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ASYMPTOTIC CYCLES FOR ACTIONS OF LIE GROUPS

SOL SCHWARTZMAN

(Communicated by Kailash C. Misra)

Abstract. Let Mk be a compact C∞ manifold and suppose we are given a
C∞ action of Rn on Mk. If p is a quasiregular point for this action and v is
an r-vector over the Lie algebra of Rn, we show how to associate with p and v
an element Av

p in Hr(Mk;R). When n = 1 and v is the usual generator for the
Lie algebra of R, Av

p coincides with the asymptotic cycle associated with p by

our flow. Just as in the one dimensional case, with any invariant probability
measure we can associate an element Av

μ in Hr(M
k;R).

Several results known in the one dimensional case generalize to our present

situation. The results we have stated for actions of Rn are obtained from a
discussion of what we can say when we have a smooth action of an arbitrary
connected Lie group on Mk.

Introduction

Let Mk be a compact C∞ manifold and let G be a connected Lie group acting
smoothly on Mk. When G = R, the notion of asymptotic cycle was introduced in
[1]. (For a report on what has been done in the literature with this notion, see [4].)

In [2], a case where G could be any Lie group was considered. It was assumed
there that all orbits were of the same dimension r and that they were continuously
oriented. It was shown how with any finite invariant measure μ one could asso-
ciate an element of Hr(Mk;R), provided one was given what was called a positive
quantifier.

In this paper, the action of G on Mk will not be subject to any restrictions
whatsoever. Given a finite invariant measure, we will nevertheless be able to get
an element of Hr(Mk;R). Instead of our needing a positive quantifier (a concept
that would not make sense here), what we need to be given here is an r-vector v
that is a finite sum of r-vectors, each of which is an exterior product of r 1-vectors
from the Lie algebra of G that commute with each other. If G = R and we take as
our 1-vector the obvious generator of the one dimensional Lie algebra of R, what
we get is called in [1] the μ-asymptotic cycle associated with the invariant measure
μ for our flow.

With this done, in the second part of this paper we will consider the case where
G = Rn. This case was looked at in [3], but in that paper the only invariant measures
that were considered were assumed to be carried on the union of all the orbits of
dimension equal to a fixed integer r. Given our action of Rn on Mk, we considered
pairs (P, o) where P lay on an r-dimensional orbit, and o was an orientation of
that orbit. It turned out that we could associate with “almost all” such pairs
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(with respect to every one of our invariant measures) an element of Hr(Mk;R).
What “almost all” means here requires a rather involved definition, and the entire
discussion in [3] is much more complicated than what we will do here.

For this paper, we will require that we be given some r-vector v over the Lie
algebra of Rn. With any quasi-regular point p inMk we will associate an asymptotic
cycle Av

p. Since it is known that a quasi-regular point p determines an invariant
probability measure μp, the previous discussion tells us immediately how to get an

element of Hr(Mk;R). Just as in the 1-dimensional case, one can arrive at this
asymptotic cycle by an appropriate averaging process over the orbit of p. Moreover,
for any of our invariant measures μ, ∫ Av

pdμ(p) equals the element of Hr(Mk;R)
arising from μ and v.

I

Theorem 1. Suppose that v is a finite sum of r-vectors, where each of these r-
vectors is an exterior product of r commuting 1-vectors from the Lie algebra of G.
Suppose further that we are given an invariant measure μ. Then for any closed
r-form λ, the quantity

∫
Mk

V v
p ⨼λ(p)dμ(p)

is unchanged if we substitute for λ any other r-form determining the same element
of Hr(Mk;R) (here V v

p is the r-vector over the tangent space at p determined by
v).

Once we prove that if λ is a bounding r-form, then this integral equals zero, it
will indeed follow that for λ a closed form, this integral depends only on the element
of Hr(Mk;R) determined by λ. Thus given μ and v, we get a homomorphism of
Hr(Mk;R) into R and consequently an element of Hr(Mk;R), which we refer to
as the μ-asymptotic cycle associated with v and μ and designate by Av

μ.
Thus to prove Theorem 1, we must prove that if B is a smooth (r − 1)-form and

μ is a finite invariant measure, then

∫ Vp⨼[(dB)(p)]dμ(p) = 0.

It will be enough to restrict our attention to the case where v = v1 ∧ ... ∧ vr and
the vi commute. We will proceed by induction. Certainly when r = 1, the result is
known to be true. Assume that the result is known for r ≤ n − 1. Then note that

∫ DVr
[(V1 ∧ ⋅ ⋅ ⋅ ∧ Vr−1)⨼B]dμ = 0,

where DVr
denotes Lie differentiation with respect to the flow defined by the vec-

tor field Vr, since ∫Mk[DVr
(F )](p)dμ(p) equals zero for any smooth function F .

However,

DVr
([V1 ∧ ⋅ ⋅ ⋅ ∧ Vr−1]⨼B) = ([DVr

(V1) ∧ ⋅ ⋅ ⋅ ∧ Vr−1] + . . .
+ [V1 ∧ ⋅ ⋅ ⋅ ∧ Vr−2 ∧DVr

(Vr−1)])⨼B
+ ([V1 ∧ ⋅ ⋅ ⋅ ∧ Vr−1]) ∧DVr

B.

When the Vi commute, we see that

∫
Mk
(V1 ∧ ⋅ ⋅ ⋅ ∧ Vr−1)⨼DVr

(B)dμ = 0.
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Since DVr
(B) = d(Vr⨼B) + Vr⨼dB and d(Vr⨼B) is bounding, it follows by our

inductive hypothesis that

∫
Mk
(V v1

p ∧ ⋅ ⋅ ⋅ ∧ V vn
p )⨼[(dB)(p)]dμ(p) = 0,

which is what we had to prove.

II

We will now specialize to the case where G = Rn for some integer n. Since the
pointwise ergodic theorem is known in this case, the known results about quasi-
regular points that hold when G = R also hold when G = Rn. Thus, if p ∈ Mk is
such that for any continuous real-valued function f on Mk,

lim
a→0

1

an ∫
a

0
. . .∫

a

0
f[(t1 . . . tn)p]dt1 ∧ ⋅ ⋅ ⋅ ∧ dtn

exists, we say that p is quasi-regular. Then for any invariant probability measure
μ, the set Q of all quasi-regular points has measure 1. Moreover, there exists for
any quasi-regular point p an invariant probability measure μp such that for each
continuous function f ,

∫
Q
f(q)dμp(q) = lim

a→0

1

an
∫

a

0
. . .∫

a

0
f[(t1 . . . tn)p]dt1 ∧ ⋅ ⋅ ⋅ ∧ dtn.

If we are given an r-vector v over the Lie algebra of R
n, we will denote by

Av
p the element of Hr(Mk;R) we have already associated with μp assuming p is

quasi-regular. For any closed r-form B, let B be the corresponding element of
Hr(Mk;R). If p is quasi-regular, the value assigned to B by the homomorphism of
Hr(Mk;R) into R determined by Av

p is

lim
a→∞

1

an ∫
a

0
. . .∫

a

0
(V(t1...tn)p)⨼B(t1,...,tn)p)dt1 ∧ ⋅ ⋅ ⋅ ∧ dtn,

which we will denote by AV
p ⋅B

Hence, for any finite measure μ on Mk,

∫
Mk

Av
p ⋅Bdμ(p)

= ∫
Mk
( lim
a→∞

1

an ∫
a

0
. . .∫

a

0
[(V(t1...tn)p⨼B(t1,...,tn)p)dt1 ∧ ⋅ ⋅ ⋅ ∧ dt])dμ(p)

= lim
a→∞
∫
Mk
( 1

an ∫
a

0
. . .∫

a

0
[(V(t1...tn)p⨼B(t1,...,tn)p)dt1 ∧ ⋅ ⋅ ⋅ ∧ dtn])dμ(p).

However, if μ is an invariant measure,

∫
Mk
(V(t1...tn)p)⨼B(t1,...,tn)pdμ(p) = ∫

Mk
Vp⨼Bpdμ(p)

= Av
μ ⋅Bμ

for any (t1, . . . , tn). It follows that ∫Mk A
v
p ⋅Bdμ(p) = Av

μ ⋅B. Thus we can conclude
that

Theorem 2. If μ is a finite invariant measure for our action of Rn on Mk and v
is any r-vector over the Lie algebra of Rn, then

∫
Mk

Av
pdμ(p) = Av

μ.
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III

Suppose that G is compact and that v is equal to v1 ∧⋯ ∧ vr, where the vr are
commuting elements of the Lie algebra of G. There is a unique homomorphism of
R

r into G sending the standard basis for the Lie algebra of Rr into (v1, . . . , vr).
Then our action of G on Mk determines an action of Rr on Mk.

Denote the closure of the image of this homomorphism by H. Then H is a
toroidal group; moreover, if F is any continuous function on Mk and p ∈Mk,

lim
a→∞

1

ar ∫
a

0
. . .∫

a

0
F [(t1 . . . , tr)p]dt1 ∧ ⋅ ⋅ ⋅ ∧ dtr = ∫

H
F (h ⋅ p)dm(h),

where m is the Haar measure on H. In particular, every point p ∈ Mk is quasi-
regular under the action of Rr, so that the asymptotic cycle Av

p arising from the

r-vector v is defined. If B is any closed r-form on Mk and B is the corresponding
element of Hr(Mk,R), then the homomorphism of Hr(Mk,R) into R determined

by Av
p sends B into

∫
Mk

V v
q ⨼B(q)dμp(q),

where V v is the r-vector field on Mk determined by v. However, if Πp denotes the

map of H into Mk sending h ∈ H into h ⋅ p and Πr
p is the associated map sending

Hr(Mk,R) into Hr(H,R), then ∫Mk Vq⨼B(q)dμp(q), which equals

lim
a→∞

1

ar
∫

a

0
. . .∫

a

0
(V(t1...tr)p⨼B(t1...tr)pdt1 ∧ ⋅ ⋅ ⋅ ∧ dtr,

is the image of Πr
p(B) under the homomorphism of Hr(H,R) into R determined

by Av
e .

Here e is the identity element of H. Our homomorphism of Rr into H enables us
to define an action of Rr on H, using the fact that H acts on itself by translation.
Since we may regard v1, . . . , vr as elements of the Lie algebra of H and e is quasi-
regular for our action of Rr on H, it makes sense to talk about the asymptotic cycle
Av

e on H that we get from v = v1 ∧ ⋅ ⋅ ⋅ ∧ vr.
The justification for our assertion lies in the fact that Πp, which sends e into p,

is equivariant with respect to the actions of Rr on H and Mk.
If p1 and p2 belong to Mk, then since Mk is arcwise connected, Πp1

and Πp2
are

homotopic maps. Consequently, Πr
p1
(B) = Πr

p2
(B). Since Av

e is independent of p,

it follows that Av
p1
⋅B = Av

p2
⋅B for all B. Therefore Av

p1
= Av

p2
and consequently

Theorem 3. If μ1 and μ2 are invariant probability measures for the action of G
on Mk and v is as above, then Av

μ1
= Av

μ2
.

Proof. This follows from the fact that for any invariant measure μ, Av
μ =

∫Mk Av
pdμ(p), while Av

p is the same for all points p. �

IV

Given a flow arising from a vector field V on a compact oriented manifold Mk

and an everywhere positive k-form Ω on Mk, the measure μ arising from Ω is
invariant under the flow if and only if V ⨼Ω is closed. A theorem due to Arnold
states that the asymptotic cycle AV

μ arises by Poincaré duality from the closed form
V ⨼Ω. We wish to give the generalization of this that applies in our present context.
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Suppose that instead of the 1-vector field V , we have given r commuting vector
fields V1, ..., Vr on Mk. Suppose further that the measure associated with Ω is
invariant under each of the flows arising from the vector fields Vi.

Lemma 1. (V1 ∧ ⋅ ⋅ ⋅ ∧ Vr)⨼Ω is closed.

Proof. For any closed form α and vector field W , DWα equals W⨼dα + d(W⨼α).
Therefore, if α is closed, DWα = 0 if and only if W⨼α is closed. Since the operations
DVj

and DVi
commute, for any j between 1 and r,

0 =DVj
(Vj−1⨼(. . . (V2⨼(V1⨼Ω) . . . ),

so we see by induction that Vj⨼(Vj−1⨼(. . . (V2⨼(V1⨼Ω) . . . ) is closed for each value
of j. Thus 0 = d((Vr ∧ ⋅ ⋅ ⋅ ∧ V1)⨼Ω). �

Now we will prove

Theorem 4. The asymptotic cycle AV
μ arising from the invariant measure μ and

the r-vector field V = V1∧⋅ ⋅ ⋅∧Vr can be obtained by Poincaré duality from the closed
(k − r)-form V ⨼Ω.

Proof. If B is any closed r-form on Mk, the homomorphism of Hr(Mk;R) into R

determined by Aμ sends B into ∫Mk((V1 ∧ ⋅ ⋅ ⋅ ∧ Vr)⨼B)Ω. Our result then follows
from the fact that

((V1 ∧ ⋅ ⋅ ⋅ ∧ Vr)⨼B)Ω = B ∧ ([V1 ∧ ⋅ ⋅ ⋅ ∧ Vr]⨼Ω). �
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