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THE GEOMETRIC GENUS

OF A DESINGULARIZED FIBER PRODUCT

OF ELLIPTIC SURFACES

CHAD SCHOEN

(Communicated by Lev Borisov)

Abstract. A formula for the geometric genus is given under the assumption
of tame ramification.

1. Introduction

Desingularized fiber products of elliptic surfaces with section have proven to be
a relatively tractable class of threefolds which have found applications in areas as
diverse as algebraic cycles [17], modularity of Galois representations [12, Chapter
2], phenomena peculiar to positive characteristics [16], and superstring theory [5].
For further progress, a simple and general formula for the geometric genus should
be very helpful. The purpose of this note is to supply such a formula in the tamely
ramified case.

To describe precisely the threefolds of interest we begin with an algebraically
closed field, k, and a smooth, projective, connected curve, X/k, whose function field
will be denoted by K. Let E and E′ be elliptic curves over K whose J-invariants
do not lie in k. In addition assume that the actions of the absolute Galois group,
Gal(Ksep/K) on the l-torsion subgroups, E(Ksep)[l] and E′(Ksep)[l], are tamely
ramified for some (and hence any) prime l distinct from char(k), [14, II.7-10], [19,
IV.10.2c]. This condition is automatically satisfied whenever char(k) /∈ {2, 3} [19,
IV.10.2b]. Let K denote the function field of E ×K E′. It is finitely generated of
transcendence degree 3 over k. By resolution of singularities for threefolds over k
there exists a smooth, projective k-variety, W , such that k ⊂ K and k ⊂ k(W )
are isomorphic field extensions. The geometric genus, pg := dimk(H

0(W,Ω3
W/k)),

is independent of the choice of the smooth, projective model of K [9, II.8.19]. The
main result of this note is a formula for pg in terms of the Kodaira types of the
reductions of E and E′ at closed points x ∈ X [19, §IV.8].

Notation. Δx ∈ OX,x (respectively Δ′
x) denotes the discriminant of a minimal

Weierstrass model of E (respectively E′) at x. Although Δx depends on the choice
of minimal Weierstrass model, ordx(Δx) does not:

ox :=

⎧⎪⎨⎪⎩
0, if E has semi-stable reduction at x,

ordx(Δx), if E has reduction type II, III, IV, IV∗, III∗, or II∗ at x,

6, if E has type I∗n (n ≥ 0) reduction at x.
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In effect ox measures that part of the order of vanishing of Δx which is attributable
to non-semi-stability at x. Define o′x analogously with E′ in place of E.

|X|0 = the set of closed points of X.
gX = the genus of X.

Definition. E×E′ is said to have contributing reduction at x ∈ X if ox+o′x ≥ 12.

Let s ⊂ X denote the subset of points with contributing reduction.

Theorem. pg = −|s|+ gX − 1 + 1
12

∑
x∈|X|0(ordx(Δx) + ordx(Δ

′
x) ).

The theorem makes it possible to immediately read off the geometric genus of
W from the reduction types of E and E′ using the middle row of Table 1.

Table 1

In II III IV IV∗ III∗ II∗ I∗n

bad char. − {2, 3} 2 3 3 2 {2, 3} 2

ordx(Δx) n 2 3 4 8 9 10 6 + n

mx 1 6 4 3 3 4 6 2

The first row lists the bad characteristics for each reduction type. In these char-
acteristics the indicated reduction type forces wild ramification [15, 3.11], which is
incompatible with the tame ramification hypothesis. If the characteristic of k is
not bad, then the next row gives the order of vanishing of the discriminant [19, p.
365] and the final row gives the minimal degree of a field extension of K which is
totally ramified at x such that the base change of E acquires semi-stable reduction
over x. In fact using Tate’s algorithm [18, §IV.9] one may check that E acquires
semi-stable reduction over x for every totally ramified field extension of degree
mx. Except in the cases of the first and last columns in the table, the resulting
semi-stable reduction is actually good reduction.

Let π : Y → X (respectively π′ : Y ′ → X ′) denote the relatively minimal regular
model of E (respectively E′) [11, 9.4.34]. The sheaf L := R1π∗OY (respectively
L′ := R1π′

∗OY ′) is invertible (cf. [11, 9.4.29b and 9.4.35]). It is frequently conve-
nient to reformulate the Theorem in terms of the l-adic Euler characteristics of Y
and Y ′, or in terms of the Euler characteristic of L⊗ L′.

Corollary. (i) pg = gX − 1 + 1
12 (e(Y ) + e(Y ′))− |s|.

(ii) pg = h3(W,OW ) = −χ(L⊗ L′)− |s|.

Proof. (i) Under the hypothesis of tame reduction the l-adic Euler characteristic,
e(Y ), is the sum of the l-adic Euler characteristics of the fibers [13, V.2.15(c)].
Using the table one verifies readily that e(π−1(x)) = ordx(Δx). The same holds for
Y ′, so (i) is equivalent to the Theorem.

(ii) The first equality is Serre duality. For the second use 1− gX = χ(OX) and

1

12
(e(Y )+e(Y ′)) = χ(OY )+χ(OY ′) = 2χ(OX)−χ(L)−χ(L′) = χ(OX)−χ(L⊗L′),

where the first equality is Noether’s Theorem [9, V.1.6.1], the second follows from
the Leray spectral sequences for π and π′, and the third is Riemann-Roch on X. �
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Additional Notation. P denotes any of the Kodaira types II, III, IV.
P∗ denotes any of the Kodaira types II∗, III∗, IV∗, I∗n (n ≥ 0).
A-B denotes the reduction of E ×K E′ at x ∈ X when E has type A reduction

and E′ has type B reduction.

Remark. Reductions of types A-B and B-A are contributing when A-B is one of
the following types: P∗-P∗, II∗-II, III∗-III, IV∗-IV, II∗-III, II∗-IV, III∗-IV.

Reductions of types A-B and B-A are not contributing when A-B is one of the
following: P-P, II-III∗, II-IV∗, III-IV∗ and In-In′ , In-P, In-P

∗, P-I∗n for n, n′ ≥ 0.

2. Proof of the Theorem

Keep the notation of the introduction.

Lemma 2.1. There exists a finite Galois extension, K ⊂ K̃, such that the base

changed curves, Ẽ/K̃ and Ẽ′/K̃, both have semi-stable reduction and such that the
order of the Galois group is not divisible by char(k).

Proof. Let mx (respectively m′
x) denote the number associated to the reduction of

E (respectively E′) at x in the last row of Table 1. Set nx = lcm(mx,m
′
x) and

n =
∏

x∈|X|0 nx. The product is finite and char(k) � n by Table 1 and the tame

ramification hypothesis. Choose f ∈ K∗ such that ordx(f) = n/nx at each x ∈ |X0|
for which nx > 1. Such a choice is possible by the weak approximation theorem

[14, II.3.4]. Set K̃ = K(f1/n) and write h : X̃ → X for the normalization of X in

K̃. For x ∈ |X|0 the ramification index of h at any point of h−1(x) is divisible by

mx and m′
x. It follows that Ẽ and Ẽ′ have semi-stable reduction. �

Let π̃ : Ỹ → X̃ (respectively π̃′ : Ỹ ′ → X̃) denote the relatively minimal regular

model of Ẽ (respectively of Ẽ′). The fiber product,

f̂ : Ŵ := Ỹ ×
˜X Ỹ ′ → X̃,

has at worst isolated ordinary double point singularities. Blowing these up gives

a smooth, projective k-variety, W̃ , with a canonical morphism, f̃ : W̃ → X̃. Set

G := Gal(K̃/K) and assume henceforth char(k) � |G|.

Lemma 2.2. The action of G on the right-hand factor in E ×K K̃ (respectively

E′ ×K K̃, E ×K E′ ×K K̃) gives rise to a biregular action on Ỹ (respectively Ỹ ′,

W̃ ).

Proof. The action extends to a biregular action on the Néron model, equivariant
with respect to the structure morphism, by the universal mapping property [19,

IV.5]. By semi-stability the Néron model of E×K K̃ is obtained from Ỹ by removing
finitely many points [19, IV.6.1]. The biregular action on the open subset extends

to a biregular action on Ỹ [6, 9.2]. This action is π̃-equivariant and there is an

analogous π̃′-equivariant action on Ỹ ′. Thus there is a biregular action on the fiber
product. It takes the ideal sheaf of the reduced singular locus to itself and thus

lifts to the blowup of this ideal sheaf, W̃ [9, p. 163, Definition]. �

Proposition 2.3. H3(W,OW ) � H3(W̃ ,O
˜W
)G.
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Proof. Write q : W̃ → W for the quotient of W̃ by G. The sheaf O
˜W

has a natural

structure of a G-sheaf in the sense of [8, §5]. Write qG∗ for the composition of q∗
with the G-invariant-subsheaf functor. Then qG∗ (O˜W

) � OW . Note that q∗ is exact
since q is finite. Taking G-invariants of sheaves of k-modules is exact since char(k)
does not divide |G|. Thus RiqG∗ O˜W

= 0 for i > 0. Now [8, Corollaire, p. 202] gives
the first of two isomorphisms,

H3(W̃ ,O
˜W
)G � H3(W, qG∗ (O˜W

)) � H3(W,OW ).

As H3(W,OW ) � H0(W,Ω3
W/k)

∨ is a birational invariant of smooth projective

threefolds, we may assume that W is obtained from W by a resolution of singu-
larities, σ : W → W . Resolution of singularities is now known for threefolds in
all positive characteristics [3]. It has been known for some time in characteris-
tics > 5 [4] and in arbitrary dimension in characteristic zero [10]. Here we deal
only with cyclic quotient singularities where the order of the group is not divis-
ible by the characteristic. Quotient singularities of this sort are rational in the
sense that Riσ∗OW = 0 for i > 0 [2, Theorem 2] ([20] if char(k) = 0). Thus
H3(W,OW ) � H3(W,OW ). �

Define L̃ := R1π̃∗O˜Y and L̃′ := R1π̃′
∗O˜Y ′ . These are invertible sheaves. Write

h : X̃ → X for the normalization of X in K̃. The sheaf L̃⊗ L̃′ is a G-sheaf.

Lemma 2.4. dimk(H
3(W̃ ,O

˜W
)G) = −χ(hG

∗ (L̃⊗ L̃′)) = −χ(OX)−deg(hG
∗ (L̃⊗

L̃′)).

Proof. By the Leray spectral sequence,

H3(W̃ ,O
˜W
)G � H1(X̃, R2f̃∗O˜W

)G.

Write p : Ŵ → Ỹ (respectively p′ : Ŵ → Ỹ ′) for the canonical projections. Then

R2f̃∗O˜W
� R2f̂∗ÔW

� R1π̃∗R
1p∗((p

′)∗O
˜Y ′) � R1π̃∗π̃

∗R1π̃′
∗O˜Y ′ � L̃⊗ L̃′,

where the first isomorphism comes from the Leray spectral sequence for the blow-

up, W̃ → Ŵ , the second from the spectral sequence of the composition of left

exact functors, f̂∗ = π∗ ◦ p∗ and the isomorphism, O
̂W

� (p′)∗OY ′ . The third
isomorphism is flat base change [9, III.9.3] and the fourth is the projection formula
[9, III. Ex. 8.3]. Thus

H3(W̃ ,O
˜W
)G � H1(X̃, L̃⊗ L̃′)G � H1(X,hG

∗ (L̃⊗ L̃′)),

where the final isomorphism is proved as in the previous lemma. The composition,

H0(X,hG
∗ (L̃⊗ L̃′)) → H0(X,h∗(L̃⊗ L̃′)) � H0(X̃, L̃⊗ L̃′),

is injective. By Grothendieck duality [11, 6.4.3] L̃ � π̃∗ω
∨
˜Y / ˜X

and L̃′ � π̃′
∗ω

∨
˜Y ′/ ˜X

.

Now deg(L̃) = −( 1
12

∑
x∈|X0| ordx(Δx)) [11, 9.4, Exercise 14.a]. As ordx(Δx) ≥ 0

always [18, VII.1] and ordx(Δx) > 0 at a pole, x, of the J-invariant, which exists

since J /∈ k, deg(L̃) < 0. As deg(L̃′) < 0 as well, H0(X,hG
∗ (L̃ ⊗ L̃′)) = 0 and

the first equality follows. Since hG
∗ (L̃ ⊗ L̃′) is a rank-one subsheaf of a locally

free sheaf on a smooth curve, it is invertible and the second equality follows from
Riemann-Roch. �
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The proof of the Theorem thus reduces to computing

deg(hG
∗ (L̃⊗ L̃′)) =

1

|G| deg(h
∗hG

∗ (L̃⊗ L̃′)).

Here we argue as in [7]. There is an exact sequence of O
˜X -modules in which the

first two terms are invertible:

0 → h∗hG
∗ (L̃⊗ L̃′) → L̃⊗ L̃′ → R → 0.

The final sheaf is supported on the ramification locus of h. Write �(R) for the
length of R. Combining this exact sequence with the previous lemma yields

Corollary 2.5. h3(W,OW ) = −χ(OX)− deg(˜L)
|G| − deg(˜L′)

|G| + �(R)
|G| .

Write Δ̃x̃ (respectively Δ̃′
x̃) for the discriminant of a minimal Weierstrass model

of Ẽ (respectively Ẽ′) at x̃. By Grothendieck duality [11, §6.4.3] and [11, 9.4.26c,
9.4.31, 9.4, Exercise 14a]

− deg(L̃) = deg(π̃∗ω˜Y / ˜X) =
1

12

∑
x̃∈| ˜X|0

ordx̃(Δ̃x̃).

Write Gx̃ ⊂ G for the stabilizer subgroup of x̃. Note that |Gx̃| is independent of
the choice of x̃ in any given fiber, h−1(x). For x ∈ |X|0 define

dx =
1

12

⎛⎝ordx(Δx)−
1

|G|
∑

x̃∈h−1(x)

ordx̃(Δ̃x̃)

⎞⎠ .

Lemma 2.6. dx is determined by the reduction type of E at x as follows:

dx =

⎧⎪⎨⎪⎩
0, In reduction,

1/mx, type P reduction,

1− 1
mx

, type P∗ reduction,

where mx is the number associated to the reduction of E at x in Table 1.

Proof. For In reduction,

dx =
1

12

(
n− 1

|G| ·
|G|
|Gx̃|

· |Gx̃|n
)

= 0.

For I∗n reduction,

dx =
1

12

(
n+ 6− 1

|G| ·
|G|
|Gx̃|

· |Gx̃|n
)

= 1/2 = 1− 1

mx
.

In the case of potentially good reduction ordx̃(Δ̃x̃) = 0. Thus one is reduced to
reading off of Table 1 that ordx(Δx) = 12/mx for type P reduction and ordx(Δx) =
12(1− 1

mx
) for reductions of types II∗, III∗, IV∗. �

Let d′x (respectively m′
x) be the counterpart of dx (respectively mx) for E′.

Define rx = �(R|h−1(x))/|G| and εx = dx + d′x − rx. Using −χ(OX) = gX − 1 the
previous corollary may now be rephrased:

Corollary 2.7. h3(W,OW ) = gX − 1 +
∑

x∈|X|0

(
ordx(Δx)+ordx(Δ

′
x)

12 − εx

)
.

Lemma 2.8. εx = 1 if E × E′ has contributing reduction at x. Otherwise εx = 0.
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Proof. It suffices to verify the entries in the fourth column of Table 2. Here the
notation mx and m′

x has been simplified by dropping the subscript x.

Table 2

Reduction at x dx d′x rx εx

In − In′ 0 0 0 0

P− In
1
m 0 1

m 0

P∗ − In 1− 1
m 0 1− 1

m 0

P− P 1
m

1
m′

1
m + 1

m′ 0

P− P∗ m > m′ 1
m 1− 1

m′ 1− 1
m′ +

1
m 0

P− P∗ m ≤ m′ 1
m 1− 1

m′
1
m − 1

m′ 1

P∗ − P∗ 1− 1
m 1− 1

m′ 1− 1
m − 1

m′ 1

Let Gx̃ ⊂ G denote the stabilizer of some x̃ ∈ h−1(x). Then rx = �(Rx̃)/|Gx̃|. The
map of local rings, OX,x → O

˜X,x̃, induces a map on completions, which we may

identify with the map, k[[v]] → k[[u]], v 
→ u|Gx̃|. Fix a generator, σ ∈ Gx̃. There
is a primitive |Gx̃|-th root of unity, ζ ∈ k∗ such that σ(u) = ζu. Since Gx̃ acts on

L̃x̃ and L̃′
x̃ one may choose generators l ∈ L̃x̃ ⊗O

˜X,x̃
k[[u]] and l′ ∈ L̃′

x̃ ⊗O
˜X,x̃

k[[u]]

which are eigenvectors for σ. The eigenvalue corresponding to l is determined by the

action of σ on L̃x̃ ⊗ k. Since L̃ may be canonically identified with the normal sheaf

of the identity section of Y (cf. [9, IV.4.10.7]), L̃x̃ ⊗ k is canonically the tangent
space at the identity in the fiber π̃−1(x̃). Define r and r′ so that |Gx̃| = mr = m′r′.
Since (Z/m)∗ ⊂ {±1}, there are at most two possibilities for the action of σ on

the tangent space, Tx̃Ỹ . With respect to an ordered basis, in which the first vector
is dual to u and the second is vertical, σ acts by diag(ζ−1, ζ−r) or diag(ζ−1, ζr).
The corresponding cyclic quotient singularity in the first case is of type Am,1 and
in the second case of type Am−1. Explicit resolution of these quotient singularities
as in [1, V.10] indicates that the first case corresponds to type P reduction and the
second to type P∗ reduction. (When m = 2 there is only one case and the reduction
type is I∗n.) Thus σ(l) = ζtrl, where t = 0 (respectively −1, 1) for reductions of

type In (respectively P, P∗). Defining t′ in the same way gives σ(l′) = ζt
′r′ l′.

Choose s ∈ Z≥0 minimal such that ll′us ∈ L̃x̃ ⊗O
˜X,x̃

⊗L̃′
x̃ ⊗O

˜X,x̃
k[[u]] is fixed by

the action of Gx̃. Then the map induced by the inclusion,

h∗hG
∗ (L̃⊗ L̃′) → L̃⊗ L̃′,

on the completion of the stalk at x̃ is naturally identified with the standard inclu-
sion,

ll′usk[[v]] ⊗k[[v]] k[[u]] � ll′usk[[u]] → ll′k[[u]].

The cokernel is isomorphic to k[[u]]/(us) and �(Rx̃) = s. Now s = −(rt + r′t′) if

rt+ r′t′ ≤ 0 and s = |Gx̃| − (rt+ r′t′) otherwise. Set μ = t
m + t′

m′ . Then

rx = �(Rx̃)/|Gx̃| = s/|Gx̃| =
{
−μ if μ ≤ 0

1− μ otherwise
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as in the fourth column of Table 2. The lemma follows. �

The Theorem follows from Corollary 2.7 and Lemma 2.8. �

Lemma 2.9. For all x,
ordx(Δx)+ordx(Δ

′
x)

12 − εx ≥ 0. Equality holds if and only if
the reduction at x is of type I0-I0, I

∗
0-I

∗
0, II-II

∗, III-III∗, or IV-IV∗.

Proof. Straightforward case by case checking. �

Lemma 2.10. If pg(W ) = 0, then gX = 0.

Proof. This is because the summation term in Corollary 2.7 is strictly positive.
Indeed by Lemma 2.9 it is non-negative, but every elliptic surface with non-constant
J-invariant must have at least one fiber of type In or I∗n with n > 0, which makes
the sum positive. �

We hope to say more about desingularized fiber products with pg = 0 in future
work.

3. Quadratic twists and the associated family

of Kummer surfaces

Suppose that char(k) �= 2. A reference for twists by quadratic field extensions
is [18, X.2.4]. Define H := {±IdE×KE′} ⊂ AutK(E ×K E′). Let V be a smooth
projective k-model of the Kummer surface (E ×K E′)/H.

Proposition 3.1. (i) pg(V ) = pg(W ).
(ii) Let K ⊂ K ′ be a degree two field extension. Simultaneous quadratic twisting

of E and E′ by this field extension does not change pg.

Proof. (i) Let K ⊂ K̃ be as in Lemma 2.1. Now −IdE acts on the first factor in

E×K K̃ = Ẽ. The involution extends to the Néron model by its universal property

[19, IV.5] and then to all of Ỹ by [6, 9.2]. Thus −IdE×IdE′ gives rise to a biregular

involution of the fiber product, Ŵ , which lifts to W̃ . There is a similar biregular

involution of W̃ coming from IdE × (−IdE′). Taking the product gives a biregular

action of H on W̃ . This action commutes with the action of G since it does on the
generic fiber, E ×K E′ ×K K̃.

Write V for the quotient of W̃ by the action of H × G. The proof of Proposi-
tion 2.3 yields

H3(W̃ ,O
˜W
)H×G � H3(V ,OV ) � H3(V,OV ).

By Lemma 2.4, H3(W̃ ,O
˜W
) � H1(X̃, R1π̃∗O˜Y ⊗ R1π̃′

∗O˜Y ′). Now −Id ∈ H acts

by multiplication by −1 on both R1π̃∗O˜Y and R1π̃′
∗O˜Y and hence acts trivially on

H3(W̃ ,O
˜W
). Thus

H3(W,OW ) � H3(W̃ ,O
˜W
)G � H3(W̃ ,O

˜W
)H×G � H3(V,OV ).

(ii) This may be deduced from the triviality of the action of H on H3(O) for
an appropriate smooth, projective k-model of E ×K E′ over the composite field

K̃K ′ as in (i). Alternatively the assertion follows from Corollary 2.7 since the two
expressions

ordx(Δx) + ordx(Δ
′
x)

12
and εx
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behave as follows under twisting by a quadratic extension branched at x: For type
P-P∗ or In-P

∗ reduction both are unchanged; for type In-In′ , P-P, or In-P reduction
both increase by 1; for type P∗-P∗ both decrease by 1. Indeed quadratic twisting
changes ordx(Δx) by 6 mod 12 (cf. [18, X.5.4(i)], the formula for Δ [18, p. 46 or
p. 48] and [18, VII.1.3]) and leaves the order of the pole of the J-invariant, the n in
In and I∗n, unchanged. From Table 1 the effect on singular fibers is to interchange
In and I∗n, II and IV∗, III and III∗, IV and II∗. The asserted behaviour may now
be read off Tables 1 and 2. �
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