∨ ΣP t −→ ΣP s × ΣP t. As in [N3, 6.11], there is an extension
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of ΣP s ∨ ΣP t f ′⊥g′

−−→ P̃ 2n+1 to a strictly commutative diagram

F
Φ ��

��

N

��
ΣP s ∨ ΣP t 	 ��

��

P̃ s,t Φ ��

��

P̃ 2n+1

ĩ
��

ΣP s × ΣP t ΣP s × ΣP t f ′·g′
�� S2n+1{p}

where the lift Φ is uniquely determined up to fibre homotopy, implying that the
induced map of fibres Φ is uniquely determined up homotopy.

By the Hilton-Milnor Theorem, the fibration F −→ P̃ s,t −→ ΣP s × ΣP t splits

after looping as ΩP̃ s,t � ΩΣP s × ΩΣP t × ΩF . Let ιs : P
s −→ Ω(ΣP s ∨ ΣP t)

and ιt : P
t −→ Ω(ΣP s ∨ ΣP t) be the inclusions. The mod-p Samelson product

P s+t 〈ιs,ιt〉−−→ Ω(ΣP s ∨ ΣP t) maps to the basepoint in ΩΣP s × ΩΣP t and so lifts to
a map

〈ιs, ιt〉r : P s+t −→ ΩF.

The splitting of ΩP̃ s,t implies that the homotopy class of the lift is uniquely deter-
mined by that of 〈ιs, ιt〉, so 〈ιs, ιt〉r is well defined. The composite

〈f, g〉r : P s+t 〈ιr,ιs〉r−−−−→ ΩF
Φ−−−−→ ΩN

is the relative Samelson product of f and g. It is a choice of a lift of the mod-p
Samelson product 〈f, g〉. In [N3, 6.11], it is shown that the relative Samelson prod-
uct is bilinear, satisfies a twisted anti-commutativity property, and the Bockstein
acts on it as a derivation.

One would also like the relative Samelson product to satisfy a Jacobi identity. To

obtain this we turn to the left square in (2.5). LetG −→ P̃ s,t,q −→ ΣP s×ΣP t×ΣP q

be the fibration which results from the standard replacement of ΣP s∨ΣP t∨ΣP s −→
ΣP s × ΣP t × ΣP q. As before, there is an extension of ΣP s ∨ ΣP t ∨ ΣP q f ′⊥g′⊥h′

−−−−→
P̃ 2n+1 to a strictly commutative diagram

G
Ψ ��

��

N

��
ΣP s ∨ ΣP t ∨ ΣP q 	 ��

��

P̃ s,t,q Ψ ��

��

P̃ 2n+1

ĩ
��

ΣP s × ΣP t × ΣP q ΣP s × ΣP t × ΣP q f ′·g′·h′
�� S2n+1{p}

where the lift Ψ is uniquely determined up to fibre homotopy, implying that the
induced map of fibres Ψ is uniquely determined up to homotopy.

By the Hilton-Milnor Theorem, the fibration G −→ P̃ s,t,q −→ ΣP s×ΣP t×ΣP q

splits after looping as ΩP̃ s,t,q � ΩΣP s×ΩΣP t×ΩΣP q×ΩG. The mod-p Samelson

product P s+t+q 〈ιs,〈ιt,ιq〉〉−−−−−−→ ΩP 2n+1 maps to the basepoint in ΩΣP s×ΩΣP t×ΩΣP q

and so lifts to a map
〈ιs, ιt, ιq〉 : P s+t+q −→ ΩG.
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The splitting of ΩP̃ s,t,q implies that the homotopy class of the lift 〈ιs, ιt, ιq〉 is
uniquely determined by that of 〈ιs, 〈ιt, ιq〉〉, so 〈ιs, ιt, ιq〉 is well defined. Similarly,
the mod-p Samelson products 〈ιq, 〈ιs, ιt〉〉 and 〈ιt, 〈ιs, ιq〉〉 lift to well-defined maps

〈〈ιs, ιt, ιq〉〉 : P s+t+q −→ ΩG,

〈〈〈ιs, ιt, ιq〉〉〉 : P s+t+q −→ ΩG,

respectively. In [N3, 6.11] it is shown that 〈ιs, ιt, ιq〉 � 〈ιs, 〈ιt, ιq〉r〉r, 〈〈ιq, ιs, ιt〉〉 �
〈ιq, 〈ιs, ιt〉r〉r, 〈〈〈ιt, ιs, ιq〉〉〉 � 〈ιt, 〈ιs, ιq〉r〉r, and if p ≥ 5, there is a Jacobi identity

〈ιs, 〈ιt, ιq〉r〉r � (−1)q(s+t)+1〈ιq, 〈ιs, ιt〉r〉r + (−1)st〈ιt, 〈ιs, ιq〉r〉r.

Composing with Ψ then induces the Jacobi identity

〈f, 〈g, h〉r〉r � (−1)q(s+t)+1〈h, 〈f, g〉r〉r + (−1)st〈g, 〈f, h〉r〉r.

Consequently, if p ≥ 5, the relative Samelson product on ΩN is bilinear, satisfies
anti-symmetry and Jacobi identities, and the Bockstein acts on it as a derivation.

Now we turn from S2n+1{p} to its (6n+ 1)-skeleton M and reconsider relative
Samelson products. We observed earlier that M is also the (8n − 1)-skeleton of
S2n+1{p}. So if X is any CW -complex of dimension ≤ 8n − 2, the skeletal in-
clusion M −→ S2n+1{p} induces an isomorphism of sets [X,M ] ∼= [X,S2n+1{p}].
Abusing notation, if X has dimension ≤ 8n − 2 and there is a map a : X −→
S2n+1{p}, we also write a : X −→ M for its inverse image under the isomorphism
[X,M ] ∼= [X,S2n+1{p}]. In our case, we obtain isomorphisms [P 2n+1×P 2n+1,M ] ∼=
[P 2n+1 × P 2n+1, S2n+1{p}] and [P 2n+1 × P 2n+1 × P 2n+1,M ] ∼= [P 2n+1 × P 2n+1 ×
P 2n+1, S2n+1{p}], so from (2.2) we obtain strictly commutative diagrams
(2.6)

P 2n+1 ∨ P 2n+1 ��

1⊥1

��

P 2n+1 × P 2n+1

i·i
��

P 2n+1 ∨ P 2n+1 ∨ P 2n+1 ��

1⊥1⊥1

��

P 2n+1 × P 2n+1 × P 2n+1

i·i·i
��

P 2n+1 i �� M P 2n+1 i �� M.

Juxtaposing with (2.3) we obtain strictly commutative diagrams

(2.7)

ΣP s ∨ ΣP t ��

f ′⊥g′

��

ΣP s × ΣP t

f ′·g′

��

ΣP s ∨ ΣP t ∨ ΣP q ��

f ′⊥g′⊥h′

��

ΣP s × ΣP t × ΣP q

f ′·g′·h′

��
P 2n+1 i �� M P 2n+1 i �� M.

Let N −→ P
2n+1 i−→ M be the fibration which results from the standard re-

placement of P 2n+1 i−→ M . Now argue exactly as before with the fibration

N −→ P
2n+1 i−→ M in place of the fibration N −→ P̃ 2n+1 ĩ−→ S2n+1{p} to

define relative Samelson products 〈 , 〉r̄ on ΩN and show that they satisfy bi-
linearity, anti-symmetry and Jacobi identities, and that the Bockstein acts as a
derivation.

With these Lie identities in place, let ad(ν)(μ)r̄ = 〈ν, μ〉r̄ and for k > 2 in-
ductively define adk(ν)(μ)r̄ = 〈ν, adk−1(ν)(μ)r̄〉r̄. Then the same argument as
in [CMN1] shows that the relative Samelson product τr̄ = adp−1(ν)(μ)r̄ has the
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property that βτr̄ is divisible by p, implying that the composite P 2np−2(p)
δ−→

P 2np−1(p)
τr̄−→ ΩN is null homotopic, and therefore the relative Samelson prod-

uct τr̄ extends across ω to a map

τ r̄ : P
2np−1(p2) −→ ΩN.

Let τ be the composite

τ : P 2np−1(p2)
τ r̄−→ ΩN −→ ΩP

2n+1 	−→ ΩP 2n+1(p).

By construction, τ is an extension of the mod-p Samelson product τ . Summarizing,
we have proved the following.

Lemma 2.1. If p ≥ 5, the map τ is a choice of an extension of the mod-p Samelson

product τ with the property that the composite P 2np−1(p)
τ−→ ΩP 2n+1(p) −→ ΩM

is null homotopic. �

When p = 3, the Jacobi identity for relative Samelson products may not hold,
so we cannot use the same argument to produce a 3-primary extension of τ which
composes trivially into ΩM . However, in this case we can get around the lack of a
Jacobi identity by using a low-dimensional argument. Consider again the extension

P 6n−1(32)
τ−→ ΩP 2n+1(3) of τ in [CMN2] which has the property that the compo-

sition P 6n−1(32)
τ−→ ΩP 2n+1(3) −→ ΩS2n+1{3} is null homotopic. By definition,

M is the (6n+1)-skeleton of S2n+1{3}. Thus for any spaceX of dimension less than
6n, the looped inclusion ΩM −→ ΩS2n+1{3} induces an isomorphism [X,ΩM ] ∼=
[X,ΩS2n+1{3}]. This implies that the composite P 6n−1(32)

τ−→ P 2n+1(3) −→ ΩM
is null homotopic, and therefore we obtain the 3-primary analogue of Lemma 2.1.

Now for p ≥ 3, let t : P 2np(p) −→ P 2n+1(p) be the adjoint of τ , and let
t̄ : P 2np(p3) −→ P 2n+1(p) be the adjoint of τ . Then Lemma 2.1 for p ≥ 5 and
the preceding paragraph for p = 3 imply the following.

Proposition 2.2. For p ≥ 3, the map t̄ is a choice of extension of the mod-p White-

head product t with the property that the composite P 2np(p2)
t̄−→ P 2n+1(p) −→ M

is null homotopic. �

3. A lift

In this section we prove the existence of a certain lift in Lemma 3.5. For m ≥ 3,
let p : Pm(p2) −→ Pm(p2) be the map of degree p, and let Cm be its homotopy

cofiber. (In fact, Cm � Pm(p) ∨ Pm+1(p), but we will not need this.) Define
spaces G1 and G1 by the homotopy pushout

P 2np(p2)
p

�� P 2np(p2) ��

t̄

��

C2np

��
P 2np(p2)

t̄◦p
�� P 2n+1(p) ��

��

G1

��
G1 G1.
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Observe that there is also a homotopy pushout diagram

P 2n+1(p) �� G1
��

��

P 2np+1(p2)

p

��
P 2n+1(p) �� G1

�� P 2np+1(p2).

The definition of G1 as the cofiber of t̄ and the null homotopy for the composition

P 2np(p2)
t̄−→ P 2n+1(p) −→ M in Proposition 2.2 immediately imply the following.

Lemma 3.1. There is a homotopy commutative diagram

P 2n+1(p) ��

��

G1

θ
�����

��
��
��
�

M

for some map θ. �
Let � be the composite

� : G1 −→ G1
θ−→ M −→ S2n+1{p}.

Since G1 −→ G1 is the identity on the bottom Moore space P 2n+1(p), θ is an
extension of the inclusion P 2n+1(p) −→ M , and M is the (6n + 1)-skeleton of
S2n+1{p}, we obtain the following.

Lemma 3.2. There is a homotopy commutative diagram

P 2n+1(p) ��

i

��

G1

	
����
��
��
��
�

S2n+1{p}.
�

That is, Lemma 3.2 gives an explicit choice of an extension of the inclusion i
to G1.

Now specialize to the case of primary interest, when n = p. We wish to relate

G1
	−→ S2p+1{p} to the map P 2p+1(p)

α−→ S3. Recall that α is an extension of the

map S2p α−→ S3 representing the least nontrivial p-torsion homotopy group of S3.
Since S3 has a classifying space BS3, the map α has an adjoint a : S2p+1 −→ BS3.
Let B be the homotopy fiber of a. Since α has order p, so does a. This implies that

the degree p map S2p+1 p−→ S2p+1 lifts to B. From this lift we obtain a homotopy
fibration diagram

(3.1)

ΩS2p+1 �� S2p+1{p} ��

ε

��

S2p+1 p ��

��

S2p+1

ΩS2p+1 Ωa �� S3 �� B �� S2p+1 a �� BS3

which defines the map ε. Let ā be the composite

ā : P 2p+1(p)
i−→ S2p+1{p} ε−→ S3.
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Lemma 3.3. The map ā is an extension of α, and ā is homotopic to α.

Proof. Let E : S2n −→ ΩS2n+1 be the suspension. The definition of a as the adjoint
of α implies that Ωa ◦E � α. The homotopy commutativity of the leftmost square

in (3.1) then implies that the composite S2p E−→ ΩS2p+1 −→ S2p+1{p} ε−→ S3 is
homotopic to α. But by connectivity, this is homotopic to the composite S2p ↪→
P 2p+1(p)

i−→ S2p+1{p} ε−→ S3. Therefore, as ā = ε ◦ i by definition, ā is an
extension of α.

To show that ā is homotopic to α, we show that any two extensions a1 and a2
of α are homotopic. Since both a1 and a2 extend α, the difference a1 − a2 factors
through a map S2p+1 −→ S3. But π2p+1(S

3) = 0. Hence a1 � a2. �
Combining Lemmas 3.2 and 3.3, we obtain the following.

Lemma 3.4. There is a homotopy commutative diagram

P 2p+1(p) ��

α
��

G1

ε◦	
�����

���
���

�

S3.

�
Recall that X is the homotopy cofiber of the map α. Let F be the homotopy

fiber of the inclusion S3 −→ X. Observe that P 2p+1(p)
α−→ S3 lifts to F . In

Proposition 3.5 we prove a stronger statement, that G1
ε◦	−→ S3 lifts to F .

Proposition 3.5. There is a lift

F

��
G1

ε◦	 ��

����������
S3.

Proof. By definition of �, ε ◦� is the composite G1 −→ G1
θ−→ M −→ S2p+1{p}

ε−→ S3. By Lemmas 3.2 and 3.3, the first three maps in this sequence are the
identity on the bottom Moore space while ε restricted to the bottom Moore space
is α. This implies that there is an iterated homotopy pushout diagram

(3.2)

P 2p+1(p)

��

P 2p+1(p)

��

P 2p+1(p)

��

P 2p+1(p)

α

��
G1

��

��

G1
θ ��

��

M ��

��

S3

��
P 2p2+1(p2)

p
�� P 2p2+1(p2)

f �� D �� X

which defines the space D and the map f .
We claim thatD � P 4p+1(p)∨P 6p+1(p). By [CMN1], there is a homotopy equiva-

lence ΣS2n+1{p} �
∨∞

k=1ΣP
2nk+1(p). SinceM is the (6n+1)-skeleton of S2n+1{p},

we then have ΣM �
∨3

k=1ΣP
2nk+1(p). Consequently, ΣD � ΣP 4n+1(p)∨

ΣP 6n+1(p). The Hilton-Milnor Theorem therefore implies that the (8n−1)-skeleton
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of ΩΣD is homotopy equivalent to P 4n+1(p) ∨ P 6n+1(p). On the other hand, the

Bott-Samelson Theorem states that H∗(ΩΣD) ∼= T (H̃∗(D)), and the suspension

D
E−→ ΩΣD induces the inclusion of the generating set in homology. Since D is

(4n−1)-connected, H∗(ΩΣD) only has elements of tensor length one in degress less
than 8n. That is, E∗ is an isomorphism in degrees ≤ 8n− 1. Thus the composite

D
E−→ (ΩΣD)8n−1

	−→ P 4n+1(p) ∨ P 6n+1(p) is an isomorphism in homology, and
so is a homotopy equivalence.

We now use an exponent argument to show that the map f has order p. It is
equivalent to showing that the double adjoint

f ′ : P 2p2−2(p2) −→ Ω2(P 4p+1(p) ∨ P 6p+1(p))

of f has order p. The Hilton-Milnor Theorem and the fact that P s(p) ∧ P t(p) �
P s+t(p) ∨ P s+t−1(p) implies that there is a homotopy equivalence

Ω(P 4p+1(p) ∨ P 6p+1(p)) �
∏
γ∈I

ΩPm(γ)(p)

for some index set I, where each Pm(γ)(p) has dimension at least 4p + 1. Upon
looping, the pth-power map on Ω2(P 4p+1(p)∨P 6p+1(p)) is homotopic to the product
of the pth-power maps on the factors Ω2Pm(γ)(p). By [N1], the pth-power map on
Ω2P 2n+1(p) is null homotopic in dimensions less than 2np − 3 and the pth-power
map on Ω2P 2n+2(p) is null homotopic in dimensions less than 4np − 3. Thus the
pth-power map on Ω2(P 4p+1(p) ∨ P 6p+1(p)) is null homotopic in dimensions less
than 4p2 − 3. Hence f ′ has order p.

Since f has order p, the composite f ◦ p in (3.2) is null homotopic. Therefore

the homotopy commutativity of (3.2) implies that the composite G1 −→ G1
θ−→

M −→ S2p+1{p} ε−→ S3 −→ X is null homotopic. That is, the composite G1
	−→

S2p+1{p} ε−→ S3 −→ X is null homotopic, so ε ◦� lifts to F , as asserted. �

4. The proof of Theorem 1.2

We begin by introducing some background regarding Anick’s fibration and re-
lated spaces. As motivation, recall that the Bott-Samelson Theorem states that

there is an algebra isomorphism H∗(ΩP
2n+1(p)) ∼= T (H̃∗(P

2n(p))) ∼= T (u, v), where
homology is taken with mod-p coefficients, T ( ) is the free tensor algebra functor,
|v| = 2n and u = βv. Abelianizing, we obtain a map T (u, v) −→ S(u, v), where S( )
is the free symmetric algebra functor. The algebra S(u, v) and the abelianization
map can be realized geometrically. Parts (a) and (b) of the following theorem were
originally proved in [A] for p ≥ 5 and part (c) was proved in [S2]; a vastly simpler
proof of parts (a) and (b) was later given in [GT], which is also valid for p = 3.

Theorem 4.1. There is a homotopy fibration S2n−1 −→ T 2n+1(p) −→ ΩS2n+1

satisfying:

(a) H∗(T
2n+1(p)) ∼= S(u, v);

(b) there is a map ΩP 2n+1(p) −→ T 2n+1(p) with the property that
it induces the abelianization map T (u, v) −→ S(u, v) in homology;
(c) there is a homotopy equivalence T 2p+1(p) � ΩS3〈3〉. �

The space G1 from Section 3 arises in the construction of the space T 2n+1(p).

To be clear, we defined G1 as the homotopy cofiber of P 2np(p2)
t̄◦p
−→ P 2n+1(p),
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where t̄ is a particular choice of an extension for the adjoint of the mod-p Samelson
product τ . In [AG] or [GT], the space labelled there as G1 is the homotopy cofiber of

a map P 2np(p2)
t̂◦p
−→ P 2n+1(p), where t̂ is a possibly different choice of an extension

for the adjoint of the mod-p Samelson product τ . However, recall from (2.1) that the

degree p map on P 2np(p2) is homotopic to the composite P 2np(p2)
ρ−→ P 2np(p)

ω−→
P 2np(p2). As t̄ and t̂ both extend the adjoint t of the mod-p Samelson product τ ,
we have t̄ ◦ ω � t � t̂ ◦ ω. Thus t̄ ◦ p � t̂ ◦ p. Therefore the space we label as G1

and the space that [AG] or [GT] labels as G1 are identical. So the following result
from [AG] or [GT] holds.

Theorem 4.2. The map ΩP 2n+1(p) −→ T 2n+1(p) in Theorem 4.1 factors as a
composite ΩP 2n+1(p) −→ ΩG1 −→ T 2n+1(p). �

In addition, the following theorem was proved for p ≥ 5 following Anick’s work.
In light of the subsequent work in [GT], inspection of the proof shows that it is also
valid for p = 3.

Theorem 4.3. There is a map ΩT 2n+1(p) −→ Ω2G1 which is a right homotopy
inverse of the loop map Ω2G1 −→ ΩT 2n+1(p). �

Combining this material on Anick’s fibration with Proposition 3.5 we prove The-
orem 1.2.

Proof of Theorem 1.2. Let j : S3 −→ X be the inclusion of the bottom cell. The

lift of G1
ε◦	−→ S3 to the fiber F of j in Proposition 3.5 implies that the composite

G1
ε◦	−→ S3 j−→ X is null homotopic. Taking three-connected covers, the composite

G1
(ε◦	)〈3〉−−−−→ S3〈3〉 j〈3〉−−−−→ X〈3〉 is null homotopic. Note that S3〈3〉 = P 2p+1(p) ∪

higher, and the three-connected cover of the map P 2p+1(p)
α−→ S3 is the inclusion

of the bottom Moore space into S3〈3〉. By Lemma 3.4, ε ◦� is an extension of α,

so the composition P 2p+1(p) −−−−→ G1
(ε◦	)〈3〉−−−−→ S3〈3〉 is the inclusion of the bottom

Moore space. In particular, (ε ◦�)〈3〉 is degree one on the bottom cell.
By Theorems 4.1(b) and 4.2, there is a map r : ΩG1 −→ T 2p+1(p) with the

property that the composite ΩP 2n+1(p) −→ ΩG1
r−→ T 2p+1(p) induces the abelian-

ization map in homology. In particular, r is degree one on the bottom cell, and
therefore so is Ωr. By Theorem 4.3, there is a map s : ΩT 2p+1(p) −→ Ω2G1 which
is a left homotopy inverse of Ωr. Thus s is also degree one on the bottom cell.

To simplify notation, let φ = (ε ◦�)〈3〉. Consider the composite

ΩT 2p+1(p)
s−−−−→ Ω2G1

Ω2φ−−−−→ Ω2S3〈3〉 Ω2j〈3〉−−−−→ Ω2X〈3〉.

By Theorem 4.1(c), there is a homotopy equivalence e : ΩT 2p+1(p)
	−→ Ω2S3〈3〉.

Since s and Ω2φ are both degree one on the bottom Moore space, the composite
Ω2φ ◦ s ◦ e−1 is a self-map of Ω2S3〈3〉 which is degree one on the bottom cell.
By [CM], any self-map of Ω2S3〈3〉 which is degree one on the bottom cell is a
homotopy equivalence. Thus Ω2φ◦s◦e−1 is a homotopy equivalence, which implies
that Ω2φ◦s is a homotopy equivalence. On the other hand, by the first paragraph of
the proof, j〈3〉 ◦φ is null homotopic. Thus Ω2j〈3〉 ◦Ω2φ◦s is null homotopic. Since
Ω2φ◦s is a homotopy equivalence, we therefore have that Ω2j〈3〉 is null homotopic,
as asserted. �
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5. A stable generalization

In this section we consider suspensions of the inclusion S3 j−→ X and how
they behave on homotopy groups. Since X is the universal example for the spaces
Y considered in Theorem 1.1, the results can be phrased in terms of any map
S3 −→ Y .

By [CMN2], the p-torsion in the homotopy groups of S2n+1 is annihilated by pn.
Thus if Y is any space and f : S2n+1 −→ Y is any map, then pn · πm(f) = 0 for
any m > 2n+ 1. In the case of S3 when n = 1, we obtain p · πm(f) = 0 for m > 3.
Theorem 1.1 says that if Y has the additional property that f ◦α is null homotopic,
then we have the stronger property that πm(f) = 0 for m > 3. We generalize this
as follows.

Proposition 5.1. Let Y be a space and suppose there is a map f : S3 −→ Y with

the property that the composite P 2p+1(p)
α−→ S3 f−→ Y is null homotopic. Then the

map S2n+1 Σ2n−2f−−−−→ Σ2n−2Y has the property that pn−1 · πm(f) = 0 for m > 2n+ 1.

Proof. As with Theorem 1.1, the proposition follows as a consequence of it’s holding

for the universal example S3 j−→ X.

By [CMN2], the pth-power map on Ω2S2n+1 factors as a composite Ω2S2n+1 φ−→
S2n−1 E2

−→ Ω2S2n+1 for some map φ, where E2 is the double suspension. Iterating
we obtain a factorization of the pn−1-power map on Ω2n−2S2n+1 as a composite

Ω2n−2S2n+1 ϕ−−→ S3 E2n−2

−−→ Ω2n−2S2n+1, where E2n−2 is the (2n − 2)-suspension
map. The naturality of E2n−2 implies that there is a homotopy commutative
diagram

Ω2n−2S2n+1 ϕ ��

pn−1

����
���

���
���

� S3 j ��

E2n−2

��

X

E2n−2

��
Ω2n−2S2n+1 Ω2n−2Σ2n−2j �� Ω2n−2Σ2n−2X.

By Theorem 1.2, πm(j) = 0 for m > 3. Thus the commutativity of the diagram im-
plies that pn−1·πm(Ω2n−2Σ2n−2j) = 0 form > 3. Equivalently, pn−1·πm(Σ2n−2j) =
0 for m > 2n+ 1. �
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